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MISSING 


Preface 


Introductory Differential Equations began as 
the fourth edition of a text originally called 
Introductory Differential Equations with Boundary 
Value Problems. 

When we were done with the revision, we 
no longer saw Introductory Differential Equations 
with Boundary Value Problems but rather a new 
text that we have titled Introductory Differential 
Equations. 

The first edition of this text, Modern Differential 
Equations was "modern" because it was one of 
the first texts that nearly required access to a 
graphing calculator, computer algebra system, 
or numerical software package. 

Computer algebra systems and sophisticated 
graphing calculators have changed the ways in 
which we learn and teach ordinary differential 
equations. Instead of focusing students' atten- 
tion only on a sequence of solution methods, 
we want them to use their minds to understand 
what solutions mean and how differential equa- 
tions can be used to answer pertinent questions. 
Now their use is expected in a standard course, 
so the term "modern" no longer applies to the 
text. 

Interestingly, this metamorphosis in the 
teaching of differential equations described 
occurred relatively quickly and coincided with 
our professional careers at Georgia Southern 
University. Our interest in the use of technology 
in the mathematics classroom began in 1990 
when we started to use computer laboratories 
and demonstrations in our calculus, differential 
equations, and applied mathematics courses. 
Over the past years we have learned some ways 
of how to and how not to use technology in 
the mathematics curriculum. In the early stages, 
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we simply wanted to show students how they 
could solve more difficult problems by using 
a computer algebra system so that they could 
be exposed to the technology. However, we 
soon realized that we were missing the great 
opportunity of allowing students to discover 
aspects of the subject matter on their own. We 
revised our materials to include experimental 
problems and thought-provoking questions in 
which students are asked to make conjectures 
and investigate supporting evidence. We also 
developed application projects called Differential 
Equations at Work, not only to emphasize 
technology, but also to improve the problem- 
solving and communication skills of our 
students. To preserve the “wow” aspects of 
technology, we continue to use it to observe 
solutions in classroom demonstrations through 
such things as animating the motion of springs 
and pendulums. These demonstrations not only 
grab the attention of students, but also help them 
to make the connection between a formula and 
what it represents. 

This text is designed to serve as a text for 
beginning courses in ordinary differential equa- 
tions. Usually, introductory ordinary differential 
equations courses are taken by students who 
have successfully completed a first-year calculus 
course, a basic linear algebra course, and this 
text is written at a level readable for them. 
Previous versions of the texts have included 
two chapters on boundary value problems and 
partial differential equations. Often, the first 
ordinary differential equations course and the 
first partial differential equations course are 
completely separated. We believe that there 
are many more comprehensive texts for a first 
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course in partial differential equations than 
the previous two chapters on boundary value 
problems and partial differential equations that 
were included in this text. Of course, if any 
instructor or student using this text wants access 
to those two chapters for their classes we are 
more than happy to supply them to you. 


TECHNOLOGY 


The advantages of incorporating technology 
into mathematics courses are well-known. Some 
of them include enhancing the ability to solve 
a variety of problems; helping students work 
examples; supporting varied, realistic, and illu- 
minating applications; exploiting and improving 
geometric intuition; encouraging mathematical 
experiments; and teaching approximation. In ad- 
dition, technology is implemented throughout 
this text to promote the following goals in the 
learning of differential equations: 


1. Solving problems: Using different methods 
to solve problems and generalize solutions; 

2. Reasoning: Exploiting computer graphics to 
develop spatial reasoning through 
visualization; 

3. Analyzing: Finding the most reasonable 
solution to real problems or observing 
changes in the solution under changing 
conditions; 

4. Communicating mathematics: Developing 
written, verbal, and visual skills to 
communicate mathematical ideas; and 

5. Synthesizing: Making inferences and 
generalizations, evaluating outcomes, 
classifying objects, and controlling variables. 


Students who develop these skills will suc- 
ceed not only in differential equations, but also 
in subsequent courses and in the workforce. 


The Y icon is used throughout the text to 
indicate those examples in which technology is 
used in a nontrivial way to develop or visualize 
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the solution or to indicate the sections of the text, 
such as those discussing numerical methods, in 
which the use of appropriate technology is es- 
sential or interesting. 


APPLICATIONS 


Applications in this text are taken from a 
variety of fields, especially biology, physics, 
chemistry, engineering, and economics, and they 
are documented by references. These applica- 
tions can be found in many of the examples 
and exercises, in separate sections and chapters 
of the text, and in the Diffirential Equations at 
Work subsections at the end of each chapter. 
Many of these applications are well-suited 
to exploration with technology because they 
incorporate real data. In particular, obtaining 
closed form solutions is not necessarily "easy" 
(or always possible). These applications, even if 
not formally discussed in class, show students 
that differential equations is an exciting and 
interesting subject with extensive applications 
in many fields. 


STYLE 


To keep the text as flexible as possible, 
addressing the needs of both audiences with 
different mathematical backgrounds and in- 
structors with varying preferences, Introductory 
Differential Equations is written in an easy- 
to-read, yet mathematically precise, style. It 
contains all topics typically included in a 
standard first course in ordinary differential 
equations. Definitions, theorems, and proofs are 
concise but worded precisely for mathematical 
accuracy Generally, theorems are proved if the 
proof is instructive or has "teaching value." Of 
course, discussion of such proofs is optional 
in the typical classroom for which this text is 
written. In other cases, proofs of theorems are 
developed in the exercises or omitted. Theorems 
and definitions are boxed for easy reference; 
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key terms are highlighted in boldface. Figures 
are used frequently to clarify material with a 
graphical interpretation. 


FEATURES 


Introductory Differential Equations is an exten- 
sive revision of the third edition of Introductory 
Differential Equations with Boundary Value Prob- 
lems. Particular features include: 


* The text's website include background 
material, proofs of some theorems, solutions 
to selected exercises, additional exercises, 
visualizations of certain topics (movies) and 
podcasts that students can download to their 
video-capable iPod or other compatible mv4 
players. 

* Because the mathematician's who developed 
the mathematics discussed in this text were 
(or are) still interesting in their own right, we 
have tried to include an image and 
interesting tidbit about their lives whenever 
possible hoping to help some students 
become more interested in the course. When 
credit is not given for a photo, it is because 
we have reasonable reason to believe that the 
image is in the public domain. If a copyright 
applies to an image and appropriate credit 
has not been given, please alert us so that we 
can correct the situation promptly 

* All graphics have been redone. In each case, 
the intent of the graphic has been 
questioned. In some cases, graphics have 
been eliminated; in other cases, they have 
been redone to emphasize their purpose. 

* We have revised the exercise set 
considerably. The total number of exercises 
remains about the same as in previous 
editions but we have deleted about 250 
“outdated” exercises and replaced them with 
new ones. We continue to believe that a 
student should be able to solve a basic 
nontrivial problem by hand. 


PEDAGOGICAL FEATURES 


Examples 


Throughout the text, numerous examples are 
given, with thorough explanations and a sub- 
stantial amount of detail. Solutions to more dif- 
ficult examples are constructed with the help 
of graphing calculators or a computer algebra 
system and are indicated by an icon. 


“Think About It!” 


Many examples are followed by a question 


indicated by a icon. Generally, basic 


knowledge about the behavior of functions 
is sufficient to answer the question. Many 
of these questions encourage students to use 
technology. Others, focus on the graph of a 
solution. Thus, “Think about it!” questions help 
students determine when to use technology and 
make this text more interactive. 


Technology 


Many students entering their first differen- 
tial course have had substantial experience with 
various sophisticated calculators and computer 
algebra systems. 

Our first ordinary differential equations 
course attempts to encourage students to use 
technology intelligently. We have italicized the 
words use technology intelligently because they 
take on different meaning to different instructors 
because they depend on the instructor's philos- 
ophy, institution, and students. Students also 
interpret the phrase differently depending upon 
their instructor and exposure to technology. 

In any case, many of us have limited resources 
and would prefer that our students have a 
good grasp of the fundamentals rather than be 
“wowed!” by nonsense. We have tried to use 
technology intelligently here. We believe that it 
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should not be obtrusive so you should not notice 
when we do. When required in an example or 
exercise, it should be obvious to an instructor 
and relatively easy to convince a student that 
there are two ways to solve a problem: the easy 
way and the hard way. We choose the hard 
way when there is instructional value to the 


approach. The icon is intended to alert 


students that technology is intelligently (and 
wisely) used to assist in solving the problem. 
Typically the technology we have used is a 
computer algebra system, like Mathematica or 
Maple. 

Technology is used throughout the text to ex- 
plore many of the applications and more difficult 


examples, especially those marked with Y 
and the problems in the subsections Differential 
Equations at Work. 

Answers to most odd exercises are included 
at the end of the text. More complete answers, 
solutions, partial solutions, or hints to selected 
exercises are available separately to students and 
instructors. Differential Equations at Work sub- 
sections describe detailed economics, biology, 
physics, chemistry, and engineering problems 
documented by references. These problems in- 
clude real data when available and require stu- 
dents to provide answers based on different con- 
ditions. Students must analyze the problem and 
make decisions about the best way to solve it, in- 
cluding the appropriate use of technology Each 
Differential Equations at Work project can be as- 
signed as a project requiring a written report, for 
group work, or for discussion in class. 

Differential Equations at Work also illustrate 
how differential equations are used in the 
real world. Students are often reluctant to 
believe that the subject matter in calculus, linear 
algebra, and differential equations classes relates 
to subsequent courses and to their careers. 
Each Differential Equations at Work subsection 
illustrates how the material discussed in the 


course is used in real life. We keep each 
Differential Equations at Work subsection short 
because nearly all instructors have enough 
trouble covering the content expected of them. 
On the other hand, when a student asks the 
question "When am I going to use this?" or 
^How am I going to use this?" these short 
subsections can give the instructor ideas as to 
how to handle the question. 

The problems in Differential Equations at Work 
are not connected to a specific section of the 
text; they require students to draw different 
mathematical skills and concepts together 
to solve a problem. Because each Differential 
Equations at Work is cumulative in nature, 
students must combine mathematical concepts, 
techniques, and experiences from previous 
chapters and math courses. 


Exercises 


Numerous exercises, ranging in level from 
easy to difficult, are included in each section of 
the text. In particular, the exercise sets for topics 
that students find most difficult are rich and var- 
ied. For the fourth edition of the text, the abun- 
dant "routine" exercises have been completely 
revised and try to encourage students to mas- 
ter basic techniques. Most sections also contain 
interesting mathematical and applied problems 
to show that mathematics and its applications 
are both interesting and relevant. Instructors will 
find that they can assign a large number of prob- 
lems, if desired yet still have plenty for review in 
addition to those found in the review section at 
the end of each chapter. Answers to most odd- 
numbered exercises are included at the end of 
the text; detailed solutions to selected exercises 
are included in the Student Resource Manual. 


Chapter Summary and Review Exercises 


Each chapter ends with a chapter summary 
highlighting important concepts, key terms and 
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formulas, and theorems. The Review Exercises 
following the chapter summary of each chapter 
offer students extra practice on the topics in that 
chapter. These exercises are arranged by section 
so that students having difficulty can turn to the 
appropriate material for review. 


Figures 


This text provides an abundance of figures 
and graphs, especially for solutions to examples. 
In addition, students are encouraged to develop 
spatial visualization and reasoning skills, to in- 
terpret graphs, and to discover and explore con- 
cepts from a graphical point of view. To ensure 
accuracy, the figures and graphs have been com- 
pletely computer-generated. Nearly all figures 
for the fourth edition have been revised. We hope 
you like the improvement in the graphics. 


Historical Material 


Nearly every topic is motivated by either an 
application or an appropriate historical note. We 
have also included images of paintings, draw- 
ings, or photographs of the many famous sci- 
entists and descriptions of the mathematics they 
discovered. 


CONTENT 


The highlights of each chapter are described 
briefly below. 


Chapter 1 After introducing preliminary 
definitions, we discuss direction fields not 
only for first-order differential equations, but 
also for systems of equations. In this 
presentation, we establish a basic 
understanding of solutions and their graphs. 
We give an overview of some of the 
applications covered later in the text to point 
out the usefulness of the topic and some of 
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the reasons we have for studying differential 
equations in the exercises. 

Chapter 2 In addition to discussing the 
standard techniques for solving several 
types of first-order differential equations 
(separable equations, homogeneous 
equations, exact equations, and linear 
equations), we introduce several numerical 
methods (Euler's Method, Improved Euler's 
Method, Runge-Kutta Method) and discuss 
the existence and uniqueness of solutions to 
first order initial-value problems. 
Throughout the chapter, we encourage 
students to build an intuitive approach to the 
solution process by matching a graph to a 
solution without actually solving the 
equation. 

Chapter 3 Not only do we cover most 
standard applications of first order equations 
in Chapter 3 (orthogonal trajectories, 
population growth and decay, Newton's law 
of cooling, free-falling bodies), but we also 
present many that are not (due to their 
computational difficulty) in Differential 
Equations at Work. 

Chapter 4 This chapter emphasizes the 
methods for solving homogeneous and 
nonhomogeneous higher order differential 
equations. It also stresses the Principle of 
Superposition and the differences between 
the properties of solutions to linear and 
nonlinear equations. After discussing 
Cauchy-Euler equations, series methods are 
introduced, which includes a discussion of 
several special equations and the properties 
of their solutions/equations important in 
many areas of applied mathematics and 
physics. 

Chapter 5 Several applications of higher 
order equations are presented. The 
distinctive presentation illustrates the 
motion of spring-mass systems and 
pendulums graphically to help students 
understand what solutions represent and to 
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make the applications more meaningful to 
them. 

Chapter 6 The study of systems of 
differential equations is perhaps the most 
exciting of all the topics covered in the text. 
Although we direct most of our attention to 
solving systems of linear first-order 
equations with constant coefficients, 
technology allows us to investigate systems 
of nonlinear equations and observe phase 
planes. We also show how to use eigenvalues 
and eigenvectors to understand the general 
behavior of systems of linear and nonlinear 
equations. We have added a section on phase 
portraits in this edition. 

Chapter 7 Several applications discussed 
earlier in the text are extended to more than 
one dimension and solved using systems of 
differential equations, in an effort to reinforce 
the understanding of these important 
problems. Numerous applications involving 
nonlinear systems are discussed as well. 
Chapter 8 Laplace transforms are important 
in many areas of engineering and exhibit 
intriguing mathematical properties as well. 
Throughout the chapter, we point out the 
importance of initial conditions and forcing 
functions on initial-value problems. 


For a one semester course introducing or- 
dinary differential equations, many instructors 
will choose to cover topics from Chapters 1 and 7 
or from Chapters 1 and 6 and Chapter 8. For a 
two semester course, the instructor will easily 
be able to cover the remaining chapters of the 


text. In our introductory ordinary differential 
equations course, we typically cover most of 
Chapters 1, 2, 4 and 6, and instructors choose a 
variety of applications from Chapters 3, 5 and 7. 


* Foraone semester course targeted to the 
computational needs of most engineering 
majors, cover most topics from Chapters 1, 2, 
4, 6 and 8. 

e Fora casual one semester course directed 
towards math and math education majors, 
cover most mathematical topics in 
Chapters 1, 2, 4 and 6 and selected 
applications from Chapters 3, 5 and 7. 


Finally, we thank those close to us, especially 
Imogene Abell, Lori Braselton, Ada Braselton, 
and Mattie Braselton for enduring with us the 
pressures of a project like this and for graciously 
accepting our demanding work schedules. We 
certainly could not have completed this task 
without their care and understanding. 


Martha Abell 

(E-mail: narthaegeorgiasouthern.edu) 
James Braselton 

(E-mail: jbraseltone 
georgiasouthern.edu) 


Department of Mathematical Sciences 
P.O. Box 8093 

Georgia Southern University 
Statesboro, Georgia 

30460 


July, 2014 
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Introduction to Differential Equations 


OUTLINE 


1.1 Introduction to Differential 
Equations: Vocabulary 3 


Exercises 1.1 10 


1.2 A Graphical Approach to Solutions: 
Slope Fields and Direction Fields 15 


The purpose of Introductory Differential 
Equations is twofold. First, we introduce and 
discuss the topics covered in an undergraduate 
course in ordinary differential equations (ODEs). 
Second, we indicate how certain technologies 
such as computer algebra systems and graphing 
calculators are used to enhance the study of 
differential equations, not only by eliminating 
some of the computational difficulties that arise 
in the study of differential equations but also 
by overcoming some of the visual limitations 
associated with the solutions of differential 
equations. The advantages of using technology 
such as graphing calculators and computer 
algebra systems in the study of differential 
equations are numerous, but perhaps the most 
useful is that of being able to produce the 
graphics associated with solutions of differential 
equations. This is particularly beneficial in 
the discussion of applications because many 
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Exercises 1.2 19 
Chapter 1 Summary: Essential Concepts 

and Formulas 22 
Chapter 1 Review Exercises 23 


physical situations are modeled with differential 
equations. For example, in Chapter 5, we see 
that the motion of a pendulum can be modeled 
by a differential equation. When we solve the 
problem of the motion of a pendulum, we use 
technology to watch the pendulum move. The 
same is true for the motion of a mass attached 
to the end of a spring, as well as many other 
problems. In having this ability to use technol- 
ogy, the study of differential equations becomes 
much more meaningful as well as interesting. 
Although this chapter is short in length, the 
vocabulary introduced here is used throughout 
the text. To a large extent, this chapter may be 
read quickly, but it is important to remember 
that subsequent chapters will take advantage 
of the terminology and techniques discussed 
here. Any formal introduction to differential 
equations should begin with German scientist 
Gottfried Wilhelm Leibniz (1646-1716) and 
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British scientist Isaac Newton (1642-1727), the 
inventors of calculus. In integral calculus, we 
learn that the area under the graph of a smooth 
positive function is given by a definite integral, 
but both Leibniz and Newton were more 
concerned with solving differential equations 
than finding areas. Many of the methods of 
solution we present in this text are from the 
great Swiss mathematician Leonhard Euler 
(1707-1783). Subsequently, many problems, such 
as determining the motion of a plucked string, 
lead not only to ordinary and partial differential 
equations but also to other areas of mathemat- 
ics. Indeed, differential equations are full of 


Gottfried Wilhelm Leibniz (1646-1716) 


Isaac Newton (1642-1727): The controversy as to 
who (Leibniz or Newton) discovered calculus first 
became an obsession with Newton during the 
second half of his life. 


rich and exciting applications; interesting ap- 
plications are included throughout the text to 
motivate discussions, make the study of differ- 
ential equations more interesting and pertinent 
to the real world and indicate how some people 
use differential equations beyond this course. 
However, mathematics is also interesting in its 
own right; mathematical applications are also 
included throughout the text. 


Isaac Newton: We hope this young Isaac Newton 
was not worried about who discovered calculus 
first. 


Leonhard Euler (1707-1783) 
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1.1 INTRODUCTION TO 
DIFFERENTIAL EQUATIONS: 
VOCABULARY 


We begin our study of differential equations 
by explaining what a differential equation is. 
From our experience in calculus, we are familiar 
with some differential equations. For example, 
suppose that the acceleration a(t) (measured in 
ft./s*) of a falling object is a(t) = —32. Then, 
because a(t) = v'(t), where v(t) is the veloc- 
ity of the object (measured in ft./s), we have 
v(t) = — 32 or 

dv 

dp 32. 
An equation like this involving a function of a 
single variable is called an ordinary differential 
equation (ODE). (If the equation involves partial 
derivatives, then it is called a partial differential 
equation (PDE).) In this case, the function to be 
determined is v = v(t), which depends on the 
variable t, representing time (measured in sec- 
onds). The goal in solving an ODE is to find a 
function that satisfies the equation. We can solve 
this ODE through integration: 


v(t) — Jana = Jena = -32t 4 C, 


where C is an arbitrary constant. This result in- 
dicates that v(t) = —32t + C is a solution of 
the ODE for any choice of the constant C. (We 
call this a general solution because it involves an 
arbitrary constant.) In fact, we have found every 
solution of the ODE because each is expressed as 
—32t + C. Examples of solutions and the corre- 
sponding C values include v(t) = —32t (C = 0), 
v(t) 2 —32t + 32 (C = 32), and v(t) 2 —32t — 8 
(C = —8). This shows that there are an infinite 
number of solutions to the ODE. 

We can verify that v(t) = —32t + C is a general 
solution of dv/dt = —32 through substitution: 

do 


d 


When we substitute our solution into the left 
side of the ODE, we obtain —32, the value on 
the right side of the ODE. We have verified that 
v(t) 2 —32t + C satisfies the ODE for any choice 
of C. 

Many times we are given a particular condi- 
tion that the solution must satisfy. For example, 
suppose that the object considered earlier has an 
initial velocity of —64 ft./s. In other words, the 
velocity at time t = 0 seconds is represented 
with the initial condition v(0) = —64. Therefore, 
we need to find a solution of the ODE that also 
satisfies the initial condition. We express this 
initial value problem (IVP) as 

dv 

dt — 
where we solve the IVP by first finding a general 
solution to the ODE and then by applying the initial 
condition to determine the arbitrary constant. When 
we substitute £ = 0 into the general solution 
v(t) = —32t + C, we obtain v(0) = —32 x 0 + 
C = C. We conclude that C = —64 so that v(0) = 
— 64 is satisfied. This means that the solution to 
the IVP is v(t) = —32t — 64. Notice that unlike the 
ODE, the IVP has only one solution. 

Another application of differential equations 
found in calculus is finding a function when 
given (a) the slope of the line tangent to the graph 
of the function at any point (x, y) and (b) a point 
on the graph. 

For example, suppose that the slope of the tan- 
gent line at any point on the graph of a function 
y — y(x) is given by 

dy 2 

qm 3x^ — 4x, 
and further that the graph passes through the 
point (1, 4), which means that y(1) = 4. In this 
case, the ODE is given by dy/dx — 3x? — 4x, 
where we need to find the function y — y(x) that 
satisfies the initial condition y(1) — 4. Therefore, 
we solve the IVP 

dy 


ai 3x? — 4x, 


—32, v(0) = —64, 


y(1) 2 4. 
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As in the previous example, we find a general 
solution to dy/dx — 3x?—4x through integration. 
This yields 


y-y(Q) = xX -2x + C. 


Now, when we apply the initial condition, we 
find that 


y1)215-2x1 4-C2-14C-4 


so that C = 5, which means that the solution to 
the IVP is 


y =y(x) = 3 2x? +5. 


Figure 1.1 shows the graph of the solution 
together with a portion of the tangent line at 
the point (1, 4). Notice that the slope of the tan- 
gent line at the point (1,4) is the value of dy/dx 
evaluated if x — 1:ifx = 1, dy/dx = 3x 
12— 4 x 1 = -1. This observation will be 
useful in Section 1.2 in helping us better under- 
stand the behavior of solutions of differential 
equations. 


1 
-1 -0.5 OS T 5 


FIGURE 1.1 Solution to dy/dx = 3x? — 4x, y(1) = 4 along 
with a segment of the tangent line at (1, 4). 


The previous examples are similar in that they 
each involve an ODE in which the highest order 
derivative is the first derivative. We call equa- 
tions of this type first-order ODEs because the 
order of a differential equation is the order of 
the highest order derivative appearing in the 
equation. 


EXAMPLE 1.1.1 


Determine the order of each of the following 
differential equations: (a) dy/dx = x*/y* cosy 
(b) uxx +Uyy = 0 (e) (dy/dx)* = y+ x (d) d?x/dt? + 
2dx/dt + 3x = sint 


Solution 


(a) This equation is first order because it in- 
cludes only one first-order derivative, dy/dx. (b) 
This equation is classified as second order be- 
cause the highest order derivatives, Uxx, repre- 
senting 0?u/àx?, and uyy representing 02u/8y?, 
are of order two. The equation ux, + uy, = 0 
arises in many areas of study, which include fluid 
flows as well as electrostatic and gravitational 
potential, is often called Laplace's equation after 
Pierre-Simon Laplace (also known as the Marquis 
de Laplace) (1749-1827) or the potential equation. 
Hence, Laplace's equation is a second-order par- 
tial differential equation. (e) This is a first-order 
equation because the highest order derivative is 
the first derivative. Raising that derivative to the 
fourth power does not affect the order of the equa- 
tion. The expressions 


dy V dty 
(3) and T 
do not represent the same quantities: (dy/dx)* 
represents the derivative of y with respect to x, 
dy/dx, raised to the fourth power; d*y/dx* repre- 
sents the fourth derivative of y with respect to x. 
(d) The highest order derivative is d?x/d£?, so the 
equation is second order. 
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Pierre-Simon Laplace (1749, Normandy, France- 
1827, Paris, France): Laplace's name is probably 
most remembered in reference to the Laplace trans- 
form that we will study in Chapter 8. 


EXAMPLE 1.1.2 

(a) Show that y = c; sint + c? cost satisfies the 
second-order ODE (ODE) y” + y = 0 where c; and 
c2 are arbitrary constants. (b) Find the solution to 
the IVP y” + y = 0, y(0) = 0, y/(0) = 1. 


Solution 


(a) Differentiating, we obtain y' = dy/dt = 
cı cost — co sin t and y" = d*y/dt? = 
—c7 cost — c] sin t. Therefore, 
d?y , 
um + y=-C1 sint — c? cost + c1 sint 
+c2 cost = 0, 


so the function satisfies the ODE for any 
choice of c and c». We graph the solution for 
several values of these constants in 
Figure 1.2. Because the solution depends on 
at least one constant, we say that the 
functions shown in Figure 1.3 are members 
of the family of solutions of the ODE. 

(b) Evaluating the function at t = 0 yields 
y(0) = cy sin04- c? cos 0 = c2. Then, the initial 
condition, y(0) = 0, indicates that c = 0. 


FIGURE 1.2 Graphs of y = ci cost + cosint for various 
values of cy and c». 


Similarly, y'(0) = c1 cos0 — c» sin 0 = c1, so 
c1 = 1 so that the second initial condition, 
y' (0) = 1, is satisfied. Therefore, y(t) = sint 
is the solution to the initial value problem 
(IVP). We graph this solution in Figure 1.3. 
Notice that the ODE has an infinite number 
of solutions while the IVP has only one 
unique solution. Also observe that the 
number of initial conditions for the initial 
value problem (IVP) matches the order of 
the ODE. 


The next level of classification tells us whether 
an equation is linear or nonlinear in terms of the 
dependent variable. For an ODE, assuming that 
the independent variable is x and the dependent 
variable is y, an ODE (of order n) is called linear 
if it can be written as 


n n-1 2 
y 


dy dy 
dae q FAO E 


d 
+ mx) +agxy=fix), (1.1) 


where the functions az(x), k = 0, 1, ..., n, and 
f(x) are given and a(x) is not the zero func- 
tion. If f(x) is identically the zero function, the 
linear equation (1.1) is said to be homogeneous. 


6 1. INTRODUCTION TO DIFFERENTIAL EQUATIONS 


FIGURE 1.3 Graph of y = y(t) = sint. 


You should verify that y(x) — 0, which we call 
the trivial solution, is a solution to every linear 
homogeneous equation. If f (x) is not identically 
the zero function, the linear equation (1.1) is said 
to be nonhomogeneous. 

In Chapter 4, we will learn that a general 
solution of the nth-order linear equation (1.1) 
is a solution that depends on n arbitrary 
constants and includes all solutions of the 
equation. 

If the equation under consideration cannot 
be written in the form given by equation 
(1.1), the equation is said to be nonlinear. 
Therefore, some of the properties that lead to 
classifying an equation as linear or nonlinear 
are powers of the dependent variable (or one of 
its derivatives) and functions of the dependent 
variable. 


EXAMPLE 1.1.3 
Determine which of the following differential 
2 
x3, (b) a e, 
5e 


3 
(c) (y — 1) dx + x cos y dy — 0, (d) -: t = i, 


d2x 
PE sinx AO 


dt 


d 
equations are linear: (a) = = 


(e) E + x*y = x, and (f) 


Solution 


(a) This equation is linear because the nonlin- 
ear term x° is the function f(x) of the independent 
variable in the general formula for a linear dif- 
ferential equation. (b) This equation is also linear. 
Using u as the name of the dependent variable 


does not affect the linearity. (c) If y is the depen- 
dent variable, solving for dy/dx gives us 


W 2y 
dx  xcosy 


Because the right side of this equation includes a 
nonlinear function of y, the equation is nonlinear 
(in y). However, if x is the dependent variable, 
solving for dx/dy yields 


This equation is linear in the dependent variable 
x. (d) The coefficient of the term dy/dx is y instead 
of an expression involving only the independent 
variable x. Hence, this equation is nonlinear in the 
dependent variable y. (e) This equation is linear. 
The term x? is the coefficient function. (f) For this 
equation, note that x is the dependent variable 
and t is the independent variable. This equation, 
known as the pendulum equation because it models 
the motion of a simple pendulum, is nonlinear 
because it involves a nonlinear function of the 
dependent variable x, sin x. 


If an ODE has the form dy/dx = f(x), we can 
use integration to determine y — y(x), although 
the result may be in terms of integrals that can- 
not be evaluated using standard techniques of 
integration. The following examples of differ- 
ential equations of this type illustrate some of 
the typical methods of integration that may be 
encountered. 
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EXAMPLE 1.1.4 


Solve the following differential equations: (a) 


dy dy x dy 1 

apo = p b = 5 = , 

dE o dx [xà 1 (o x* + 16 
dy x y dy 
— z= ^ — == f — = 

(d) di xe*, (e) Hr "m z and (f) az 

sin x tan x. 

Solution 


In each case, we integrate the indicated func- 
tion and graph the solution for several values 
of the constant of integration. Each solution con- 
tains a constant of integration so there are in- 
finitely many solutions to each equation. (a) y — 
[ cosxdx = sinx + C (see Figure 1.4(a)). (b) To 
evaluate y = f (x/V x? + 1) dx, we let u = x? +1 so 
that du = 2x dx or (1/2) du = x dx. Then, 


>| Dx d 
== || = oy 
23 Vx2 41 
1 1 1 
ON d sh E 1/2 g = 1/2 (€ 
; | z^ TE u=u" + 


= yx? +1+C (see Figure 1.4(b)). 


(c) To integrate y = Pape +16)dx, we use a 
trigonometric substitution. Letting x = 4tan6, 
1/2 < 0 < 11/2, so that dx = 4sec? 0 de gives us 


y= f — TIT o 
16 + (4tan 6)? 


1 
= f — — ~ — Asec? 0 dd 
16 + 16tan? 0 


1 1 
==> | —Ag 0d 
16 J sec? 0 


7) 00=30+0=3u sc 


First, we use the identity 1 + tan?9 = sec? 8 


and then resubstitute: x/4 = tan so 0 = 
tan (x/4). 
(d) To evaluate y — xe* by hand, we use the 


Integration by Parts formula with u = x and dv = 
e* dx. Then, du = dx and v = e*. This gives 


y= [s axcse- f ease ec 


(e) Use partial fractions to evaluate this integral. 
First, find the partial fraction decomposition of 
1/(4 — x?), which is determined by finding con- 
stants A and B that satisfy the following equation: 
1 De p 
O=00 a Var” DEX 
These values are A = B = 1/4. (Why?) Thus, 


E NN NUT 

Y= 1) auctam 
1 

= gM = a aleae 
1 
-inj 


2+x 


+C (see Figure 1.5). 


The Integration by Parts formula states that 
fudv=uv- f vdu. 


0 Find C if y(1) = 2. 


Notice that the solutions of dy/dx — 1/(4 — x?) 
are undefined if x = —2 or x = 2. This is 
because 1/(4— x2) is undefined at these two values 
of x. Later, we will discuss in greater detail the 
relationship between the differential equation and 
its solutions. 

(f) In this case, y = f sinx tanxdx = (sin? x/ 
cos x) dx because tan x — sin x/ cos x. Now use the 
identity sin? x + cos? x = 1 or sin? x = 1 — cos? x 
and divide: 


sin? x 
y= dx, 
cos x 
[== 1 — cos? Tal 
m cos x 


y= i (secx — cos x) dx, 


y = In|secx + tan x| — sin x + C. 


For —1/2 < x < 1/2, f secxdx = In(secx + 
tan x) + C. 
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FIGURE 1.4 (a) Graph of y = sin x + C for various values 
of C. (b) Graph of y — V2 + 1 + C for various values of C. 


In Example 1.1.4, each solution is given as a 
function y — y(x) of the independent variable. 
In these cases, the solution is said to be explicit. 
In solving some differential equations, however, 


We will see that given an arbitrary differential 
equation, constructing an explicit or implicit 
solution is nearly always impossible. Conse- 
quently, although mathematicians were first 
concerned with finding analytic (explicit or 
implicit) solutions to differential equations, they 
have since (frequently) turned their attention to 
addressing properties of the solution and finding 
algorithms to approximate solutions. 


FIGURE 1.5 Graph of y = Ilni + x)/(2 — x)| + C for 


various values of C. 


we can find only an equation involving the in- 
dependent and dependent variables that the so- 
lution satisfies. In this case, we say that we have 
found an implicit solution. 


EXAMPLE 1.1.5 
Verify that the equation 2x2 + y? — 2xy+5x = 0 
satisfies the following differential equation: 
dy _ 2y-4x-5 


dx 2y-2x 


Solution 
We use implicit differentiation to compute y' = 
dy/dx if 2x3? + y? — 2xy + 5x =0: 


ax + y oe — 2y +5=0, 


oy — 2x) =2y — 4x - 5 


dy _2y-4x-5 
dx  2y-2x ` 
The equation 2x32 + y? — 2xy + 5x = 0 


satisfies the differential equation dy/dx = 
(2i — Ze = 5) (y = 25x». 
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FIGURE 1.6 Graph of 22 + y? — 2xy + 5x = 0. 


Although we cannot solve 23? +y?—2xy+5x = 
0 for y as a function of x (see Figure 1.6), we can 
determine the corresponding y value(s) for a given 
value of x. For example, if x 2 —1, then 


24335 4-2y-5— y? 4 2y 23 — (y - 3)(y - 1) =0. 


Therefore, the points (—1, —3) and (—1,1) lie on 
the graph of 2x? +y?—2xy+5x = 0 (see Figure 1.7). 


0 Find an equation of the line tangent to the 
graph of 2x? + y? — 2xy + 5x = Oat the 
points (—1, —3) and (—1, 1). 


In the same manner that we consider systems 
of equations in algebra, we can also consider 
systems of differential equations. For example, if 
x and y represent functions of t, we will learn in 
Chapter 6 to solve the system of linear equations 


dx/dt = ax + by, 
dy/dt = cx + dy, 


where a, b, c, and d represent constants and 
differentiation is with respect to t. We will see 
that systems of differential equations arise 
naturally in many physical situations that are 
modeled with more than one equation and 
involve more than one dependent variable. 
In addition, we will see that it is often use- 
ful to write a differential equation of order 
greater than one as a system of first-order 
equations, especially when the original equa- 
tion is nonlinear. 


EXAMPLE 1.1.6 


(Duffing's equation). Duffing's equation is the 
second-order nonlinear equation 
d? d. 
mem — x4 x? =T cosot, (1.2) 


where k, Il, and o are positive constants. 


Sources: See texts like Jordan and Smith's Non- 
linear ODEs, [16]. 


Write Duffing's equation as a system of first- 
order equations 
Solution 

Let y = x’. Then, y' = x" and substituting into 
Duffing's equation gives us 

x" +k’ — x 4- x? =T cosot, 

y ky — x - x? =T cosot, 
y =x- X — ky +T cosot. 


Thus, Duffing's equation is equivalent to the 
nonlinear system 


/ 
X =y, 


y =x-x—ky+T cosot. 


Note that a system of differential equations 
can consist of more than two equations. For 
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FIGURE 1.7 Notice that near the points (—1, —3) and (—1,1) the implicit solution looks like a function. In fact, when we 
zoom in near the points (—1, —3) and (—1,1), we see what appears to be the graph of a function. 


example, the basic equations that describe 
the competition between two organisms, with 
population densities x; and x2, respectively, in a 
chemostat are 


Sources: See Smith and Waltman's The Theory of 
the Chemostat [27], for a detailed discussion of 
chemostat models. 


miS mS 
C =1-S- = 
a ay qug dg" 
, mS 
= =1 , (1.3 
"1 i G +5 ) V 


x, =X 
z (Z8 


where ' denotes differentiation with respect to 
tS = S(t), xq = x1(t), and x2 = x»(t). For 
Equations (1.3), we remark that S denotes the 
concentration of the nutrient available to the 
competitors with population densities x; and x2. 
We investigate chemostat models in more detail 
in Chapter 7. 


D EXERCISES 1.1 


Determine if each of the following equations 
is an ODE or a partial differential equation. If the 
equation is an ODẸ, then determine (a) the order 
of the ODE and (b) if the equation is linear or 
nonlinear. 


dc eq 
2. y py 
ax2’ 


4. y" US 2y" + 5y' 4 y= e*, 
(= d/dx; y = y(x)) 


dy E 


32 
= y c > 0 constant 


pry dy 
A t— + 2y = 
6 EC M r 0 
10^z Oz  O0'z 
7. 238 7 og © a9 z Z = 2(t, x, y)) 


8. uux + ut = 0, uto x)) 
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d*y ; 
9. x 2) +2y = 2x 


2 
10. E s + 2sinx = sin2t, (x = x(t)) 
11. u; + u ux = O Uxx, o constant 
12. (2x — 1) dx — dy = 0 
13. Qt — y) dt — dy = 0 


14. ~ y" u, (u = u(x, y) 


15. (2x -y) dx - y dy 20 
16. Write each of the following second-order 
equations as a system of first-order 


e quanonss 
i x dx 
(a ) 3g ra 6x=0 
e x dx 
4-— t ao apes 
(b) at wos 0 


(c) +g sinx = 0, L, g positive 


constants, x = x(t) 


d?x 3 dx 
(d) ag "0-5 + >04M>0 
ee 


dx 
22 (b — DET — ax = 0, a, b constants 


(e) eu 


In Exercises 17-28, verify that each of the given 
functions is a solution to the corresponding 
differential equation. (A, B, and C represent 
constants.) 


17. dy/dx + 2y = 0, y(x) = er, y(x) = 5e-2x 
18. dy/dx + xy = 0, y(x) = e-*72 
19. dy/dx + y = sinx, y(x) = 


=x 1 


e — lcosx + lsinx 

d?y dy 
20. — — — —12 t) = t) = et 
: d? dt ym sey e 


21. y” +9y' = 0, y = A + Be”? ( denotes d/dt) 
22. x” -- 3x’ — 10x = 0, x(t) = Ae?! + Be~” 


23. x” +x =tcost — cost, x = 
A cos t + Bsint + iP sint — itsint 4 itcost 


24. y” — 12y' + 40y = 0, y = e™ cos 2x, 
y = e® sin 2x (' denotes d/dx) 
25. y" — 4y' = 0, y = A+ Be? Ce 
26. y" — 2y" =0,y=A+ Bt + Ce” 
27. x^y' — 12x y! + 42y = 0, y = Ax? + Bx? 
28. ty’ +3ty +5y =0,y =t! 
(A cos(2 In f) + Bsin2Int)) 
In Exercises 29-33, verify that the given equation 
satisfies the differential equation. Use the equa- 
tion to determine y for the given value of x (or t). 
Confirm your result by graphing each equation using 
appropriate technology. 
29. dy/dx = —x/y, x? + y? = 16,x 20 
30. 3y(? + y)dt + (E? + 6y)dy = 0, 
Py +3ty? 28, t 22 
31. dy/dx = —2y/x — 3, x? + x2y = 100, x =1 
32. ycostdt + (2y + sint) dy = 0, 
y! +ysint=1,t=0 
33. (y/x + cos y) dx + (lnx — xsin y) dy = 0, 
ylnx+xcosy=0,x=1 


In Exercises 34-43, use integration to find a solu- 
tion to the differential equation. 

34. dy/dx = (x? — 1) 02 — 3x? 

85. dy/d = xsinx? 

36. dy/dx = x/y x? — 16 

37. dy/dx = 1/(x Inx) 

38. dy/dx 2 x Inx 

39. dy/dx = xe* 


m dy —2(x4+5) 
"dx  (x42)x—4) 
dy xx 
41. 


dx +D +D) 
42. dy/dx = yx? — 16/x 
43. dy/dx = (4 — x2)9/2 
44. dy/dx = 1/(x? — 16) 
45. dy/dx = cos x cot x 
46. dy/dx = sin? xtan x 
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In Exercises 45-54, use the indicated conditions 
with the indicated solution to determine the so- 
lution to the given problem. 


47. 
48. 


49. 


50. 


51. 


52. 


53. 


54. 


dy/dx + 2y = 0, y(0) = 2, y(x) = Ae?* 
dy/dt + y = sint, y(0) = —1, 

y(t) = Ae — 5 cost + 5 sint 

y" —y — 12y = 0, y(0) = 1, y' (0) = —1, 

y = Ae* + Be~’ 

y" +9y' = 0, y(0) = 2, y'(0) = —1, 

y =A+Be 

y" — 2y" = 0, yO) = 0, y'(0) = 1, y” (0) = 3, 
y = A + Bx + Ce% 

y” — 4y' = 0, y0) = 1, y 0) = —1, y” (0) = 0, 
y = A + Be” + Ce?* 

Py” —12ty + 42y = 0, y(1) = 0, y (1) =-1, 
y(t) = At + B? 

y" +3xy +5y =0,y(1) =0,y'0) =1, 
y(x) = x^! (A cos(21n x) + Bsin(2Inx)) 


In Exercises 55-58, solve the IVP. Confirm your 
result by graphing each function on an appropriate 
interval using appropriate technology. 


60. The number of cells in a bacteria colony 


61. 


after t hours is determined by solving the 

dP/dt = kP, 

P(0) = Po. 

(a) Given that a general solution of 
dP/dt = kP is P(t) = Ce", use the initial 
condition to find C. 

(b) Find the value of k so that the 
population doubles in 8h. 


IVP 


In 1840, the Belgian mathematician-biologist 
Pierre F. Verhulst (1804-1849) developed the 
logistic equation, dP/dt = rP — aP?, where r 
and a are positive constants, to predict the 
population P(t) in certain countries. 

(a) Given that a general solution to this 
equation is P(t) = r/(a + Ce~"), find the 
solution that satisfies P(0) = Po, where 
Po > 0 is constant. 

(b) Determine lim; P(t). 


55. dy/dx = 4x2 — x +2, (0) 21 

56. dy/dt = sin2t — cos2t, y(0) 2 0 

57. dy/dx = x ? cos (x71), y2/1) 21 

58. dy/dx = (Inx)/x, y(1) = 0 

59. The velocity of a falling object with mass m 
that is subjected to air resistance 
proportional to the instantaneous velocity v 
of. the object is found by solvingthe IVP 


Misia CHE where c > 0 is the 
v(0) = vo, P. F. VERHULST 

proportionality constant. 

(a) Given that a general solution to 
m dv/dt = mg — cv is 
v(t) = mg/c + Ke™*/", find the solution 
of this IVP. 

(b) Determine lim; œ v(t). 


Pierre Francois Verhulst (1804-1849) 


62. The differential equation 
dS/dt + 35/(t + 100) = 0, where S(t) is the 
number of pounds of salt in a particular 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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tank at time f, is used to approximate the 
amount of salt in the tank containing a 
saltwater mixture in which pure water is 
allowed to flow into the tank while the 
mixture is allowed to flow out of the tank. 
If S(t) = 15,000, 000/ (t + 100)5, show that S 
satisfies dS/dt + 35/(t + 100) = 0. What is 
the initial amount of salt in the tank? As 

t — oo, what happens to the amount of salt 
in the tank? 

The displacement (measured from x — 0) of 
a mass attached to the end of a spring at 
time f is given by x(t) 2 3cos4t + 1 sin 4t. 
Show that x satisfies the ODE x" + 16x = 0. 
What is the initial position of the mass? 
What is the initial velocity of the mass? 


Show that u(x, y) = In / x? + y? satisfies 
Laplace's equation, Uxx + Uyy = 0. 
The temperature in a thin rod of length 27 


after t minutes at a position x between 0 and 


27: is given by u(x,t) = 3 — e-19 cos 4x. 
Show that u satisfies u; = k uxx. What is the 
initial temperature (t = 0) at x = x? What 
happens to the temperature at each point in 
the wire as t — oo? 

The displacement u of a string of length 1 at 
time t position x, where x is measured from 
x = 0, is given by u(x,t) = sin zx cost. 
Show that u satisfies 171 = uyy. What is 
the value of u at the endpoints x = 0 and 

x = 1 for all values of t? 


Find the value(s) of m so that y = x" isa 
solution of x?y" — 2xy' + 2y = 0. 
Find the value(s) of k so that y = e" is a 


solution of y” — 3y' — 18y = 0. 


Use the fact that 

(d/dx) (e?*y) = e?*(dy/dx) + 2e?*y and 
d 

integration to solve e?* Z + 2e%y = e. 

Use the fact that 


(d/dx) (e*y) = e*(dy/dx) + e*y and 
integration to solve e*(dy/dx) + e*y = xe”. 


71. The time-independent Schródinger equation is 
given by 
h? dyla) 
2m d 
If U(x) = 0, find conditions on E so that 
w(x) = Asin(nzx/L) is a solution of the 


time-independent Schródinger 
equation. 


+ U(x) W(x) = Ev). 


The great physicist Erwin Schrodinger (1887- 
1961) received a Nobel prize for his work in 1933. 


72. A singular solution of a differential equation 
is a solution that cannot be derived from the 
general solution of the differential equation. 
Use implicit differentiation to show that 
—1/x +2/x? + 1/y — 1/y? = C is a general 
(implicit) solution of the differential 
equation dy/dx = (x — 4yy?/[x? (y — 2)]. Is 
y = 0a solution of this differential 
equation? Is y — 0 a singular solution? 

73. Show that x + x?/y — C is a general 
(implicit) solution of the differential 
equation dy/dx = (y? + 2xy)/x2. Is y = 0a 
solution of this differential equation? Is 
y = Oasingular solution? 

74. The current I(t) in an L-R circuit, which 
contains a resistor, an inductor, and a 
voltage source, satisfies the differential 
equation RI + LdI/dt = E(t), where R and L 


14 1. INTRODUCTION TO DIFFERENTIAL EQUATIONS 


are constants representing the resistance 
and the inductance and E(t) is the voltage 
source. Is this equation linear or nonlinear? 
Determine the order of the equation. 


In Exercises 75-77, (a) verify that the indicated 
function is a solution of the given differential 
equation and (b) graph the solution on the indi- 
cated interval(s). 


75. xy’ + y = cosx, y = (sinx)/x; 
[—27,0) U (0, 271] 


76. 16y” + 24y' + 153y = 0, y = e^?!" cos 3t; 
[0, 37/2] 


77. xy" + x%y" + xy! — 40y =0, 
y = x! sin(31n x); (0, zr] 


78. (a) Verify that 
x ze (i sin V3t + 20 cos V3) 
y = e™ (-28 sin V3t + 20 cos V3t) 
is a solution of the system of differential 
dx/dt = 4y, 
dy/dt = —x — 2y. 
(b) Graph x(t), y(t), and the parametric 


= x(t) 
equations 
y=y0 


equations | 


for 0 <t<2r. 


Throughout Introductory Differential Equations, we 
use graphs of solutions of differential equations. 
In some cases, we are able to predict what the 
graph of a solution should look like. If the graph 
of our proposed solution does not appear as pre- 
dicted, we know that either we made a mistake 
in constructing our proposed solution or our con- 
jecture about the general shape of the graph of 
the solution is wrong. In other cases, we will find 
that it is easier to examine the graph of a solution 
than it is to examine the solution (if we are able to 
construct one in the first place). 


79. (a) Show that (x? + y?)? = 5xy is an implicit 

solution of 
[4x (2 4-2) -5y]dx-- [462 -?) -5x]dy—0. 

(b) Graph (x? + y?)? = 5xy on the rectangle 
[-2,2] x [-2, 2]. 

(c) Approximate all points on the graph of 
(x? + y?)? = 5xy with the x-coordinate 1. 

(d) Approximate all points on the graph of 
(x? + y?)? = 5xy with the y-coordinate 
0.319. 


Often the calculus and algebra encountered in 
solving differential equations can be tedious, if 
not completely overwhelming or impossible. To- 
day many sophisticated calculators and computer 
algebra systems are capable of performing the 
integration and algebraic simplification encoun- 
tered when solving many differential equations. 
Having access to these tools can be a great advan- 
tage: a large number of problems can be solved 
quickly, we make conjectures as to the general 
form of a solution to different forms of differential 
equations, and these tools allow us to check and 
verify our work. 


80. Solve dy/dx = sin* x, y(0) = 0 and graph 
the resulting solution on the interval [0, 47 ]. 
81. A general solution of 
y + By’ — 5y + £2y = 0 is given by 
y = e^? (c4 cos 3x + c2 sin 3x) + 
e*/2 (cs cos 2x + c4 sin 2x), where c1, C2, C3, 
and c4 are constants. Solve the IVP 
y9 + By" -5y + Fy =0 
y(0) = 0, y'(0) = 1, y”(0) = —1, 
y" (0) = 1 
graph the resulting solution. 


and 


82. A general solution of the system 
dx/dt = 4y 
dy/dt = —4x 
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X = —c1 cos 4t + c? sin 4t 
, Where c1 and 


y = c2 cos 4t + c1 sin 4t 
C? are constants. Solve the IVP 
dx/dt = 4y 
dy/dt 2 —4x 
x(0) = 4, y(0) = 0 
y(t), and the parametric equations 
x = x(t), 
y — y(t). 
83. A general solution of the system 
dx/dt = —5x + 4y 
dy/dt = 2x + 2y 
6t 


— 4c2e ^ * 
—6t 
, 


and then graph x(t), 


x= —cye*! 
3t where c and c2 
y = 2ce* + ce 


are constants. Solve the IVP 


x = —5x + 4y 
y = 2x + 2y and then graph x(t), 
x(0) = 4, y(0) 2 0 
y(t), and the parametric equations 
x= x(t), 
y - 0. 


1.2 A GRAPHICAL APPROACH TO 
SOLUTIONS: SLOPE FIELDS AND 
DIRECTION FIELDS 


e SYSTEMS OF ODEs AND DIRECTION FIELDS 
e RELATIONSHIP BETWEEN SYSTEMS OF 
FIRST-ORDER AND HIGHER ORDER EQUATIONS 


Suppose that we are asked to solve the ODE 
dy/dx = e”. In this case, we do not attempt 
to solve this equation through integration as we 
did in the previous section because of the pres- 


ence of the function f(x) = e” on the right 
side of the ODE (see Exercise 21 at the end of 
this section). Instead, we can gain insight into 
the behavior of solutions of this ODE through a 
graphical approach by considering the slope of 
the tangent line to solutions of the ODE. Recall 


from Section 1.1 that the differential equation 
gives the slope of the tangent line to solutions of 
the ODE at the given point (x, y) in the xy-plane. 
Therefore, if we wish to determine the slope 
of the tangent line to solution to the ODE that 
passes through (0, 1) at this point, we substitute 
(0,1) into the right side of dy/dx = e”. Be- 
cause the right side only depends on x, we have 
slope 

dy — (0)? 

= =1. 

dx © 
In fact, the slope of the line tangent to solutions 
at all points of the form (0,y) is 1. At the point 
(Vln 2,4), we find that the slope is 


dy (m2? m2 1 
a. =e = 7 
Again, we obtain the same slope at all points 
(VIn2,y) œ% (0.832555, y) and (-VIn2,y) = 
(—0.832555, y). In Figure 1.8, we draw several 
short line segments using points of the form 
(0, y) for y = 0, +1, +2, +3. Notice that we use 
a triangle with base length 1 and height length 1 
to assist in sketching the tangent lines with slope 
1 at these points. We use a triangle with base 
length 2 and height length 1 to help us draw the 
lines of slope 1/2 that are tangent to solutions 
at the points (—VIn2, y) for y = 0, +1, +2, +3. 
By drawing a set of short line segments repre- 
senting the tangent lines to solutions of the ODE 
at numerous points in plane, we construct the 
slope field of the ODE. We show the slope field 
for dy/dx = e-* on the square [—2,2] x [72,2] 
in Figure 1.9(a). (Note that because constructing 
a slope field is time consuming, we usually let 
a computer algebra system do the work for us.) 
Observe that at each point along the y-axis, the 
slope is 1 as we predicted earlier. Notice also that 
the slope appears to be zero for larger values of 
|x|. This because for large values of x (in absolute 


value), dy/dx ~ 0 because lim; +o0 e = 0, 
Therefore, we expect solutions to “flatten out" as 
x increases. 
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(a) 


FIGURE 1.8 (a) Several line segments in the slope field for dy/dx = er 


(c) A different view of the slope field for the equation. 
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FIGURE 1.9 (a) Slope field for dy/dx = er. (b) Using the slope field to sketch the solution to dy/dx = er, y(-2) = -1. 
(c) A different view of using the slope field to sketch the solution to dy/dx — e? ,y(-2) = -1. 


We can use the slope field to investigate the 
solution to an IVP such as 
dy 
dx | 
by starting at the point (—2, —1) and tracing the 
solution by following the tangent slopes. This 
solution is sketched in Figure 1.9(b). Thus, al- 
though we were not able to determine explicit 
formulas for either the general solution of the 
ODE or the solution to the IVP, we were able to 
determine some properties of the solutions by 
using the slope field of the differential equation. 


—x2 


e , y(-2) =-1 


Systems of ODEs and Direction Fields 


We can also consider systems of differential 
equations. In Chapter 6, we will learn how 


to solve systems of first-order ODEs of the 


form 
dx/dt = ax + by, 
dy/dt = cx + dy, 


where a, b, c, and d are given constants. In the 
case of this system, we solve for x = x(t) and 
y = y(t). For example, if we consider the system 


dx/dt = y, 
dy/dt = —x, 

we can verify that the parametric equations 
x(t) =sint 


y(t) = cost 
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FIGURE 1.10 (a) Graphs of x(t) = sint and y(t) = cost for 0 < t < 2x. (b) Graph of the parametric equations x(t) = sint 


and y(t) = cost for 0 < t x 2x. 


satisfy the system because 


dx d, 

d gp int) = cost = y and 
dy d : 

qa a = — sint = —x. 


We can graph each function separately as we 
doin Figure 1.10(a). (The graph of x(t) is the solid 
curve; that of y(t) is dashed.) Another option is to 
graph them as a pair of parametric equations as 
in Figure 1.10(b). As we recall, the graph of this 
pair of parametric equations is a circle of radius 
1 centered at the origin because x? = sin? t and 
y? = cos? t, so that x? + y? = sin?t + cos*t = 
1. However, we must indicate the orientation of 
the curve (the direction of increasing parameter 
value t). For this pair of parametric equations, we 
find that at t = 0, x(0) = sin0 = 0 and y(0) = 
cos 0 — 1. Therefore, the point (0, 1) corresponds 
to t = 0. Similarly, the point (1,0) corresponds 
tot = z/2 because x(1/2) = sinz/2 = 1 and 
yGr/2) = cosz/2 = 0. This means that the 
solution moves from (0, 1) to (1,0) as t increases. 
To determine if the orientation is clockwise or 
counter-clockwise, we test a t-value between 0 
and 7/2. Choosing t = 7/4, we find the x(x /4) = 
sin/4 = 1/42 and y(1/4) = cosz/4 = 1/42 
so the orientation is clockwise. The parametric 


equations (x(f) = sint, y(t) = cost} satisfy 
the IVP 

dx/dt = y, x(0) 20 

dy/dt = —x, y(0)=1 


because they satisfy the system of differential 
equations as well as the two initial conditions. 
Notice that in the case of an IVP involving a sys- 
tem of differential equations, an initial condition 
is given for each of the variables x and y that 
depend on t. In the parametric plot, the solution 
to this IVP passes through the point (x(0), y(0)) = 
(0, 1). 

Another way to view a system of two ODEs 
is through the use of a direction field, which is 
similar to a slope field. For example, for the first- 
order system 


dx/dt = ax + by, 
dy/dt = cx + dy, 
we first write it as a first-order equation with 


dy  dy/dt  cx+dy 
dx dx/dt  ax+by' 


Observe that the procedure described here can be 
d dt = , , 

used for any system of the form xr fay) 
dy/dt = g(x,y). 


Then, we can consider the slope field associated 
with this differential equation. For example, if 
we refer back to the system 


dx/dt = y, 
dy/dt = —x, 


we obtain the first-order equation dy/dx — 
—x/y, so we can determine the slope of tangent 
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lines to solutions at points in the xy-plane. For 
example, at the point (1/ 42,1 / 4/2), the solution 
to this system that passes through this point 
has slope (C1/4/2)/(1//2) = —1. In a similar 
manner, we can find the slope at other points 
in the plane. However, as we mentioned in our 
earlier discussion, we must indicate the orien- 
tation when we graph parametric equations, 
so we consider the vector (dx/dt,dy/dt) = 
dx/dti + dy/dtj with components from the 
system of differential equations. In the case 
of this system, we consider (dx/dt,dy/dt) — 
(y, —x). At the point (1/4/2,1/4/2), we obtain 
the vector (1/42, —1/4/2). This means that the 
solution through (1 /V2, 1/42) has tangent vec- 
tor (1/4/2, —1/4/2). The direction field is made 
up of tangent vectors such as (1/4/2, —1/4/2) 
to solutions at points in the plane, so it is 
similar to the slope field for dy/dy = —x/y 
shown in Figure 1.11(a), except that vectors are 
used to indicate the orientation of solutions. In 
Figure 1.11(b), we show the direction field for 
this system. The vectors in the direction field 
indicate that solutions to this system are circles 
in the xy-plane that are directed clockwise. We 
graph several solutions along with the direction 


Generally, we will use standard mathematical no- 
tation throughout Introductory Differential Equa- 
tions soi = (1,0) and j = (0, 1). 


mmn 
nmm. 


— Ó 


WAAR 


(b) 


a 


~ 
e 


field in Figure 1.11(c). A collection of solutions in 
the xy-plane is called the phase portrait of the sys- 
tem. Notice that at points in the first quadrant, 
where x > 0 and y > 0, dx/dt = y > 0 and 
dy/dt = —x « 0. This means that x(t) increases 
and y(t) decreases along solutions in the first 
quadrant. In the second quadrant, where x « 0 
and y > 0, dx/dt 2 y > 0 and dy/dt 2 —x > 0. 
Therefore, x(t) and y(t) increase along solutions 
in the second quadrant. We can perform a similar 
analysis for points in the other two quadrants. 


Relationship Between Systems of 
First-Order and Higher Order Equations 


dx/dt = y, 
dy/dt = —x. 

we differentiate the equation dx/dt — y with re- 
spect to t, we obtain d?x / di? = dy/dt. Therefore, 
if we equate dy/dt = —x and dy/dt = d*x/dt?, 
we have d?x/d? = —x or d?x/d? +x = 0. 
We say that the system of two first-order ODEs 
is equivalent to the second-order ODE d?x/d£? + 
x = 0. Often, however, we begun with a second- 
order ODE of the form d?x/df^ + b dx/dt + cx = 
f(t) and would like to write the equation as a 
system of first-order ODEs. We do this by letting 
dx/dt — y and by differentiating this equation 
with respect to f to obtain d?x/d? = dy/dt. 
Solving the second-order ODE for d?x/dt?, we 
find d^x/d? = —bdx/dt — cx + f(t) so that 
dy/dt = —bdx/dt — cx + f(t). Replacing dx/dt 


Again, consider the system 


AAA 


MN mmm 


MXN S oes 


(c) 


FIGURE 1.11 (a) Slope field for dy/dx = —x/y. (b) Direction field for dx/dt = y, dy/dt = —x. (c) Direction field for 


dx/dt = y, dy/dt = —x and several solution curves. 
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EXERCISES 1.2 


in this equation with y, we obtain the following 


equivalent system of first-order ODEs: 
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In Exercises 5-8, use the slope field to sketch the 
solutions of the differential equation that pass 


through the given points. 
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use the slope field to deter- 
mine if the indicated path is that of a solution to 


the differential equation. 
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write the second-order equa- 
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d/dt; x — x(t)) 


0 


0(= 


Graph the solution to the 


) 


— y(0) =a for 


, 2. (c) Graph the slope field 
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= sin y. 


Determine lim; o; y(t) if y(0) = yo where 


(a) yo = —37:/2; (b) yo = —7/2; (c) yo = 1/2; 
condition y(0) = yo? Solve the ODE and 


9. Graph the slope field for dy/dt 
10. Graph the slope field for dy/dx = sin x. 
Does limx->00 y(x) exist for any initial 
find limx- oo y(x). Does this match the 
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of the differential equation together with 
the solutions in (b). (d) Do the solutions 


a = —2, —1, 0,1 


IVP dy/dx = e 


21. (a) Use a computer algebra system to solve 
dy/dx = e"; (b 


tion as a system of first-order equations. 


15. d?x/df? + 4x 
17. d?x/d£? + 4dx/dt + 13x 


16. d?x/d£? — 5 dx/dt 
18. x" — 6x + 7x 

19. x" + 16x = sint 

20. x" +4v + 13x =e! 


In Exercises 15 


limy—oo y(x) exist for any initial condition 


y(0) = yo? Solve the ODE and find 
limi. 00 y(x). Does this match the graphical 


result? 
12. Graph the slope field for dy/dx 


and find limy— o; y (x). Does this match the 


initial condition y(0) = yo? Solve the ODE 
graphical result? 


1/ (x2 + 1). Does limy-+ 00 y(x) exist for any 
In Exercises 13-14, use the direction field of the 
given system to sketch the graph of the solution 
that satisfies the indicated initial conditions. De- 
termine lim; oo x(t) and lim; œ y(t) in each case 


11. Graph the slope field for dy/dx = e”*. Does 
(if they exist). 
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appear to match the results described at the (a) For any given initial conditions, in a brief 
beginning of the section? paragraph explain why you think that the 
22. (a) Use a computer algebra system to graph solutions of the systems are similar or 
the slope field for dy/dx = sin(2x — y). (b) different. 
Use the slope fie to graph the solution y(x) (b) Figure 1.13 shows the direction field 
that satisfies the initial condition y(0) — 5. associated with each system. Use the 
Does lim; 4; y(x)appear to exist? direction field to help you graph the 
23. Consider the systems solutions that satisfy these initial 
dx/dt = —y ES dx/dt = —y, seine 
dy/dt = x dy/dt = —x. (i) x(0) = 0.5, y(0) = 0.25; 


(ii) x(0) = —0.25, y(0) = —0.5; 
(a) For any given initial conditions, in a 


P ane mao ne (ii) x(0) = —0.5, y(0) = 0.75; and 
rief paragraph explain why you thin : _ uM 
that the solutions of the systems are ey ASAS 0 
similar or different. (c) How do your graphs affect your 
(b) Figure 1.12 shows the direction field conjecture in (a)? 
associated with each system. Use the 


25. (Competing Species) The system of 
direction field to help you graph the 


dx/dt = x(a — bx — boy) 


solutions that satisfy these initial equations, 
conditions dy/dt = y(c — dix — doy) 

Gi) x(0) = 0.5, y(0) = 0; where a, b1, b», c, d1, and d? represent 

(ii) x(0) = —025, y(0) = 0; positive constants, can be used to model 
(iii) x(0) = 0, y(0) = 0.75; and the size of the population of two species, 
(iv) x(0) =0, y(0) = —0.5. represented by x(t) and y(t), competing for 

(c) How do your graphs affect your a common food supply. 
conjecture in (a)? (a) Figure 1.14(a) shows the direction field 
24. Consider the systems for the system if a = 1, b = 2,b2 = 1, 


c=1,d, = 0.75, and d» = 2. (i) Use the 
dx/dt=x/2 nq | dx/dt = —x/2, direction field to graph various solutions 
dy/dt = y dy/dt = —y. if both x(0) and y(0) are positive. (ii) Use 
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FIGURE 1.12 Figure for Exercise 23. 


22 


1. INTRODUCTION TO DIFFERENTIAL EQUATIONS 


r 4 N ) 
NHAC NRI 
NSSRRHEHHLLEEAAAA0 NNI LIA 
NRARARARRRRA AA 4444544445444 uui MM 

i. tt 
wn 111111111221 SARRIA MAMAR AA 
SSI 777 NO 117111177744 
MIAMI AAA A RRA AAAS RAR EERE PEELE LES 
MIURA RRA EEEE EREE AAA ARARA A A A A TETA 
WWWWXXNWNXNXERR AE A 44414110077 RRA RAY EEL EELE SAAS 
ORO A A N N t H bett emm mmm INN à Md 
UU PAD PM RRA Y Y VWÉKKEAE M a n nana 
<A AA CA AAA rmm mmm AA y PPP Pp 
] Py A rr i eree renra EL eee ea x 
PS e giochi | neta o CBE iq sese ATAN 
NOE ANN 
ATACAR AA MA E EEEE 1222222245111 NI 
AARAAAAA RA AA AER APARTA NA A III 
III AA NANA NARRAR AAA AAAAAAAAAA NN ARERR 
COCA AAAALA VA VARA NAA SARS ASIA NAAA NT HRRNNNNNNN 
"7 1 WAN AMAIA. ARARARAMNANAANMO 
ARANA UN NA NANA 
VIVÍA EN 4244444/414114114 PARARARNRARRAMMAM 
AAA! MINA 
AAA HRS 12111111400 IIS 
TM VNR 4422111111111 PERRRRARARAM 
AANRAMA MAMAS! NENA NANA NA 21444111111 NIN 
(AAAAAAAAAAAI IHNRNNNS 4114114111114 NNN 
CAMADA iH 1 VANA LEEEEEEEEEEEES RRA RARRARRAR 


FIGURE 1.13 Figure for Exercise 24. 


the direction field and your graphs to 
approximate lim, c; x(t) and 
limi oo y(t). 

(b) Figure 1.14(b) shows the direction field 
for the system if a = 1, bı = 1, b; — 1, 
c = 0.67, dı = 0.75, and dz = 1. (i) Use 
the direction field to graph various 
solutions if both x(0) and y(0) are 
positive. (ii) Use the direction field and 
your graphs to determine the fate of the 
species with population y(t). What 
happens to the species with popula- 
tion x(t)? 


CHAPTER 1 SUMMARY: ESSENTIAL 


CONCEPTS AND FORMULAS 


Differential Equation (DE) An equation that 
contains the derivative or differentials of one 
or more dependent variables with respect to 
one or more dependent variables. 

Ordinary Differential Equation (ODE) If a 
differential equation contains only ordinary 
derivatives (of one or more dependent 
variables) with respect to a single 
independent variable, the equation is called 
an ODE. 


Partial Differential Equation (PDE) A 
differential equation that contains the partial 
derivatives or differentials of one or more 
independent variables with respect to more 
than one independent variable is called a 
partial differential equation. 

Linear ODE A linear ODE is an equation that 
can be written in the form 

as Oy? + as 1 00y 7D + E as QOy" + 

a1 Oy + agy = f (x), where y = y(x). 

Order of an Equation The order of the 
highest order derivative in a differential 
equation is called the order of the equation. 
Solution A solution of a differential equation 
on a given interval is a function that is 
continuous on the interval and has all the 
necessary derivatives that are present in the 
differential equation such that when 
substituted into the equation yields an 
identity for all values on the 

interval. 

Explicit Solution A solution given as a 
function of the independent variable. 
Implicit Solution A solution given as a 
relation such as f (x, y) = 0, f (t,x) = 0, or 
f(t,y) 5 0. 

Trivial Solution y — 0 is always a solution of 
the nth-order linear homogeneous 

equation. 
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FIGURE 1.14 (a) Figure for Exercise 25 (a). (b) Figure for 


Exercise 25 (b). 


Slope Field A collection of line segments that 


indicate the slope of the tangent line to the 
solution(s) of a differential 

equation. 

Phase Portrait A collection of graphs of 
solutions to the system eid =f Gy) 
dy/dt = g(x, y) 
the xy-plane. 

Direction Field A collection of vectors that 
indicate the slope and direction of the 
tangent line to the solutions of a system of 
differential equations. 


CHAPTER 1 REVIEW EXERCISES 


In Exercises 1-5, determine (a) if the equation 
is an ordinary differential or partial differential 
equation; (b) the order of the differential equa- 
tion; and (c) if the equation is linear or nonlinear. 


1. dy/dt = y 

2. aux + ut = 0, u = u(x,t), a constant 

3. d?y/dx? + 2dy/dx + y =0 

4. m x" + kx = sint, m and k positive constants; 
x — x(t) 
3p 039 | * 
dx oxX2 dy 


In Exercises 6-13, verify that the given function 
is a solution of the corresponding differential 
equation. (A and B denote constants.) 


6. dy/dx+y cosx = 0, y =e nx 

7. dy/dx — y = sinx, y = (e* — cos x — sin x)/2 

8. y +4y —5y=0,y=e *, y = e" 

9. y" — 6y' + 45y =0, y = e?" (cos 6x — sin 6x) 
10. xy" — xy’ — 16y = 0, y = Ax + Bx? 
11. x^y" + 3xy' +2y — 0, 

y- x! (cos(In x) — sin(In x)) 

12. d^y/dx? + 2dy/dx + 2y = x, y = (x - 1)/2 
13. y” —7y' + 12y = 2, y = Ae% + Be“ + 1/6 


In Exercises 14 and 15, verify that the given im- 
plicit function satisfies the differential equation. 


14. (2x — 3y)dx + (2y — 3x)dy = 0, 
—3xy+y?=1 

15. (y cos(xy) + sin x)dx + x cos(xy)dy = 0, 
sin(xy) — cos x = 0 


In Exercises 16-19, find a solution of the differen- 
tial equation. 


16. dy/dx = xe-* 

17. dy/dx = x? sinx 

18 dy | 2x2 —x+1 
"dx  (x—-106G241) 


19. dy/dx = x? /y x2 — 1 


Exercises 20-22, use the indicated initial or 
boundary conditions with the given general 
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solution to determine the solution(s) to the given 
problem. 


20. dy/dx + 2y = x?, y(0) = 1, 
y- i — lx+ 5x7 + AeC* 

21. y" + Ay = t, yO) = 1, yGr/4) = 1/16, 
y — t/4 -- Acos2t + Bsin2t 

22. ^y" + 5xy' + 4y =0,y(1) =1,y4'(1) 20, 
y = Ax? + Bx? Inx 


Exercises 23 and 24, solve the initial-value prob- 
lem. Graph the solution on an appropriate inter- 
val. 


23. dy/dx = cos? x sin x, y(0) = 0 

24. dy/dx = 14x — 9) (x — 3)7?/3, yO) = 0 

25. The temperature on the surface of a steel 
ball at time t is given by u(t) = 70e + 30 
(in °F) where k is a positive constant. Show 
that u satisfies the first-order equation 
du/dt = —k(u — 30). What is the initial 
temperature (t = 0) on the surface of the 
ball? What happens to the temperature as 
t — œ? 

26. The displacement (measured from x = 0) of 
a mass attached to the end of a spring at 


time t is given by x(t) = qe (os V35t+ 
aa Vit), Show that x satisfies the 
V35 
ODE x” + 2x' + 36x = 0. What is the initial 
displacement of the mass? What is the 
initial velocity of the mass? 

27. For a particular wire of length 1 ft., the 
temperature at time t hours at a position of 
x feet from the end (x — 0) of the wire is 
estimated by u(x, t) = e kt sin gy — e747 kt 
sin2zx. Show that u satisfies the equation 
ut = kuyy. What is the initial temperature 
(t 2 0) at x = 1? What happens to the 
temperature at each point in the wire as 
t=> oo? 

28. The height u of a long string at time f and 
position x where x is measured from the 
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FIGURE 1.15 (a) Figure for Exercise 30. (b) Figure for 
Exercise 31. 


middle of the string (x = 0) is given by 
u(x, t) = sin x cos 2t. Show that u satisfies 
the wave equation ug = 4uxy. What is the 
initial height (t = 0) at x = 0? 

29. Show that u(x, y) = tan! (y/x) satisfies 
Laplace's equation uy + uy, = 0. 

30. The slope field of y' = 2(y — y?) is shown in 
Figure 1.15(a). Sketch the graph of the 
solution that satisfies the indicated initial 
condition. Also, determine if limy— oo y(x) 
exists. (a) y(0) = 0.5, (b) y(0) = 1.5, (c) 
y(0) = —0.5. 
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31. The direction field for 32. The function 
(dx/dt = x, dy/dt = 2y} is shown in hæ) = VR (C7 DER + 1)22 2e is 
Figure 1.15(b). Is it possible to select initial called the Bessel function of order 1. Verify 
conditions so that lim;-, oo x(t) = 0 and that Jı (x) is a solution of Bessel's equation of 


limi, y(t) = 0? (Briefly explain.) order 1, gy + xy + (x? — 1) y=0. 
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We will devote a considerable amount of time 
in this course to developing explicit, implicit, 
numerical, and graphical solutions of differential 
equations. In this chapter we discuss first- 
order ordinary differential equations (ODEs) 
and some methods used to construct explicit, 
implicit, numerical, and graphical solutions of 
them. Several of the equations and methods of 
solution discussed here will be used in later 
chapters. 


Introductory Differential Equations 
http://dx.doi.org/10.1016/B978-0-12-417219-7.00002-8 


2.5 Substitution Methods 


and Special Equations 60 
Exercises 2.5 64 
2.6 Numerical Methods for First-Order 

Equations 69 
Exercises 2.6 78 
Chapter 2 Summary: Essential Concepts 
and Formulas 80 
Chapter 2 Review Exercises 80 
Differential Equations at Work 83 


2.1 INTRODUCTION TO 
FIRST-ORDER EQUATIONS 


* SoME DIFFERENCES BETWEEN LINEAR 
AND NONLINEAR EQUATIONS 


To better understand the solution or solutions 
to an initial-value problem (IVP), consider the 
following IVP: 


dy/dt — t/y, y(0) — 0. 


Copyright O 2014 Elsevier Inc. All rights reserved. 
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In Section 2.2, we will learn to solve the equa- 
tion acy /dt =t/y and see that its general solution 
is y? — 2=C. If C Z0, this solution is repre- 
sented graphically by a family of hyperbolas. 
For C « 0, we have hyperbolas that intersect the 
t-axis (Figure 2.1(a)), and for C «0, the hyper- 
bolas intersect the y-axis (Figure 2.1(b)). In the 
case of this IVP, we are interested in finding the 
solution or solutions, if any, that satisfy y(0) — 0. 
In other words, we require the solution curve(s) 
pass through (0,0) if the solution exists. When 
we substitute (0,0) into y? — t? =C, we find that 
C —0, so y £ — 0 satisfies the IVP. Factoring 
indicates that (y — t) (y + t) =0 so the IVP has two 
solutions, y = t and y = —t (Figure 2.1(c)). A ques- 
tion we may ask at this point is whether the IVP 
has more than one solution if we use another 
initial condition. For example, if we consider 


dy/dt = t/y, y(1)—0, 


Charles Emile Picard (July 24, 1856, Paris, France- 
December 11, 1941, Paris, France): According to 
O'Connor [19], "Picard and his wife had three 
children, a daughter and two sons, who were 
all killed in World War I. His grandsons were 
wounded and captured in World War II." 

In regards to Picard's teaching, the fa- 
mous French mathematician Jacques Salomon 
Hadamard (1865-1963) wrote in Picard's obituary 
“A striking feature of Picard's scientific personal- 
ity was the perfection of his teaching, one of the 
most marvelous, if not the most marvelous that I 
have known." [19] 


we have the same general solution, y? -gac, 
as before. However, when we apply the initial 
condition y(1) = 0, we find that (0)? — (1)? = C 
so C = —1. Therefore, y? —P = —1 so y? =P-1, 
which means that y = /?—1,t > lory = 
—/#2—1,t > 1. Both of these functions satisfy 
the IVP so this IVP also has two solutions. On 
the other hand, the IVP 


dy/dt=t/y, y(v2)=1, 


also leads to y = y E? F P -1, 
t > 1 but because y = yt? — 1 is the only one of 
these two functions that satisfies y( 2 ) = 1, this 
IVP has the unique solution y = yt? — 1. As we 
see from this example, an IVP may have one or 
more solutions depending on how the problem 
is stated. 


Ernst Leonard Lindelof (March 7, 1870, 
Helsingors, Russian Empire-June 4, 1946, Helsinki, 
Finland): Both Ernst Lindelóf and his fa- 
ther, Leonard Lorenz Lindelóf, were professors of 
mathematics at Helsinki. According to O'Connor 
[19], "Later in his life Lindelóf gave up research to 
devote himself to teaching and writing his excel- 
lent textbooks. ...he wrote the textbook Differential 
and integral calculus and their applications which 
was published in four volumes between 1920 and 
1946. Another fine textbook Introduction to function 
theory was published in 1936." 


In fact, an IVP may have no solutions, a 
unique solution, several solutions, or infinitely 
many solutions. The following theorem, which is 
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(b) 
FIGURE 2.1 (a) Graphs of y? — t = C for several values of C < 0. (b) Graphs of y? — 1? = C for several values of C > 0. 


(c) Graphs of y = t and y = —t. 


the Picard-Lindelóf Theorem, Picard's Existence 
Theorem, or the Existence and Uniqueness 
Theorem, helps us understand the types of IVPs 
that have unique solutions. 


Theorem 1 (Picard-Lindelóf ^ Theorem). 
Consider the IVP 
dy/dt —f(t,y,  y(to) = yo. 


If f and odf/dy are continuous functions on the 
rectangular region Ria < t < bc < y «d 
containing the point (to,yo) then there exists 
an interval lt — to) < h centered at tg on 
which there exists one and only one solution to 
the differential equation that satisfies the initial 
condition. 


EXAMPLE 2.1.1 


Does the fact that the IVP dy/dt = t/y, y(0) = 0 
has two solutions contradict the Existence and 
Uniqueness Theorem? 


Solution 

In this case, f(t,y) = t/y and (to,yo) = (0,0). 
The hypothesis of the Existence and Uniqueness 
Theorem is not satisfied because f is not continu- 
ous at (0,0). Therefore, the fact that the IVP has 
two solutions does not contradict the Existence 
and Uniqueness Theorem. 


The theorems proved by Picard in 1890 and 
Lindelóf in 1894 are stated more precisely 
than stated here in their original works and 
in more advanced texts like Refs.[6, 7, 2]. The 
technicalities are usually discussed in a more 
advanced differential equations course. 


EXAMPLE 2.1.2 


Verify that the IVP dy/dt = y, y(0) = 1 has a 
unique solution. 


Solution 

In this case, f(t,y) = y, to = 0, and yo = 1. 
Hence, both f(t, y) = y and df /dy = 1 are continu- 
ous on all rectangular regions containing the point 
(to, 0) = (0,1). By the Picard-Lindelóf Theorem, 
there exists a unique solution to the differential 
equation that satisfies the initial condition y(0) = 
1. In Sections 2.2 and 2.3, we will learn to solve 
first-order separable and linear equations so that 
we are able to find a general solution of dy/dt = y 
is y = Ce! and the solution that satisfies the initial 
condition y(0) = 1 is y =e’. 


The Picard-Lindelóf Theorem gives sufficient, 
but not necessary, conditions for the existence of 
a unique solution to a first-order IVP. If an IVP 
does not satisfy the hypotheses of the theorem, 
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we cannot conclude that a unique solution does 
not exist. In fact, the problem may have a unique 
solution, no solution, or many solutions, as illus- i 
trated in the examples and exercises. 8- 


EXAMPLE 2.1.3 
Y Discuss the existence and uniqueness of so- 
dy/dt = ty 2/8 


lutions to the IVPs (a) | and 
y0) — 0 
(b) 2(ty? — Py)dt + (t$ — ty*)dy = 0, 
y(0) — 0, 
if possible. 
Solution 


The Existence and Uniqueness Theorem does 
not guarantee the existence of a solution to either 
problem because both ty-?/? and —2(ty? — Py)/ 
($ — 23?) are discontinuous at the point (0,0) 
specified by the initial condition. 

(a) The equation dy/dt = ty-?? is separable 
(see Section 2.2) and has general solution y — 
Es E e Application of the initial condition 
leads to the unique solution y = (5/6)?/5 19/5, which 
is graphed in Figure 2.2(a). 

(b) Dividing the equation 2(ty? — fy)dt + (t6 — 
P2y?)dy = 0 by (t^ +1?) leads to an exact equation 
(see Section 2.4) that has general solution ty = 
C(t + y?). Applying the initial condition y(0) = 0 (b) 
results in the identity 0 = 0, which means that 
Py = C(f* + y?) is a solution to the IVP for any 
value of C. There are infinitely many solutions 
to the IVP, so the solution is nonunique. Several 
solutions are graphed in Figure 2.2(b). 


=| F 


FIGURE 2.2 (a) Plot of y = (5/6)°/5#/°. (b) Graph of ty = 
ca + y?) for various values of C. 


Some Differences Between Linear 
Equations and Nonlinear Equations 


0 Are the hypotheses of the Existence and Unique- While solving both linear and nonlinear first- 

ness Theorem satisfied for the IVP dy/dt = order equations throughout this chapter, we 

hg — 1 yO) = 1? Given that f(1/,[y? — Day = will notice differences between the two types 
of equations. 

In ly+./y? — 1| + C, does a unique solution to this One difference we will notice is that IVPs 


involving first-order linear equations will have 


problem exist? Does more than one solution exist? : f . $ ; 
unique solutions under much simpler situations 
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than those stated in the Existence and Unique- 
ness Theorem. 

Theorem 2 (Existence and Uniqueness: First- 
Order Linear Equations). Consider the first-order 
IVP 


y c p(Dy —q(D,  y(to) = yo. 


If p(t) and q(t) are continuous on an interval I that 
contains t = to, then there exists one and only one 
function that satisfies the differential equation and 
initial condition for each value of t in I. 


Note that if the initial condition was y(—2) — 4, 
then we would have looked for a solution on the 
interval —oo < t <0. 


EXAMPLE 2.1.4 


Find the largest interval on which the IVP 
ty’ + 2y = tcost, y(2) = 4 has a unique 
solution. 


Solution 


First, we write the ODE in the form y'+(2/f)y = 
cost to identify p(t) = 2/t and q(t) = cost The 
function p(t) is continuous for t < 0 or for t > 0; 
q(t) is continuous for all values of t. Therefore, we 
must determine the interval containing fp = 2 for 
which both functions are continuous. This interval 
is 0 < t « oo. 

When we solve this IVP (see Section 2.3 or 
use a computer algebra system (CAS)), we find 
that 


1 
Y= Z (2t cos t — 2(—8 + 2 cos 2 + sin 2) 
dE (2+ 2 sint). 


We graph this function in Figure 2.3 to observe 
that the solution is valid only on 0 < t < oo. 
The solution becomes unbounded as t > Ot; it 
approaches zero as t — oo. 
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FIGURE 2.3 Solution of ty’ + 2y = t cost, y(2) = 4. 


As we see, the interval on which the solution 
to a first-order IVP is unique depends on the 
functions p(f) and q(t) in the general form of 
the ODE. This is not necessarily true with an 
IVP involving a nonlinear ODE. In this case, the 
interval of definition of the solution may depend 
on the initial condition, as we illustrate in the 
following example. 


EXAMPLE 2.1.5 
Determine the interval of definition of the 
solution to dy/dt = y°, y(0) = 
constant. 


aa > 0 


Solution 


In Section 2.2, we will learn that this equa- 
tion is separable. Using the techniques discussed 
in Section 2.2 or a CAS, we find that a general 
solution of dy/dt = 1? is 


1 
= or y=0, Can arbitrary constant. 
y => y y 
Applying the initial condition y(0) = a indi- 
cates that C = 42, so y = 102 = 2t. This 
solution is defined only if a? — 2t > 0 ort < 
1/ (222). In Figure 2.4, we graph the solution for 
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y (b) dy/dt + ? = y?,y(0) = 0. 
(c) dy/dt = y + 1/0. — 0, y1) =0. 

2. According to the Existence and Uniqueness 
Theorem, the IVP dy/dt = |y|, y(1) = 0 has a 
unique solution. (a) Must the solution be 
unique? (b) Given that a general solution of 
dy/dt = y is y = Ce! and a general solution 
of dy/dt = —y is y = Ce, solve the IVP by 
hand. Is the solution unique? Hint: Separate 
the IVP into two parts. First solve the 
problem for y 7 0 and then solve it for 
y <0. 

3. The Existence and Uniqueness Theorem 
implies that at least one solution to the IVP 

t dy/dt = y1, y(0) = 0 exists. (a) Must the 
solution be unique according to the 
theorem? (b) Given that a general solution 


5/4 
of dy/dt = y! is y = (it C) or y — 0, 


solve the problem by hand. Is the solution 
C = 4? = 1,2,3. In this graph, notice that if a~? = unique? 


FIGURE 2.4 Graph of y = 1/4/C —2t for C = 1,2,3. 


1, the solution is defined only for t < 1/2. The 
other two solutions are defined on t « 1 and t < 
2/3, respectively. Notice also that each becomes 
unbounded as t approaches 1/(22?) from the left. 


. Show that y = 0 and y — zt both satisfy 


the IVP 1/tdy/dt = Jy, y(0) = 0. Does this 
contradict the Existence and Uniqueness 
Theorem? 


5. Show that y = 0 and y = t |t| both satisfy the 
IVP dy/dt = 2,/|y|, yO) = 0. Does this 


Another difference between linear and 
nonlinear equations that you will notice while contradict the Existence and Uniqueness 
working problems and studying examples in Theorem? 
this chapter is that a linear equation has an 6. Does the IVP dy/dt = 4£ — ty’, y(2) = 1 
explicit solution because of the way we solve have a unique solution on an interval 
linear ODEs (see Section 2.3). On the other containing f = 2? 
hand, a nonlinear equation may have an implicit 7. Does the IVP dy/dt = yvt, y(1) = 1havea 
solution that cannot be solved analytically for unique solution on an interval containing 
the dependent variable to find an explicit form t=1? 


t = 1? In the next section, we will learn that 
1. Does the Existence and Uniqueness solution to the IVP? 


of the solution. 8. Does the IVP dy/dt = 6y??, y(1) = 0 have a 
unique solution on an interval containing 
&5 by separating variables, we obtain that y 
EXERCISES 2.1 and t satisfy 3y!? = 6t + C. Is y = 0 

obtained from this solution? Is y = 0a 

Theorem guarantee a unique solution to the 9. Does the IVP y = sin y — cost, yr) = 0 

following IVPs on some interval? Explain. have a unique solution on an interval 

(a) dy/dt + ? = y*, yO) — 0. containing t = 7? 


2.2 SEPARABLE EQUATIONS 33 


10. Does the IVP ty’ = y, y(0) = 1 have a unique 
solution on an interval containing t = 0? 

11. Show that y — sect satisfies the IVP 
y' = ytant, y(0) = 1. What is the largest 
open interval containing t — 0 over which 
y — sect is a solution? Explain. 

12. Show that y — tan”! t satisfies the IVP 
y =1/d+ £j, y(0) = 0. What is the largest 
open interval containing t = 0 over which 
y — tant is a solution? Explain. 

13. Using the Existence and Uniqueness 

y} -1 
is guaranteed to have a unique solution 
passing through the point (a) (0, 2), (b) 
(4, —1), (c) (0, 1/2), and (d) (2,1). 

14. Using the Existence and Uniqueness 


Theorem, determine if dy/dt — a 25 — y? 
is guaranteed to have a unique solution 
passing through the point (a) (+4, 3), 

(b) (0,5), (c) (3, —6), and (d) (4, —5). 


In Exercises 15-22, use the Existence and Unique- 
ness Theorem for Linear IVPs to determine the 
largest interval on which the solution is guaran- 
teed to exist. 


15. ty +y = ,y(1) — 0. 

16. Py + ty =28, y(0) = 0. 

17. 2y' + ty = Int, y(e) = 0. 

18. y + ysect = t, y(0) = 0. 
1 


Theorem, determine if dy/dt — 


; 1 
19. += 0 i 

— / PAS AA = . 
20. (t-2)y' + (^ — Ay a 12 "0 3 


21. y +y/V4- P =t, yO) = 0. 

22. y+ y/V4 P = ty (8) = —1. 

23. (a) Over what interval is the solution to the 
IVP ty' + y = tsint, y(r) = 1 certain to 
exist? (b) Use a CAS to solve this IVP and 
graph the solution. (c) Is the solution valid 
on a larger interval than what is guaranteed 
by the Existence and Uniqueness Theorem 
for Linear IVPs? 

24. (a) Over what interval is the solution to the 
IVP y + y tant = sint, y(0) = 0 certain to 


exist? (b) Use a CAS to solve this IVP and 
graph the solution. (c) Is the solution valid 
on a larger interval than what is guaranteed 
by the Existence and Uniqueness Theorem 
for Linear IVPs? 


In Exercises 25-28, determine the interval of def- 
inition of the solution to each IVP. Use appro- 
priate software to graph the solution for several 
values of a > 0 to verify your result. (Use values 
of a such as a — 1/2, 1, 3/2, and 2.) 


25. dy/dt = y?, y(0) — a. 

26. dy/dt = ty”, y(0) =a. 

27. dy/dt = —t/y, y(0) =a. 

28. dy/dt = —y?, y(0) =a. 

29. The proof of the Picard-Lindelóf Theorem 
relies on the proof of the following theorem. 


Theorem 3. Let f (t, y) be continuous. A function 
$ (t), defined on an interval I, is a solution of y” = 
f(t,y), y(to) = yo if and only if it is a continuous 
solution of y = yo + I, Ff, y)ds. 

Prove this theorem. Hints: First assume that 
$ (t) is a solution of y = dy/dt = f(t, y), y(to) = 
yo. This means ¢’ = f(t, $). Now integrate both 
sides of the equation i $'(s)ds = de f (s, P(s)ds 
and simplify using the Fundamental Theorem of 
Calculus. For the converse, differentiate $ (f) = 


yo + fi, f S, 6(s))ds and simplify. 


2.2 SEPARABLE EQUATIONS 


Many interesting problems involving popu- 
lations are solved through the use of first-order 
ordinary differential equations. For example, let 
y(t) be the fish population size (in tons) at time 
t (years) and suppose that the population has 
birth rate by(t) and mortality rate my(t), where 
we are assuming that these rates are proportional 
to y(t) and that b and m are constant. If there 
are no other factors affecting the rate of change 
in the population, dy/dt, then dy/dt equals the 
rate at which the population increases (the birth 
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rate) minus the rate at which it decreases (the 
mortality rate), or 
d 
E — (birth rate) — (mortality rate). 
Mathematically, we represent this relationship 
with the differential equation 
dy dy 
EP = by — my = (b-m)y or di — ky, 
where k = b — m > 0. If y(0) = yo is the initial 
population size, then we find y(t) by solving the 
IVP 


dy/dt = ky, y0) = yo. 


This is known as the Malthus model and is 
due to the work of the English clergyman and 
economist Thomas Robert Malthus (1766-1834). 
Notice that the ODE can be written in differential 
form as 


1 
-dy = kdt. 
y y 


In 1798, Thomas Robert Malthus (1766-1834) 
published An Essay on the Principle of Population, 
which can be downloaded at Electronic Scholarly 
Publishing [23], where he noticed that the human 
population would double every 25 years unless it 
were kept under control by external factors like 
food supply and disease. For more information 
regarding early population models, point your 
browser to O'Neil's Web site [24]. You can learn 
more about "Bob" Malthus by pointing your 
browser to the Malthus Family Homepage [22]. 


We say that this ODE is separable because we are 
able to collect all of the terms involving y on one 
side of the equation and all the terms involving 
t on the other side of the equation. 

Definition 1 (Separable Differential Equa- 
tion). A first-order differential equation that can be 
written in the form g(y)y’ = f (t) or g(y)dy = f(t)dt 
is called a separable differential equation. 

After we place the ODE in this form, we solve 
through integrating each side with respect to 
the indicated variable. For the Malthus equation, 


this gives 
1 
-dy = J kdt. 
| 


Integration yields 


In |y| = kt + C1, 


where C is a constant of integration. When pos- 
sible to obtain an explicit solution, we like to 
solve for y(t). In this case, we use the exponential 
function and its properties to simplify: 


eln lvl = et^ = eft eG 


Iyl = Ce", 
y= Ce, 


where we replace the constant eC, with the ar- 
bitrary constant C > 0. Finally, because y(t) 
represents population size, y(t) > 0 for all t, 
and we eliminate the absolute value to obtain a 
general solution of the ODE, y(t) = Ce. 


m If k is a constant, you will find it useful to 


memorize that the general solution of dy/dt — 
ky or dy/dt — ky = 0 is y = Cel! 


Note: If we had not assumed that y(t) > 0 for all 
t, then we simplify |y| = Ce with y = +Ce*. 
Therefore, by letting C2 = +C or 0, we obtain y = 
Cre", which is equivalent to the obtained result. 
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To solve the IVP, we must choose C so that 
y(0) — yo. Applying the initial condition, we 
find that y(0) — Ce*? = C, which indicates that 
C = yo. Therefore, the solution to the IVP is 
y(t) = yoe". 


0 Is 2 + y? = 0 an implicit solution of dy/dt = 
—t/y? Briefly explain. 


EXAMPLE 2.2.1 


Show that the equation dy/dt = —t/y is sepa- 
rable and solve this equation. 


Solution 


In this case, we see that the equation is sepa- 
rable by expressing it as tdt = —y dy. Integration 
yields 

lp 12 

=f =—— (5. 

2 2) ar Es 
Multiplying by 2 and simplifying give us t? +4? = 
2C1. If weletk = 2C, then the solutions satisfy the 
equation fe ae y — k, so that an implicit solution 
is the family of circles centered at the origin with 
radius vk, as shown in Figure 2.5. 


FIGURE 2.5 Graph of P? + y? = k for various values of 
k » 0. 


In the previous example, the relation that 
satisfies the differential equation is not an 
explicit function of the dependent variable. 
Graphs of equations that are solutions to a 
differential equation but are not (usually) 
explicit functions of the independent variable 
are often called integral curves. 

As we have seen, separable differential 
equations can be stated along with an initial 
condition. 

Theorem 4 (Existence and Uniqueness: First- 
Order Separable Equations). Consider the IVP 

8(ydy —f(Ddt, y(to) = yo. 
If f (t) is continuous on (t, t2) with to in (t4, t2) and 
gy) is continuous on (y1, y2) with yo in (y1, y2), then 
there exists one and only one function that satisfies 
the differential equation and initial condition for each 
value of t on an interval containing to. 

In this situation, we find a general solution to 
the differential equation using the separation of 
variables technique and we then apply the initial 
condition to determine the unknown constant in 
the general solution. 


EXAMPLE 2.2 
Solve the IVP dy/dt = e?**Y, y(0) = 0. 


Solution 


If we write the equation as dy/dt = e?'e", we 
see that the equation is separable and that the 
variables are separated by writing the equation 
as e "dy = e?dt. In this case, f(t) = e? is 
continuous for —oo < f < oo and g(y) =e Y is 
continuous on —oo « y « oo. So, the Existence 
and Uniqueness Theorem guarantees a unique 
solution valid on an interval containing t = 0. 

Integration gives us —e^" = 1e?! +C; and sim- 
plifying results ine" = — le —c. Application of 
the natural logarithm to both sides of this equation 
yields 
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To find the value of C1, so that the solution satisfies 
the condition y(0) = 0, we use the equation 
== = le? + Ci. Applying y(0) = 0 yields 
1 = —1/2-— C1, so Cı = —3/2 and thus the solution 
to the IVP is 


1 3 
=i EL SMS 
y n( 7° +3) 


The domain of the natural logarithm is (0, 00), 
so this solution is valid only for the values of t 
such that 3 — e > 0, which is equivalent to 
e < 3 and has solution t < In(3)/2 ~ 0.5493. 
Notice that the graph of the solution shown in 
Figure 2.6 passes through the point (0, 0). Ifit had 
not, we would check for mistakes in our solution 
procedure. Observe also that the domain of the 
solution is contained in the domain of f (t). 


In some cases, a separable differential equa- 
tion may be difficult to solve because of the 


integration that is required. 


FIGURE 2.6 Graph of the solution to IVP. 
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EXAMPLE 2.2.3 
Y Solve dy/dt = (t + 1)(y* + 1), y(0) = 0. 


Solution 
When we separate variables, we obtain 

1 
y +1 


The right side of the equation is easily integrated. 
However, the left side presents a challenge. Using 
a CAS, we find that 


dy = (4 + 1)dt. 


m A 
yti” 4/3 


2tan !(1— V2y) 


Y+v2y+1 


+2tan7!(/2y +1) + In 
de =P? + 42y - 1 


)+e 


( = Deane (1 — 2 pta C + 1) 


Therefore, we find that 
il 
4/2 
Y+vV2y+1 
-y? + 42y - 1 
is a general solution of the equation. Substitution 
of t = 0 and y = 0 (from the initial condition) 
into this equation indicates that C — 0 because 
tan (—1/4/2) = —z/4, tan 1 (1//2) = 7/4, and 


In| — 1| = 0. This means that the solution to the 
IVP is 


+ In 


1 5 
) 5 


1 
——| -2tan-!(1— V2y) + 2tan 1 (V2y +1 
5l ( y) (v2y + 1) 
2 
Hea EA )esht 


We can gain insight into the behavior of 
the solution by observing the slope field of 
the ODE. For example, the slope of the tan- 
gent line to the solution passing through 
(0,0) at (0,0) is dy/dt=(0* + 1)(0* + 1)=1. 
The slope at (0,1) is dy/dt=(0* + 114 + 
1)=2 and that at (0,2) is dy/dt = (0% + 
DO! + 1) = 17. As we see, slopes become 


FIGURE 2.7 
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steeper as the y-coordinate increases (or decreases 
because we obtain the same values for dy/dt at 
(0, —1) and (0, —2)). Along the t-axis, we obtain 
the same slopes at (1,0) and (2,0) as we did 
at (0,1) and (0,2) because dy/dt is symmetric 
in t and y. We generate the slope field with a 
CAS in Figure 2.7(a). To understand the solution 
of the IVP, we begin at the point (0,0) and 
follow the tangent line slopes shown in the 
slope field for t > 0 and for t < 0. Doing so, 
we obtain the curve shown in Figure 2.7(b). We 
notice that y approaches +00 as f approaches 
a value near 0.9, and y approaches —oo as t 
approaches a value near —0.9. We also note that 
given any initial condition, the solution to the 
corresponding IVP becomes unbounded (i.e., y 
approaches +00) as the t-coordinate moves away 
from 0. 


Notice that both dy/dt = ky, k constant, and 
dy/dt = f(y) are always separable. See Exercises 
13 and 20. 


Equilibrium Solutions of dy/dt = f(y) 


Malthus's equation, dy/dt = ky is a mem- 
ber of a special category of separable equations 
because it has the form y = dy/dt = f(y). 
Such equations are called autonomous equations 
because the independent variable t does not ap- 
pear in the equation on the right. We find that, 
although we are able to solve many equations of 
this form, we can learn much about the behavior 
of solutions without actually solving the differ- 
ential equation. 

An equilibrium solution of the autonomous 
first-order equation dy/dt — f(y) is a constant 
solution of the ODE: a function y(t) = C, C 
constant for which f(y) = 0. Consider the 
equation 

dy 2 1 
ae 2y— y^ or TET | = dt. 
(Note that this is a nonlinear ODE because it 
involves the term y?. We learn more about the 
differences in linear and nonlinear equations 
throughout this chapter) Instead of solving 
by separating variables, let us use a graphical 
approach to determining properties of solutions. 
First, we locate the equilibrium solutions of the 
equation by solving 2y — y? = 0 or y(2 — y) = 0. 


Y 1 
TT I IM 
LIIE] | |] 
II PTTL ELIT 
III ET TEL] LLLI Lyd 
NEAR ARAN IRA 
LILLLLLLELLLTTTA] LLLLLULLTVLLIE TIT 
1111772161711111] III III IN III IA 
III III NI III 111711177 711110] 
LILLIA LATTA as Ae 

SEM TERESA SAREE NEN TEARS i : 
NESARA EN 2 3$ ri ZA 
¡IIA VAR 11101] 111111161111111] 
111777710711111] 11195111111111] 
TET MIU 
PIP rer rad IAT] 
| EBEN | | | lil 
IH Ml 
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(a) Slope field for dy/dt = (t* + 1) (y* + 1). (b) Solution to dy/dt = (t* + 1) (y* + 1), yO) = 0. 
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FIGURE 2.8 Phase line for dy/dt = 2y — y?. 


The roots of this equation are y — 0 and y — 2, 
so the equilibrium solutions are y(t) = 0 and 
y(t) = 2. Notice that each of these functions 
satisfies dy/dt — 2y — y? because dy/dt — 0 and 
y — y) « 0. 

Next, we investigate the behavior of solu- 
tions on the intervals y «0, 0 «y «2, and y - 2 
by sketching the phase line. After marking the 
two equilibrium solutions on the vertical line 
in Figure 2.8, we determine the sign of dy/dt 
on each of the three intervals listed above. This 
can be done by substituting a value of y on 
each interval into f(y)v2y — y?. For example, 
f(-1) = -3, so dy/dt < 0 if y < 0. We use 
an arrow directed downward to indicate that 
solutions decrease on this interval. In a similar 
manner, we find that f/(1) 2 1 and f(3) = — 3, so 
dy/dt>0 if 0 «y «2, and dy/dt < 0 if y>2. 
We include arrows on the phase line directed 
upward and downward, respectively, to indicate 
this behavior. Based on the orientation, solutions 
that satisfy y(0) = a, where either 0 «a «2 or 
472 approaches y = 2ast — œ, so we 
classify y — 2 as asymptotically stable. Solutions 
that satisfy y(0) = a where a < 0 or0<a<2 
move away from y=0 as t — oo. We say that 
y = 0 is unstable because there are solutions that 
begin near y = 0 and move away from y = 0 as 
t — oo. In Figure 2.9, we graph several solutions 
to this equation (in the ty-plane) along with the 
phase portrait to illustrate this behavior. Notice 
that solutions with initial value near y = 0 move 
away from this line while solutions that begin on 
0 < y <2ory > 2 move toward y = 2ast > oo. 


FIGURE 2.9 Several solutions of dy/dt = 2y — y?. 


Note: Sometimes, we refer to equilibrium solu- 
tions as steady-state solutions, because over time, 
the solution approaches a constant value that no 
longer depends on time t. For example, if we inter- 
pret the solution y(t) of the differential equation to 
represent the size of a population, then if y(0) — a 
where either 0 « a < 2 ora > 2, we expect the 
population to approach 2 as t — oo. 


Notice that the equation dy/dt — f(y) is always 
separable because it can be written in the form 


(1/f(y))dy = dt. 


EXAMPLE 2.2.4 
Solve dy/dt = 2y — y?. 
Solution 


After separating variables, we use partial 
fractions 
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9. dy/dt = (y + 2/Qt + 1). 
Now we integrate and apply properties of the 10. 3t? dt = y + y12) dy. 
poc 11. 3sinxdx — 4cosy dy = 0. 


> Úniyl — Inly - 2) =t+ C 12. cosy dy = 8sin8t dt. 


13. y + ky = 0 (k constant). 
In i ES + C5, 5 ; — 
2 14. (bx? — 4 cos x)dx + (2 cos 9t + 2 sin 7t)dt = 0. 
y j^ Cze”. 15. (cosh 6t + 5 sinh 4t)dt + 20 sinh y dy = 0. 
Y= 16. dy/dt = +10, 
Solving for y gives us 17. dy/dt = ert, 
2C3e 2 18. sin? 9 d = cos? $ de. 


am QI a EC 


where C is arbitrary. 
Note that from the general solution, we can 
obtain the equilibrium solution y — 2 by setting 


19. (3sin9 — sin30)d0 = (cos 4y — 4 cos y)dy. 
20. dx/dt = sec? t/(sec x tan x). 
21. (2 —5/y*)dy + 4cos? x dx = 0. 


C = 0. However, there is no value of C for which dy pP 
this general solution gives us the solution y = 0. 2. db ya- D+) i 
Thus, y = 0 is a singular solution for this equation. y y 
Combining these two solutions together means 23. tany sec? y dy + cos? 2x sin2x dx = 0. 
that all solutions of the equation dy/dt = 2y — y? Di dy 142 
can be written as , OT HB 
U= (Ges! o y=% 25. xsin (x?) dx = = W da 
VY 
where C is constant. 2 
x—2 1\* 1 
26. ——————dx-[1-- | —5dy. 
x?— 4x43 y) y 
27. iini Y dy = sin? x cos xdx. 
(1 — sin y)? 
D EXERCISES 2.2 og, d _ 6 — 2056)" sind cos! $ 
“do sind ` 
In Exercises 1-30, solve each equation. Nm e) 
2 29. dx = —- dy. 
1. dy/dx 2 x/y*. x y 
2. 112 gt + y? dy — 0. 30. dy/dt = 5! y. 
3. dy/dx = /y/x*. 31. dy/dt = Py? + y? — £? — 1. 
4. dy/dt = (1+y?)/y. 32. dy = (y? — 3y + 2) dx. 
5. (6 +4)dt + (5 + 9y-9)dy = 0. 33. 4(x — 1 dy — 3(y + 3*dx = 0. 
6. (617? — 613 + tdt + (9487? —458)ds =0. 34. dy/dt = sin(t — y) + sin(t + y). 
(Solve for s = s(t).) 35. dy/dt = y? +1. 

7. 4sinh 4y dy = 6 cosh 3x dx. 36. dy/dt = 1? — 1. 


8. dy/dt = (y + D/(t + 1). 37. dy/dt = y? + y. 
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38. dy/dt = y? — y?. 
39. dy/dt = y? — y. 
40. dy/dt = 3? + y. 


In Exercises 36-40, draw the phase line for the 


equation and classify the equilibrium solutions. 


In Exercises 41-52, solve the IVP. Graph the solu- 


tion on an appropriate interval. 
41. dy/dx — x, y(0) = 0. 

42. dy/dt = cost, y(1/2) = —1. 
43. dx = cosy dy, x(0) = 2. 

44. sin? y dy = dx, x(0) = 0. 

45. dy/dt = Jt/y, y(0) = 2. 

46. d$/d0 = J/$/0, $ (1) = 2. 

47. dy/dt = e! /(y + 1), yO) = 2. 
48. dy/dy = e'Y, yO) = 0. 

49. dy/dx = y/ In y, y(0) =e. 

50. dy/dt = t sin (t), y(/z) = 0. 
51. dy/dx = 1/( +23), yO) = 1. 
d sind 

Z = Soy pT’ YO) =0. 

53. dy/dxn = (y + 3)/(3x +1), y(0) =1. 
54. dy/dx =e* V,y(0) = 1. 

55. dy/dx = e?*-V, yO) = 1. 

56. dy/dx = (3y + 1)/(x +3), y(0) = 1. 


52. 


57. Solve each of the following IVPs and graph 


the results. 
(a) dy/dt = y cost, 


mS 
(b) dy/dt = y^ cost, 


(c) dy/dt = yycos t, 


58. Carefully show that the solution to the IVP 


y + fy = 0, y(0) = (01s y- yoe^ Sf@ dt 


59. Find an equation of the curve that passes 


60. 


through the point (0,0) and has slope 
dy/dx = —(y — 2)/(x — 2) on each point on 
the curve (x, y). 
In some cases, substitutions can convert an 
equation to a form that we recognize and 
can solve. 

For example, consider the first-order 
equation 


dy  ax+ay+c 
dx bx+by+d' 


Q.1) 


Note that if ad — bc — 0, ad — bc and Equation (2.1) 
reduces to dy/dx = a/b. 


61. 


where a, b Æ 0, c, and d are constants. Let 
Y = x + y. Then, dY/dx = 1 + dy/dx and 
substituting into Equation (2.1) gives us 


dY 220Y c 
dx ~ bY +d’ 
dY | aY +c 


dec T ERN 


dY (ac b)Y t (ct d) 
dx — bY +d í 


which is separable. Separating, solving for 
Y, and replacing Y with x + y gives an 
implicit solution of the equation. Use this 
substitution to solve 


(a) dy | x+y+3 
dx 3x+3y+1’ 

— 2 

(b) dy | x— y+ 


dx 2x-2y-1' 


A differential equation of the form 

dy/dx = f (ax + by + k) is separable if b = 0. 
However, if b 4 0, the substitution 

u(x) = ax + by + k yields a separable 
equation. Use this substitution to solve 

(a) dy/dx = (x +y — 4y?, 

(b) dy/dx = (By + 1)*. 


EXERCISES 2.2 


62. Let w > 0 be constant. (a) Show that the 
system 
dx/dt 2 x(1 — r) — oy, `- Ea 
eames =r) + ox, Eq um 
be rewritten as the system 
t—r(ü-— 
ps i ý by changing to polar 


x=rc0s0, 


coordinates | (b) Show that 


y =rsinð. 
dr/dt = r(1 — r) 
the solution to { d0 /dt = w is 
r(0) = ro, 0 (0) = 0 
= roet /((1 — ro) + roet), 
OE = wt +0, 
solution to 


dx/dt 2 x(1 — r) — oy, EF v 
[es ista e eique ue 


E = r(t) cos 0(t), 


and the 


. (c) How does the 
y = r(t)sin0(t). 


solution change for various initial 
conditions? (Hint: First determine how w 
and 09 affect the solution. Then, determine 
how ro affects the solution. Try graphing the 
solution if œ = 2, 09 = 0, and rọ = 1/2, 1, 
and 3/2. What happens if you increase c? 
What happens if you increase 69?) 


In Exercises 63-68, draw the phase line for each 

equation then find and classify (as asymptoti- 

cally stable or unstable) the equilibrium solu- 

tions of the first-order equation. 

63. dy/dt — 3y. 

64. dy/dt = —y. 

65. dy/dt = y? — y. 

66. dy/dt = 16y — 8y?. 

67. dy/dt = 12 + 4y — y?. 

68. dy/dt = y? — 5y + 4. 

69. (Lasers) The variables that characterize a 
two-level laser are listed in the following 
table: 
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$ Total number of photons in optical 
resonator 

l Length of resonator 

Ni Number of atoms per unit volume 
in Level 1 

No Number of atoms per unit volume in 
Level 2 

V Volume of optical resonator 

n Total inversion given by (Nz — N1)V 

ni Initial inversion 

nt Total inversion at threshold 

te Decay time constant for photons in 
passive resonator 

c Phase velocity of light wave 

v Light wave frequency 

h Magnetic field 


Suppose that a light wave of frequency v 
and intensity I; propagates through an 
atomic medium with N2 atoms per unit 
volume in Level 2 and Nj in Level 1. If 

N2 > Nj, then the medium is amplifying as 
is the case with lasers. On the other hand, if 
Nı > No, then the medium is absorbing. 
These two situations are pictured in 

Figure 2.10. Optical resonators are used to 
build up large field intensities with 
moderate power inputs. A measure 

of this property is the quality factor Q, 
where 


x field energy stored by resonator 


O=0w 


power dissipated by resonator ` 


A technique called "Q-switching" is used to 
generate short and intense bursts of 
oscillation from lasers. This is done by 
lowering the quality factor Q during the 
pumping so that the inversion N? — N1 
builds up to a high value without 
oscillation. When the inversion reaches its 
peak, the factor Q is suddenly restored to its 
ordinary value. At this point, the laser 
medium is well above its threshold, which 
causes a large buildup of the oscillation and 
a simultaneous exhaustion of the inversion 
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FIGURE 2.10 Light wave propagating through a medium. 
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Amplifying medium (N3 > Nj) 


Input wave 


(a) 


Input wave 


(b) 


Legend: 


9 Atom in upper 
State 2 


by simulated transitions from Level 2 to 
Level 1. This process converts most of the 
energy that was stored by atoms pumped 
into Level 2 into photons, which are now in 
the optical resonator. These photons bounce 
back and forth between the reflectors with a 
fraction 1 — R escaping from the resonator 
with each bounce. This causes a decay of 
the pulse with a photon lifetime 


m nl 
ed = Ry 


te 


The quantities of $ and n are related by the 
differential equation 


(a) Solve this equation to determine the 
total number of photons in the optical 
resonator ó as a function of n (where $ 
depends on an arbitrary constant). 

(b) Assuming that the initial values of ¢ and 
n are y and ny at t = 0, show that $ can 
be simplified to obtain 


1 n 1 
$ = 5mln — + (no +N) + do. 
2 no 2 


70. 


Output wave 


Output wave 


Atom in lower 
State 1 


(c) If the instantaneous power output of the 
laser is given by P = $hv/tc, show that 
the maximum power output occurs 
when n = n. (Hint: Solve 0P/dn = 0.) 

(Kinetic Reactions) Suppose that substances 

A and B, called the reactants, combine to 

form substance C. The reaction depends on 

the concentration of the reactants because 
the rate of the reaction is proportional to the 
product of their concentrations. When 
substances A and B are placed in the test 
tube and begin to combine to form C, the 
amounts of A and B diminish and the 
reaction stops when either A or B is no 
longer present. Let y = y(t) represent the 
amount of substance C in the test tube at 

time t. If the initial amounts of substances A 

and B are Ag and Bo and if the volume in the 

test tube is V, then the concentration of A at 
time t is (Ag — y)/V and that of B is 

(Bo — y)/V. Therefore, we determine y(t) 

by solving 


a =K ES -»| E (Bo — | 


= — (Ao — Y Bo — y). 


EXERCISES 2.2 


(a) Identify the equilibrium solutions of the 
equation. Assuming that By > Ao, 
classify each as stable or unstable. 
Generate the direction field for the 
equation with Ag = 1, Bo = 2, K 2 1, 
and V — 1 to verify your results. What 
happens when either y(t) = Ap or 
y(t) 2 Bo? 

(b) Assume that y(0) — yo and solve the IVP 
to determine y(t). Calculate lim;., oo y(t). 
How does this limiting value relate to 
the physical situation described by the 
problem? 

(c) If By is much larger than Ag, then we 
may approximate the solution to this 
problem by solving the simplified IVP 


d 1 B 
d -k[pes-»| 


KB 
= "Va ho Y), YO) = yo. 


(In other words, the reaction stops when 
substance A is exhausted.) Solve this 
IVP. Calculate lim; oo y(t). 

(d) Suppose that K 202, V 21,49 — 1, 
Bo = 10, and yo = 0.1. Compare the 
solution found in (b) to that found in (c). 
Do the same for the parameter values 
K — 0.2, V = 1, Ao = 1, Bo = 50, and 
yo — 0.1. How does the value of By affect 
the accuracy of the approximation in (c)? 


71. How does the graph of the solution to the 


initial value problem 


dy/dt=cy/?, y(1)=1 


changes as c varies from —2 to 2? 


72. (Tumor Growth) Ludwig von Bertalanffy 


(1901-1972) made valuable contributions to 
the study of organism growth based on the 
relationship between body size and the 
metabolic rate of the organism. He 
theorized that weight is directly 
proportional to volume, V, and that the 
metabolic rate is proportional to surface 
area, S. This would mean that surface area is 


73. 


74. 
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Ludwig von Bertalanffy (September 19, 1901, 
near Vienna-June 12, 1972, Buffalo, New York): 
Many mathematical biologists consider Von 
Bertalanffy to be one of the greatest geniuses of 
mathematical biology ever. 

According to Mark Davidson in his 1983 text 
Uncommon Sense: The Life and Thought of Ludwig 
Von Bertalanffy, "Ludwig von Bertalanffy may 
well be the least known intellectual titan of the 
twentieth century." 


proportional to V?/? (because V is measured 
in cubic units and 5 in square units). 
Therefore, Bertalanffy studied the IVP 


dV 
T aV? —bV, V(0)- Vo, 


where V (t) represents volume; a, b, and Vo 
are positive constants. 
(a) Solve the IVP to show that volume is 
given by 
[t (& yy wa? 
vo - [7 - (7 - w^ )e"^] . 
(b) Find limi V(t) and explain what the 
limit represents. 
If rg (the von Bertalanffy growth rate) and Loo 
(the ultimate length of the individual) 
represent positive constants, solve the von 
Bertalanffy growth equation 


L'(t) = rg (Loo — L(t), | L(0) — 0. 


(a) Assume that y(t) > 0 and Js f(u)du exists 
for t > 1. Show that the solution to the IVP 


/ —f(t 
a ^ ~ is y(t) = 2exp(/ FAN). 
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(b) Find three functions f(t) so that (i) y(t) is 
periodic, (ii) lim;., o y(t) = 0, and (iii) 
limi; y(t) = oo. Confirm your result by 
graphing each solution. (c) If c > 0 is given, 
is it always possible to choose f (t) so that 
limi; o5 y(t) = c? Explain. 


2.3 FIRST-ORDER LINEAR 
EQUATIONS 


In addition to the assumptions made in the 
fish population model at the beginning of Sec- 
tion 2.2, now suppose that we harvest the fish 
population at the constant rate h. In other words, 
we remove fish from the population by fishing 
at the rate h, where h is constant. By modifying 
the Malthus model developed in Section 2.2, we 
find that the rate at which the population size 
changes satisfies dy/dt — ky — h. Therefore, we 
determine the population size by solving the IVP 


dy 


where yo represents the initial population size. 
This differential equation is classified as a first- 
order linear differential equation. 

Definition 2 (First-Order Linear Differential 
Equation). A differential equation that can be writ- 
ten in the form 

dy 
d; t POY — IO 
is a first-order linear differential equation. 

The corresponding homogeneous equation for the 

first-order linear equation (2.2) is 
dy 
dt 


(2.2) 


+ p(t)y = 0. (2.3) 


For simplicity, we assume that h is constant. 
Of course, h might depend on many external 
factors that could lead to interesting problems 
well beyond the scope of this text. 


Equation (2.3) is separable and has general 
solution 


Yn = Ce f POA, (2.4) 


(See Exercise 58 in Section 2.2 Exercises.) 

A particular solution of a differential equation 
is a specific function that does not contain any 
arbitrary constants that is a solution of the dif- 
ferential equation. 


EXAMPLE 2.3.1 
Show that yp = 1/(1 + 2) is a particular solu- 
tion of 
S a 3t x t 
dé 1-8 148 


Solution 
We substitute yp into the differential equation, 
SU MK cC. iN: TUI NUNT: 
dt 142" (0+2 142142 142 
and see that the result is an identity. Thus, yp = 
1/ 4-2) isa particular solution of the ODE. 


Now assume that y = y(t) is the general 
solution of the first-order linear equation (2.2) 
and yp is a particular solution of the first-order 
linear equation. Then, 


(y — yp) c POY — yp) = U + POY 
— p + p(Dyp) = q(t) — q(t) = 0, 


which means that y — yp is a solution of the cor- 
responding homogeneous equation (2.3). Thus, 
V — Vp = Yn SO Y = Vn + yp. That is, a general 
solution of the first-order linear equation is the 
sum of the general solution to the corresponding 
homogeneous equation and a particular solution 
to the nonhomogeneous equation. 

One approach to finding a particular solu- 
tion of a nonhomogeneous linear equation is to 
“vary” the parameter C in the general solution to 
the corresponding homogeneous equation (2.4). 
In other words, we assume that a particular solu- 
tion of the nonhomogeneous linear equation has 
the form yp(t) = u(t)yn(t), where u(t) is a func- 
tion to be determined. For convenience, we now 
omit the arguments and assume that yp = uyy, 
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where u = u(t) isa function of t to be determined. 
Differentiating, substituting into the nonhomo- 
geneous equation, and regrouping give us 


Yp t POYp 


Qu yp + uy;) + puyn 
WU yy + uy, +p(Dyn) 
— u'Yp = qt) 


because y, + p(f)yn = 0 since yp is a solution 
of the corresponding homogeneous equation. 
Solving this equation for u gives us 


U — qb , 
u= [qm 


u = Janelrosa: 


so 
yp =e7/PO0dt J q(De/ Pat (2,5) 


Now, when we include our arbitrary constant 
when evaluating f q(t)e/ "0d! and multiply the 
result by e/ P®dt we see that y, is included in 
Equation (2.5) so a general solution of the first- 
order linear equation is given by Equation (2.5): 
a general solution of the first-order linear 
equation is 


y =e J pdt J q(t)e/ P Odat, (2.6) 


The term u(t) = e/? 99! in Equation (2.6) is of 
particular interest and called an integrating factor 
for the first-order linear equation because if we 
multiply the first-order linear equation (2.2) by 
the integrating factor, we obtain 


e poa + pel Ody = qee POE, (2.7) 


However, by the product rule and Fundamental 
Theorem of Calculus, 


d d 
di (erod) = eroa Z + p(be/ Ody, (2.8) 


This expression is the left side of Equation (2.8), 
so we can rewrite Equation (2.7) as 


i (e! pady) = q(bel Od, 


We solve this equation by integrating each side 
and solving for y, which results in the general 
solution given by Equation (2.6): 


E (e! paty) = q(t)e POA 


ef POdty — J q(t)e/ POF at 


(2.9) 


y =e S pdt J q(De/ POA gr. 
(2.10) 


Recall that under reasonable conditions (see 
Theorem 2), IVPs involving first-order linear 
equations have unique solutions. 

We illustrate the solution method in the fol- 
lowing example. 


EXAMPLE 2.3.2 


Consider the IVP dy/dt — y — 1/2, y(0) = a. 
In this case, the fish population grows at the rate of 
1 (ton per year) and fish are harvested (or fished) 
at the rate of 1/2 (ton per year). (a) Determine the 
behavior of solutions by drawing the phase line. 
(b) Find the solution to the IVP. (c) Investigate the 
behavior of solutions of the IVP using y(0) — 1/4, 
y(0) = 1, and y(0) = 1/2. 


Solution 

(a) By solving y—1/2 = 0, we find that the equi- 
librium solution is y — 1/2. We draw the phase 
line in Figure 2.11. We include only nonnegative 


FIGURE 2.11 Phase line for dy/dt — y — —1/2. 
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values on the phase line because we are interested 
in y(t) > 0 because y(t) represents population 
size. Note that if y > 1/2, then dy/dt > 0 while 
if y < 1/2, then dy/dt < 0. Therefore, on the 
interval y > 1/2, the arrow is directed upward and 
on 0 < y < 1/2, the arrow is directed downward. 
The phase line indicates that solutions to the IVP 
dy/dt = y — 1/2, y(0) = a with a > 1/2 increase 
as t — oo Conversely, solutions to this IVP with 
0 <a < 1/2 decrease as t > 00. 

(b) We solve dy/dt = y— 1/2 as a first-order lin- 
ear equation by rewriting the equation as dy/dt — 
y — —1/2. The integrating factor is 


ut) = eS pb dt = e/ C D dt San 


Multiplying the equation by the integrating factor 
gives us 


dy l dos ua 
di = a5) er TAG JE : 
Integration yields e^'y = Je"! + C, so a general 
solution of the ODE is y(t) — 5 + Cet. 

To solve the IVP, we solve y(0) = 1 +C=afor 
C to find that C = a — " so the solution to the IVP 


isy- 1 (a- 1)e. 
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(c) If yO) = 1/4, then y(t) = 5 = lef. We 
graph y(t) in Figure 2.12(a). Notice that the 
population becomes extinct when 4 — le! = 0, 
or t — In2 0.693 year. (We ignore the portion 
of the solution curve where y(f) « 0.)) We should 
note that any solution to this IVP with y(0) < 1/2 
means that the species will become extinct at some 
time. If y(0) = 1, y(t) = $ + 4e, so y(t) > 0 
for all t, as we see in Figure 2.12(b). In fact, the 
population grows without bound. If y(0) — 1/2, 
then y(t) = 1/2 as expected because y(t) = 1/2 
is an equilibrium solution. If the population is 
initially 1/2ton, then it remains at that level 
(see Figure 2.12(c)). 


EXAMPLE 2.3.3 

Solve the IVP (dy/dt) + 5t*y = t+, y(0) = —7. 
Solution 

We begin by multiplying the linear equa- 
tion E + 5%y=1* by the integrating factor 
u(t) = erd — 
written as 


5 o 
ef . Then, the equation can be 


- (ey) = tfe" 


t 1 1 1 ig 


(a) (b) 


LS 2 (c) 0.5 1 1.5 p 


FIGURE 2.12 (a) Solution to dy/dt — y — 1/2, y(0) — 1/4. (b) Solution to dy/dt — y — 1/2, y(0) — 1. (c) Solution to 


dy/dt = y — 1/2, (0) = 1/2. 
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and integration of both sides of the equation 
yields 


eye ig 
UNES 
A general solution is 
1 _p 
v= 5 +Ce”. 
We find the unknown constant C by substituting 
the initial condition y(0) — —7 into the general 
solution and solving for C. This gives —7 = 1/5 + 
C, so C — —36/5. Therefore, the solution to the 
IVP is 


feed 
y= 5 : 


0 Figure 2.13 shows the graph of y — i 3r 
Ce” for various values of C. Identify the 
graph of the solution that satisfies the condition 
y(0) = -7. 


In some cases, we must rewrite an equation 
to place it in the form of a linear first-order 
differential equation. 


FIGURE 2.13 Graph of y= + Ce- for various values 
of C. 
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EXAMPLE 2.3.4 
Solve dt/dr = 1/(sint — r tan t), 0 < t < x/2. 


Solution 


Notice that if t is the dependent variable, the 
equation is nonlinear (in t). (Why?) However, 
solving the equation for dr/dt yields 


r E dr n 
— =sint—rtant or di + (tan £)r = sint, 


dt 


which is a linear equation in the dependent vari- 
able r. With p(t) = tan t, the integrating factor is 


TO uu cn 0 < t < 7/2. 


cos t^ 


Solve the IVP dt/dr — 1/(sint — rtan t), 
t(1) = z/4. Graph the solution on an 
appropriate interval. 


Then, 


B (u(t)r) = w(t) sint, 


d 1 A= sint 
dt \ cost cos t’ 
1 


—r 
cos t 
r = —(cost)In(cos f) + Ccost. 


= —In|cost|+C, 


Note that |cos t| = cost for 0 < t < 7/2. 


EXAMPLE 2.3.5 


Show that the IVP t(dy/dt)—y— £ cost, 
y(0) = 0 has infinitely many solutions. 


Solution 
Writing ty’ — y = P cost in the form y =f(t,y) 
results in 


dy _ Pcost+y 
de t 
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and because f(t, y) = Es cos f + y) /t is not contin- 
uous on an interval containing t = 0, The Existence 
and Uniqueness Theorem for Linear IVPs does 
not guarantee the existence or uniqueness of a 
solution to the IVP. 

Rewriting the equation in standard form 
shows us that the equation is linear and gives us 


so an integrating factor is u(t) = exp (f —1/tdt) = 
exp (—Inf) = 1/t. Multiplying the equation by 
1/t, rewriting and integrating give us 


1w 
t dt 


g D = cost 
domes 


1 
gy one 


1 
pY — cost, 


y = tsint 4 IC. 


Thus, a general solution of ty’ — y = f? cost and 
every solution of the equation satisfy y(0) — 0 
so the IVP has infinitely many solutions. A few 
solutions are graphed in Figure 2.14. 


FIGURE 2.14 Every solution of the differential equation 


satisfies y(0) — 0. 


EXAMPLE 2.3.6 


If a drug is introduced into the bloodstream 
in dosages of D(f) and is removed at a rate 
proportional to the concentration, the concentra- 
tion C(t) at time t is given by 
dC 
— =D) -k = 
di (D —kC, C(0) =0, 

where k > 0 is the constant of proportionality.! 

(a) Solve this IVP. 

(b) Suppose that over a 24-h period, a drug is 
introduced into the bloodstream at a rate of 
24/to for exactly to hours and then stopped 
so that 

24/to, if 0 < to 

0, ift> to 


Dib = 


What is the total dosage and average dosage 
over a 24-h period? 

(c) Calculate and then graph C(t) on the interval 
[0,30] if k — 0.05, 0.10, 0.15, and 0.20 for 
to = 4, 8, 12, 16, and 20. How does increasing 
fo affect the concentration of the drug in the 
bloodstream? How does increasing k affect it? 


Solution 


(a) After rewriting the equation as dC/dt+kC = 
D(t), we find the integrating factor to be u(t) = 
e/*d! — el. Therefore, after multiplying the 
equation by the integrating factor, we obtain that 
(d/dt)(e* C(t)) = e D(t) and integrating yields 


t 
etc) = i eD(s)ds_ or 
0 t 
C(t) = | eD(s)ds. 
0 


(b) In each case, the total dosage over a 24-h 
period is 
24 t 


0 
Dp (t)dt = f at= 24; 
0 


0 
the average dosage is 


EXERCISES 2.3 


The average value of y = f(x) on [a,b] is 


i J " f Codx. 


(c) To compute C(t) — en b el'*D(s)ds, we 
must keep in mind that D;,(t) is a piecewise- 
defined function: 


t 
ez / e'SD(s) ds 
0 


24 
ke pi oks 

e e“ — 
Jo to 


24 
ae ds, cm f 
to 


EV) = 


ds, O<t<to 


24 


7 (1-e™), O<t<to 
|] o 
= (e 6-9 — eM), ftf. 
0 


We graph C(t) on the interval [0,30] if k = 0.05, 
0.10, 0.15, and 0.20 for tọ = 4, 8, 12, 16, and 
20 in Figure 2.15. From the graphs, we see that 
as tg is increased, the maximum concentration 
level decreases and occurs at later times, while 
increasing k increases the rate at which the drug 
is removed from the bloodstream. 


1].D. Murray, Mathematical Biology, Springer-Verlag, 
pp- 645-649, 1990. 


D EXERCISES 2.3 


In Exercises 1-25, solve each equation. 


. xdy/dx + y = xe”. 
. xdy/dx + y = e™. 


1. dy/dt — y = 10. 

2. dy/dt — y = 2e™. 
3. dy/dt — y = 2 cost. 
4. dy/dt - y = £? — 2t. 
5. dy/dt — y = 4te™. 
6. ty +y =f. 

7. ty +y =t. 

8 

9 


10. 
11. 


12. 


13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 


23. 


24. 
25. 
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dy/dt — 2t/(1 + )y = 2. 

dy/dt — 4t/(1 + 42)y = 4t. 
X 

m y ;) dx. 

dy/dt + y cott = cost. 

dy/dt — 3t/(? — 4)y =t. 

dy/dt — 4t/ (4? — 9)y = t. 

dy/dx — 9x/(9x? + 49)y — x. 

dy/dx + 2y cot x = cos x. 

dt/ds + st = 8%, 

d6/dr — r0 =r. 

dy/dx = 1/(? +x). 

dx/dy — x = y. 

ydx — (x + 3y?)dy = 0. 

dx  3xP 

d 1-8 

dp/dt = Ë + p/t. 

dv/ds+v=e%. 


dy = 


(2 + 


In Exercises 26-35, solve the IVP. Graph your solu- 
tion on an appropriate interval to help you verify that 
your answer is correct. 


26. 
27. 


28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 


37. 


dy/dt — y = 4e!, y(0) = 4. 

dy/dt +y =e*, y(0) = —1. 

dy/dt + 32 = e”, y(0) = 2. 

dy/dt + 2ty = 2t, y(0) = —1. 

t dy/dt + y = cost, y(1/2) = 4/7, t > 0. 

t dy/dt + y = 2te!, y(1) = —1,t > 0. 

(e! + 1)dy/dt + ely = t, y(0) = —1. 

(2 + 4)dy/dt + 2ty = 2t, yO) = —4. 

dx/dt = x + t + 1, x(0) = 2. 

d0/dt = e” + 20, 6 (0) = 0. 

If y = y1 (t) satisfies the homogeneous 

equation dy/dt + p(y = 0 and y = ya(t) 

satisfies the nonhomogeneous equation 
dy/dt + p(t)y = r(t), show that 

y(t) = y1 (t) + y2 (t) satisfies the 

nonhomogeneous equation 

dy/dt + p(t)y = r(t). 

(a) Show that if y = y1 (t) is a solution of 
dy/dt + py = r(t) and y = y2(t) isa 
solution of dy/dt + p(t)y = q(t), then 
y(t) = y1 (t) + y2 (t) is a solution of 
dy/dt + p()y = r(t) + qb). 
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C 
30r 


25 F 


FIGURE 2.15 (a) k = 0.05, (b) k = 0.10, (c) k = 0.15, and (d) k = 0.20. 


(b) Use the result obtained in (a) to solve 
dy/dt + 2y = e™ + cost. 
38. (a) Show that if y = y1 (t) 
is a solution of dy/dt + p(t)y = q(t) then 
y(t) = y1(t) is a solution of 
d^yJdt^ + (y + py’ = q'(). 
(b) Solve dy/dt — (1/Hy = Int, t > 0. 
(c) Use the results obtained in (a) and (b) 
to solve 
dy 1dy 1 1 
d? Cia Bv 


t>0. 


It is very important to understand that a 
general solution of the inhomogeneous 
linear equation y' + p(t)y = q(t) is the sum 
of a general solution, yp, to the 
corresponding homogeneous equation 

y + p(t)y = 0 and a particular solution, yp, 
of the nonhomogeneous equation 

y + p(y = q(t). In an earlier exercise, you 
showed that if k is a constant, a general 
solution of y' + ky = 0 is yy = Ce™. In the 
following exercises, find yp and then guess 


39. 


40. 


41. 


EXERCISES 2.3 


the form of yp and form a general solution 
of the differential equation, y = yn + yp. 


y -y=-1; 


y +y=t+1. 
y + y = cost + sint; 
y — y = —2e™. 


Observe Figure 2.15. Describe how the 
value of k affects the concentration of the 
drug in the system. Do larger or smaller 
values cause the drug to remain in the 
system longer? How would the chemist 
working for the pharmaceutical company 
design the drug? 


In Exercises 42-45, solve each of the IVPs that 
involve piecewise-defined functions. 


42. 


43. 


44. 


45. 


46. 


dy/dt + y = q(t), where 


4 0<t<2 
Bei x , yO) =0. 
q(t) 0, t>2 y(0) 
dy/dt + y = q(t), where 
t, Oxt«l1 
je. ,y(0) = 1. 
q(t) 0 Exi y(0) 
dy/dt + p(y = 0, where 
1, O<t<2 
Dei" E ,y(0) — 2. 
p) a 22 YO 


dy/dt + p(t)y = 0, where 
2, O<tft<1l 
575 9-1 


p(t) — | 4 ti 

(Method of Undetermined Coefficients) 
Consider the first-order nonhomogeneous 
equation y” + y = cost. We can solve the 
problem in two parts. First, we can solve the 
corresponding homogeneous equation 

y + y =0 for yp. (a) Show that y, (t) = Ce 
is a general solution of this equation. A 
general solution of the inhomogenous 
equation is y = yn + yp, Where yp is a 
general solution of the corresponding 
homogeneous equation and yp is a 
particular solution of the inhomogeneous 
equation. (b) Next, we attempt to find a 


47. 
48. 


49. 


50. 


51. 


52. 


53. 
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particular solution of the inhomogenous 
equation by guessing the form of the 
solution. Suppose that this particular 
solution is yp(t) = Acost + Bsint. 
Substitute yp into y' + y = cost to show that 
the undetermined coefficients are A = 1/2 
and B = 1/2. Then, a general solution of the 
inhomogenous equation is 

y( = yn (D +yp@® = Ce? + cost + I sint. 
(What integral would need to be evaluated 
if we used an integrating factor to solve the 
ODE?) 

Solve y' — y = sin 2t. 

Solve y' + y = 5e” by assuming that 

Yp(t) = Ae“. 

Solve y' + y = e* by assuming that 

Yp(t) = Ate™. Why don't we choose 

Yp(t) = Ae"? 

Solve y’ + y = 2 — e” by assuming that 
p(t) = A + Be?! 

Solve y' — 5y = t by assuming that 

yp(t) = At + B. 

Solve y' + 3y = 27t? + 9 by assuming that 
ypt) = AP + Bt +C. 

Solve y' — iy = 5cost + 2e by assuming 
that yp(f) = A cost + Bsint + Ce’. 


In Exercises 54-59, solve each of the equations 
using the Method of Undetermined Coefficients. 


54. 
55. 
56. 
57. 
58. 
59. 
60. 


y' + 4y = 8cos At. 

y + 10y = 2ef. 

y —3y = 27t. 

y —y=2e!. 

y +y=4+3€e!, 

y +y=2cost+t. 

(First-Order Linear with Periodic Forcing 
Function) Consider the differential equation 
dy/dt + cy = f (t), where f (t) is a periodic 
function and c is a constant. The goal of this 
exercise is to determine if equations of this 
form have a periodic solution. (a) Solve the 
IVP y' + y/2 = sint, y(0) = a. For what 


52 


61. 
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values of a does the IVP have a periodic 
solution? Graph the slope field for this 
ODE. Describe the behavior of the other 
solutions. Do they approach the periodic 
solution found in (a) as t > oo or t > —oo? 
(b) Solve the IVP y' — y/2 = sint, y(0) =a. 
For what values of a does the IVP have a 
periodic solution? Graph the slope field for 
this ODE. Describe the behavior of the other 
solutions. Do they approach the periodic 
solution found in (b) as t > œ or t > —oo? 
(c) Based on your findings in (a) and (b), 
does the ODE y + cy = f (t), where f(t) isa 
periodic function and c is a constant, have a 
periodic solution? How does the value of c 
affect the other solutions? 

Suppose that a drug is added to the body at 
a rate r(t), and let y(t) represent the 
concentration of the drug in the 
bloodstream at time t hours. In addition, 
suppose that the drug is used by the body at 
the rate ky, where kis a positive constant. 
Then, the net rate of change in y(t) is given 
by the equation dy/dt = r(t) — ky. If at t = 0, 
there is no drug in the body, we determine 
y(t) by solving the IVP 


dy/dt = r(t) — ky, y(0) 2 0. 


(a) Suppose that r(t) = r, where r is a 
positive constant. In this case, the drug 
is added at a constant rate. Sketch the 
phase line for dy/dt = r — ky. Solve the 
IVP. Determine lim; œ y(t). How does 
this limit correspond to the phase line? 

(b) Suppose that r(t) = 1 + sin t and k = 1. 
In this case, the drug is added at a 
periodic rate. Solve the IVP. Determine 
limi. oo y(t), if it exists. Describe what 
happens to the drug concentration over 
time. 

(c) Suppose that r(t) = e™ and k = 1. In this 
case, the rate at which the drug is added 
decreases over time. Solve the IVP. 
Determine lim;-, oo y(t), if it exists. 
Describe what happens to the drug 
concentration over time. 


62. Find a general solution of the equation 


tdy/dt+ y = t cost. Graph various solutions 
on the rectangle [0,27] x [—10, 10]. 


One advantage of using technology is that often 
when a large number of problems are solved, 
their solutions are compared and conjectures 
about general patterns can be discovered and 
tested. Many CASs are capable of solving a 
variety of linear equations, particularly those 
that are frequently encountered in an elementary 
differential equations course. 


63. Compare the solutions of dy/dt + y = f (t) 


subject to y(0) = 0, where f(t) = t, sint, 
cos t, and e. 


64. Compare the solutions of dy/dt 4- ky — t, 


y(0) = 1 fork = —2, —1, 0, 1, and 2. 


65. Compare the solutions of dy/dt + y — t, 


y(0) =k for k = —2, —1,0, 1, and 2. 


66. (a) Graph the slope field for the differential 


equation dy/dt = y — t. (b) Solve and graph 
the solution to the following IVPs (i) 


y cuts aay Heras 
y(0) =1 


y =y-t 


statement: if we slightly change the initial 
conditions in a linear IVP, the solution also 
slightly changes. 


¿and (iii) 


. (c) Comment on this 


67. (Destruction of Microorganisms) 


Microorganisms can be removed from 
fluids by mechanical methods such as 
filtration, centrifugation, or flotation. 
However, they can also be destroyed by 
heat, chemical agents, or electromagnetic 
waves. The fermentation industry is 
interested in improving this process of 
sterilizing media. An important component 
in the design of a sterilizer is the kinetics of 
the death of microorganisms. 

The destruction of microorganisms by 
heat indicates loss of viability as opposed to 
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physical destruction. This destruction 
follows the rate of reaction dN/dt — —kN, 
where k is the reaction constant (min!) and 
is a function of temperature, N is the 
number of viable organisms, and t is time.! 
Microbiologists use the term decimal 
reduction time D to indicate the time of 
exposure to heat during which the original 
number of viable microbes is reduced by 
one-tenth. If N(0) = No, find N(t). Use the 
fact that N(D) = 45No to find D in 
terms of k. 


2.4 EXACT DIFFERENTIAL 
EQUATIONS 


We now turn our attention as to why u(t) = 
ef Pd, in Equation (2.6), is of particular interest 
and called an integrating factor for the first-order 
linear equation (2.2). 

We begin with an example: the first-order dif- 
ferential equation 


(sin y + y cos f)dt + (sint + t cos y)dy = 0 


is neither separable or linear nor can it be re- 
duced to a separable equation or linear equation 
by an appropriate substitution. Nevertheless, a 
general solution of this equation can be calcu- 
lated, as we will see in this section. 

Definition 3 (Exact Differential Equation). A 
first-order differential equation that can be written in 
the form 


M(t, y)dt + NG, y dy = 0, 


where 


0 0 
Mt, y)dt+ Nit, y)dy = La, y)dt + it y)dy 


for some function f(t, y) is called an exact differen- 
tial equation. 


In calculus, we learn that the total differential 
of the function z = f (t, y) is 


= p 


Therefore, the equation M(t, y)dt + N(t,y)dy = 0 
is exact if there exists a function z — f(t, y) such 
that M(t, y)dt + N(t,y)dy is the total differential 
of z = f(t,y). In physics classes, the function 
z=f(t, y) is often called the potential function. 

In multivariable calculus, we learn that if f, 
af /8t, af /ay, 9^f /(8t dy), and df /(9y0t) are con- 
tinuous on an open region R, then df /(atay) = 
92f /(8y8t) on R. Hence, if M(t,y)dt + N(t,y)dy = 
0 is exact and M(t,y)dt + N(t, y)dy is the total 
differential of z = f (t, y), 


IN 9 (of 9 (of 0M 
at ðt (2) E 6 dy 
In fact, we can prove the following (see Exercise 
56 in this section). 
Theorem 5 (Test for Exactness). The first-order 
differential equation M(t,y)dt + N(t,y)dy = 0 is 
exact if and only if IM/0y = ƏN /ðt. 


EXAMPLE 2.4.1 

Show that the equation 2? dt-- (1--32y?)dy = 
0 is an exact equation and that the equation 
Py dt + 5t? dy = 0 is not exact. 
Solution 

The equation 2ty? dt + (1 + 32y?)dy = 0 is an 
exact equation because 


9 3 2. 9 2 
= = 6n = =(( t : 
ay Par = s y) 


Conversely, the equation ty dt+5ty? dy = 0 is not 
exact because 


2 Epe? T 
meg *5y = Oty’). 


1S, Aiba, A.E. Humphrey, N.E Millis, Biochemical Engineering, second ed., Academic Press, pp. 240-242, 1973. 
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If the equation M(t, y)dt + N(t, y)dy = 0 is exact, 
we can find a function z = f(t,y) such that 
M(t, y) = (of /0t)(t, y) and Nit, y) = (9f/9y)E, y). 
Then the differential equation becomes 

Mt(t,y)dt + N(t, y)dy = 0 

df — 0. 

A general solution of the equation is f(t, y) = C, 
where C is an arbitrary constant. 


EXAMPLE 2.4.2 


Find a general solution of (sin y + y cos t)dt + 
(sint + f cos y)dy = 0. 


Solution 


The equation is exact because 


Ons 
ye = cosy + cost 


ð 
gor tcosy). 


Let f (t, y) be a function with 8f /8t = siny +y cos t 
and df/dy = sint + tcos y. Integrating df/dt = 
sin y + y cost with respect to t results in 


fow + y cos t)dt = tsin y + ysin t + g(y), 


where g(y) denotes an arbitrary function of y. 
We must include this arbitrary function g(y) be- 
cause the derivative of a function of y with respect 
to tis zero. That is, the general form of the function 
f(t,y) whose partial derivative with respect to t is 
df /dt = sin y + y cost is given by 
fy) = tsin y + ysint + g(y). 
Because we are looking for a function f (t, y) that 
satisfies df /dy = sint + t cosy and differentiating 
fy) = tsiny + ysint + g(y) with respect to y 
results in 0f /dy = sint + tcosy + g'(y). Now, we 
must have that 
sint + tcosy + 2'(y) = sint + tcosy, 
which indicates that g'(y) = 0. This means that 
g(y) = k for some constant k. Thus, 
f(t,y) =tsiny + ysint +k. 


Therefore, the implicit function t sin y+y sin t-+k = 
C1 or tsiny + ysin t = C, where C = C4 — k repre- 
sents an arbitrary constant, is a general solution of 
(sin y+y cos f)dt-4- (sin t+t cos y)dy = 0. (Note that 
there is no need to include an arbitrary constant in 
f (t, y) because it is included in f (t, y) = C.) Several 
members of the family of solutions are graphed in 
Figure 2.16 by graphing several level curves of the 
function f (t, y) = tsin y + ysint. 


As with the other IVPs involving first-order 
equations that we have discussed, under reason- 
able conditions, IVPs involving the first-order 
exact differential equation M(t, y)dt+N (t, y)dy = 
0 will have a unique solution. 

Theorem 6 (Existence and Uniqueness: First- 
Order Exact Equations). Consider the IVP 

M(t, y)dt +N(t,ydy =0, y(to) = Yo, 
where M(t,y)dt + N(t,y)dy = 0 is exact. If M, 
N, 9M/ot, and ƏN/ðy are continuous on an open 
region R containing (to, yo) and N(to,yo) Æ 0, then 


FIGURE 2.16 We graph various solutions to the equation 
by graphing several level curves of the function f(t,y) — 
tsiny + ysint. 
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there exists one and only one function that satisfies 
the differential equation and initial condition for each and g(y) = —y + Ci so that substitution into 
value of t on an interval containing to. f(t,y) = Ésiny + g(y) yields 


fy =P siny -y+ C1. 
EXAMPLE 2.4.3 


A general solution of the exact equation is then 


Solve 2t sin ydt + (2 COS y — Ddy =0 subject to Pp sin y —y + C1 =C. Simplifying, we have {2 sin 
y0) = 1/2. y—y = k, where k = C-C; is an arbitrary constant. 
E Our solution must satisfy y(0) = 1/2, so we must 
Solution find the solution that passes through the point 
The equation is exact because (0,1/2). Substituting t = 0 and y = 1/2 into the 

a A ds general solution, we obtain 0? x sin(1/2) — 1/2 =k 
ms sin y) = 2t cos y = ai cosy — 1). so that k = —1/2 and the solution to the IVP 

is Psiny — y = —1/2. The solution is graphed 


Let f(t, y) be a function with df/dt = 2tsin y and 
af /ðy = f? cosy — 1. Integrating df /8t with respect 
to t yields 


in Figure 2.17. We see that the graph passes 
through the point (0, 1/2) as required by the initial 
condition. 


Solving the Exact Differential Equation 
Mt, y)dt + NG, y)dy = 0 


Notice that the arbitrary function g(y) serves 
as a "constant" of integration with respect 
to t. From the differential equation, we have 


0f/dy = f^ cosy — 1, and differentiating f (t, y) = A similar algorithm can be stated so that in step 2, 
P sin y + g(y) with respect to y gives us df/0y = N(t,y) is integrated with respect to y as we show 
f cos y +2 (y). Thus, in the next example. 

cosy —1 = P cosy + gy), 


1. Assume that M(t, y) = of /8t(t, y) and 
NG, y) = 9f/0y(t, y). 


g'u) =-1 


| E 


L 
-10 F -1 -0.5 0.5 1 


FIGURE 2.17 On the left, a graph of the equation f? sin y — y = —1/2. On the right, we see that the solution is unique only 
on an interval containing approximately —1.2 < t < 12. 
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. Integrate M(t, y) with respect to t. (For the 
arbitrary constant, add an arbitrary function 
of y, 8(y)-) 

. Differentiate the result in step 2 with respect 
to y and set the result equal to N(t, y). Solve 
for 2" (y). 

. Integrate 2" (y) with respect to y to obtain an 
expression for (y). (There is no need to 
include an arbitrary constant at this time 
because it will be taken into account when 
the general solution is formed.) 

. Substitute g(y) into the result obtained in 
step 2 for f (t, y). 

. A general solution is f (t, y) = C, where C is 
an arbitrary constant. 

. Apply the initial condition if given. 


EXAMPLE 2.4.4 
Solve (e!/!—y/t eV/! +1/(1 + £))dt + e/!dy —0. 


Solution 


This equation is exact because 


9 y il y 9 
2 (ae y eut =L pe. 
oy (: "id +7) 2 ans ) 
Let f (t, y) be a function such that 9f/8t = eY/! — 
y/teYy/t+1/(1+#) and df /dy = e"/. Integrating 
df /dy with respect to y because it is a less compli- 
cated expression than df /8t gives us 


fe = f ey/tay = el! +800 = tht + (f), 


where g(t) is an arbitrary function of t. Differenti- 
ating f (t, y) with respect to t leads to 


of y y 

L = ly (Le = elt. d ey/t 
mi +( a? y/t-g © e pe a 
so g'(t) = 1/(14-2). This implies that g(t) = tan“! f 
so f(t,y) = te//* + tan-! t. Therefore, a general 
solution of the exact equation is teY/!+tan”! t = C. 
Several solutions are graphed in Figure 2.18. 
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FIGURE 2.18 Graph of teY/! + tan! t = C for various 
values of C. 


Most IVPs that we have considered have had 
a unique solution. However, it is important to 
remember that this need not be true. 


EXAMPLE 2.4.5 


Find a value of yo so that there is not a unique 
solution to the IVP 


(costcos y — sint)dt + (cosy — sin t sin y)dy = 0 
y(0) = yo. 


Solution 


The equation (costcos y — sint)dt + (cosy — 
sin t sin y)dy — 0 is exact because 


ð r E 
g y — sint) = — cos tsin y 
Y 


ð 
= zev sin t sin y). 


A general solution is found to be cos t+sin t cos y+ 
sin y = C, which we graph for various values of C 
in Figure 2.19. 

From the graphs, we see that if C — 0, it is 
possible to find yo such that there is not a unique 
solution to the IVP. Indeed an exact value of yo is 
37 /2 (Why?) (see Figure 2.20). 
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FIGURE 2.19 (a) C = —3/2, (b) C = —1, (c) C = —1/2, (d) C = 0, (e) C = 1/2, (f) C = 1, (g) C = 3/2, and (h) C = 9/5. 


8. (e — y) dt — (eY — t)dy = 0. 


& EXERCISES 2.4 9. In(ty) dt + t/y dy — 0. 
UU 10. e? dt + te" /y dy = 0. 


In Exercises 1-10, determine if the equation is — In Exercises 11-30, solve each equation. 


Pon 11. 32 dt — dy =0. 
1. (y? — y/Qt)dt + Qty — Vt + Ddy = 0. 12. —dt + 3y? dy = 0. 
2. t/ JE. + y2dt+y/,/P + y? dy =0. 13. y? dt + 2ty dy = 0. 
3. y cos(ty)dt + tcos(ty)dy = 0. 14. 312 /y dt — Py? dy = 0. 
4. (ysec? t + 2Ddt + tant dy = 0. 15. (2t + y>)dt + (Sty? + 4)dy = 0. 
5. 3ty? dt + y? dy — 0. 16. —1/ydt + (t/j? + 3?) dy = 0. 
6. (t — ysin t)dt + (y? + cost) dy = 0. 17. 2ty dt + (P + y?)dy = 0. 
7. ysin2t dt — (yy + cos 2t)dy = 0. 18. 25? dt + (1 + 323?)dy = 0. 
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49L J 
4.8L a 
4.7L 4 


46F 4 


-02 —0.1 0 0.1 0.2 


FIGURE 2.20 The solution is not unique near this point 
because when we zoom in, we see the graph of more than 
one function passing through the point. 


19. sin? y dt + tsin2y dy — 0. 

20. (3 + 3y2)dt + 6ty dy = 0. 

21. el sin y dt + (1 + e cos y)dy = 0. 

22. (By + 3y? — 1)dt + (È + 6ty)dy = 0. 

23. —2ty? sin(t?)dt + 2y cos(t?) dy = 0. 

24. (2t — y? sin ty)dt + (cos ty — ty sin ty)dy = 0. 

25. (1+ y? cos ty)dt + (ty cos ty + sin ty)dy = 0. 

26. (2tsiny — 2ty sin(t*))dt + ( cosy + 
cos(t2))dy = 0. 

27. ((3 + £) cos(t +y) + sin(t + y))dt + (3 4- f) 
cos(t + y)dy = 0. 


1 
28. ¿Py cos 2 — y sin dt + F (2ty + sin 2) 
dy = 0. 
29. (-t?^y?e/! + 1)dt + (1 + y/t)dy = 0. 
30. (2tsin(y/t) — y cos(y/t))dt + t cos(y/t)dy = 0. 


In Exercises 31-40, solve the IVP. Graph the 
solution on an appropriate interval. 


31. 25? dt + 2ty dy = 0, y(1) = 1. 

32. (1 + y/t*) dt — 1/tdy = 0, y(2) = 1. 

33. Qty + 32)dt + (Ê — 1)dy = 0, y(0) = 1. 
34. (1+ 5t — y)dt — (t + 2y)dy = 0, y(0) = 0. 
35. (e — 2ty)dt + (te — t^) dy = 0, y(0) = 0. 


36. (2tye" + 21e") dt 4- (e? — Pe + 1) 
dy = 0,y(0) = 0. 
37. (y? — 2sin 2t) dt + (1 + 2ty) dy = 0, y(0) = 1. 
38. (cos? t — sin? t+y)dt+ (sec y tany +t)dy = 0, 
y(0) — 0. 
39. (1/(1 + 2) — y2)dt — 2ty dy = 0, yO) = 0. 
40. (2t/(1 +t) + y)dt + (e! + t)dy = 0, y(0) = 0. 
41. (a) Solve 
(—2x — ycos(xy))dx + (2y — x cos(xy))dy = 0, 
y(0) = 0. (b) Explain why the results do or 
do not contradict the Picard-Lindelóf 
Theorem or the Existence and Uniqueness 
Theorem for First-Order Exact Equations. 
42. (a) Solve (—4x? + 6y sin(6xy)) dx + 
(4? + 6x sin(6xy)) dy, yO) = 0. (b) Explain 
why the results do or do not contradict the 
Picard-Lindelóf Theorem or the Existence 
and Uniqueness Theorem for First-Order 
Exact Equations. 
43. Find the family of curves tangent to the 
force field 


2xy ., y? —X , 
F(x,y) = i— j. 
J? +y? y x? + y? 
—— —— 
dx/dt dy/dt 


44. Find the family of curves tangent to the 
force field 


2. ae 2 
Fra i- 
jery ya + y 
——— — 
dx/dt dy/dt 


45. Show that an equation of the form 
g(y) dy — h(t)dt = 0 is exact. 


If u = u(t) and v = v(t), then the product rule tells 
us that (d/dt)(uv) = v (du/dt) + u(dv/dt). 


46. (Integrating Factors) If the differential 
equation M(t, y)dt + N(t, y) dy = 0 is not 
exact, multiplying it by an appropriate 
function u(t, y) sometimes yields an exact 


47. 
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equation. To find w(t, y), we use the fact that 

if the equation p(t, y) M(t, y)dt + w(t, y) 

N(t, y) dy = 0 is exact (u M), = (u N». 

(a) Use the product rule to show that u 
must satisfy the differential equation 
4yM—= uN + (My — Nt) w = 0. 

(b) Use this equation to show that if 
u = u(t), u satisfies the differential 
equation 


aa > 
is a function of y only. 
(c) Show that if u = u(t), 


1 Mt, 
u(t) = exp i= y) | » E 


INE) a, 


ot 


(d) If u = u(y), find a differential equation 
that u must satisfy and a restriction on 
(N: — My)/M. Show that 


1 ON(t, y) 
nm) = op (zg 5l uU 


| .8M(t,y) 
dy | dy) 


(a) Find restrictions on p and q so that the 
first-order equation dy/dt + p(t) y = q(t) 
is exact. 

(b) Consider the first-order linear equation 
dy/dt + p(t) y = q(t). Write it in the form 
M(t, y)dy + N(t,y)dt = 0, multiplying by 
the integrating factor u(t)e/ P® d* results 
in an exact equation. 


In Exercises 48-55, use an integrating factor to 
solve each differential equation (see Exercise 46). 


48. 
49. 
50. 
51. 


Py dt + P dy = 0. 

y ef + 4t)dt + 3(ef + 12)dy = 0. 
y dt + Qt — ye”) dy = 0. 

Qty + y*)dt — P dy =0. 


52. (y + 22)dt + (Py — t)dy = 0. 
53. (5ty + 4y? + dt + (Ê + 2ty)dy = 0. 
54. (2ty* + y) dt + 2P — t)dy = 0. 
55. (2t + tany)dt + (t — t tan y)dy = 0. 
56. Suppose that M(t, y)dt + N(t,y) dy = 0 is an 
equation for which 9M/8y = IN/0t. 
(a) Let 
sy) = J Nit y) — (/8y) f ME y)dD dy. 
Show that 2 is a function of y. Hint: 
Show that N(t,y) — m f Mt, ydtisa 


function of y by showing that 

(8/80) QN(t, y) — (8/8y) f M(t,y)dt) = 0. 
(b) Let f(x, y) = gy) + f M(t,y)dt. Show 

that M(t, y)dt + N(t,y)dy = 

(af /ax)dx + (af /dy)dy. 


As with other types of equations, technology is 
useful in solving exact equations or in performing 
the steps necessary to solve an exact equation. 


57. Find a general solution of the equation 
Qt — y? sin ty) dt + (cos ty — ty sin ty)dy = 0. 
Graph various solutions on the rectangle 
[0,37] x [0,377]. 

58. Find a general solution of (—1 + ey + 
y cos ty) dt + (1 + et + t cos(ty)) dy = 0. 
Graph several solutions. 

59. (a) Find a general solution for each of the 

following differential equations: 

(i) Qt + 2y)dt + (2t + 2y)dy = 0 

(ii) (1.8t + 2y) dt + Qt + 2y)dy = 0 
(iii) Qt + 1.9)dt + (1.9t + 2y) dy = 0 

(b) Graph the direction field for 
each equation along with several 
solutions. 

(c) Comment on this statement: "If we 
slightly change a differential equation, 
the solutions also slightly change." 

60. How does the graph of the solution to the 
IVP (sin cy — yc sin ct)dt + (ct cos cy + cos ct) 
dy = 0, y(0) = 1 change as c takes on values 
from —2 to 2. 
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2.5 SUBSTITUTION METHODS 
AND SPECIAL EQUATIONS 


Substitutions are used often in integral calcu- 
lus to transform integrals into forms that can be 
computed easily. Similarly, with some differen- 
tial equations, we can perform substitutions that 
transform a given differential equation into an 
equation that is easier to solve. For example, we 
have considered population problems modeled 
with the first-order linear IVPs: 


dy/dt = ky, 
dy/dt = ky — h, 


yO) — yo and 


y(0) = yo. 


However, we can consider a more complicated 
model that involves a nonlinear equation with 


dy/dt = ky —ay?, | (0) = yo. 


The equation in this model, known as the logistic 
equation, (see Exercise 61 in Section 1.1), is al- 
most linear because it can be written as dy/dt — 
ky = —ay?. (The y? term on the right side causes 
the equation to be nonlinear.) It can also be ex- 
pressed as dy/dt — (k — ay)y to show that it 
differs from dy/dt — ky in that the rate of growth 
(the coefficient of y), (k — ay), is not constant. 
Instead, this rate depends on y. Although this is 
a separable equation, we can solve this equation 
through the use of the substitution 


w = > = "Er. 


We will transform the logistic equation from an 
ODE that depends on y and t into one that de- 
pends on w and t. To do so, we start by finding 


dw/dt with the chain rule: 
dw _ dw dy _ 24y 
dt dy dt — dt’ 
Therefore, 
LN 
dt dt ` 


Substitution of this expression into dy/dt — ky = 
—ay? gives us 


TET 


dw 
an UTE +ky7! =a. 
y y ay” or dr y a 


Finally, with the substitution w = ut. we obtain 
the first-order linear ODE 


dw/dt -- kw =a, 


which we solve by multiplying by the inte- 
grating factor u(t) = e/kdt — eK Therefore, 
— (eK w) = ae", 


SO 
dt 


a a 
etw = q +C or w= k + Cre". 


Returning to the original dependent variable, 
we have 


y^ = k = Cie. 


Applying the initial condition, y(0) = yo, we find 
that 1/yo = a/k + C1, so that Cy = 1/yo — a/k, or 
C; = (k — ayo)/ (k yo). Therefore, 
1_ 4 ,k-ayo ut 
-+ =e", 
k kyo 


Solving for y, we find that 


= kyo 
y= k— —kt * 
ayo + (k — ayo)e 


In Figure 2.21, we graph this function using the 
parameter values yg = 1/4, a = 1, and k = 3. 
Notice that unlike the solutions to the Malthus 
model, solutions to the logistic equation are 
bounded. 

Equations such as the logistic equation are 
classified as Bernoulli equations, and named af- 
ter the theologian, mathematician, and business 
man, Jacob (Jacques) Bernoulli. 
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t 
1 2 3 4 5 


FIGURE 2.21 Solution to the logistic equation (yo = 1/4, 
a=1,and k = 3). 


Jakob (Jacques) Bernoulli (December 27, 1654- 
August, 16, 1705) In 1696, Bernoulli solved the 
equation, y = p(t)y + q(t) y". Inscribed on his 
tomb at Münster, Basel is Eadem mutata resurgo, 
which translates to "Though changed I shall rise 
the same." 


Definition 4 (Bernoulli Equation). A Bernoulli 
equation is a first-order equation of the form 


dy 

dt 
Of course, if n = 0 or n = 1, this equation is 
linear, so we would not need to make a change 
of variable to solve the equation. However, 
for other values of n, such as n = 2 as we 
considered in the logistic equation example, we 


+ p(t) y = q(t) y”. 


solve Bernoulli equations with the substitution 
w = yl". In doing so, we transform the 
nonlinear equation into the linear equation 
dw 
dr ^4 -mpOw--nqd. 
After solving this equation for w by using an 
integrating factor, we return to the original vari- 
able with the substitution w = y!" and by 
solving for y. Of course, Bernoulli equations may 
involve dependent and independent variables 
other than y or t, but we follow the same solution 
method. 


EXAMPLE 2.5.1 
Solve dy/dx + y/x = 1/(xy?), x > 0. 


Solution 


In this case, the independent variable is x (in- 
stead of t as it was in the previous problem), and 
the right side of the equation can be written as 
ES so p(x) = 1/x, g(x) = 1/x, and n = 
—2. Therefore, we make the substitution w = 
yl-C2 = >. Then, dw/dx = 3y* dy/dx so that 
dy/dx = iy? dw/dx. With this substitution, we 
obtain 

1_,dw 1 1 5 

37 dx po 
Multiplication by 3y? gives us the first-order ODE 

dw 35,12 q dvo, 2 

dx x xX eb "os x 
because w = y”. We solve this equation with the 
integrating factor 
=e [G/x) dx _ 


ehr, xm 


u(x) 
Multiplying the ODE by u(x) and simplifying 
yields (d/dx)(G?w) = 3x7, so that Xw +x 4 C. 
Solving for w, we find that w = 1 + Cx~3. Sub- 
stituting w = y? and solving for y give us 


y= ere) 


Now, consider the differential equation 
dy/dt = —(t+ y)/(y — D, which can be written as 


(y — t)dy + (t + y) dt = 0. 
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Because this equation is not of the form 
fibgiydtt+fo(hgo(y)dy = 0, itis not separable. 
However, if we let y — ut, then we use the 
product rule to obtain dy = udt + tdu. 
Substituting these expressions into (y — t) dy + 
(t + y)dt = 0 and simplifying results in 


(ut — t)udt + tdu) + (t+utidt=0 or 
ta? + 1) dt - P (u — 1) dyu = 0. 
This equation is separable and can be written as 


1 1- 
dt i 


= du. 
t u2+1 2 


Because the right side of this equation is equiva- 
lent to ((1/(u2 +1))- u/(u? + 1))du, we find that 


1 
In |t| = tan! u — 2 In? 4- 1) + C. 


Notice that the absolute value is not needed in 
the term containing In (22 +1) because u? 4-1 > 0 
for all u. Now, u — y/t because y — ut, so 
resubstitution gives us 


In |t| = tan ! (y/t) — T m/o? +1)+C 


as a general solution of (y — t) dy + (t +y) dt = 0. 

The equation (y — t) dy + (t +y) dt = 0 is called 
a homogeneous equation. We can always reduce a 
homogeneous equation to a separable equation 
by a suitable substitution. 

Definition 5 (Homogeneous Differential 
Equation). A first-order differential equation that 
can be written in the form M(t, y) dt+N(t, y) dy = 0, 
where M(xt,xy) = x"M(t,y) and N(xt,xy) = 
x"N(t,y) is called a homogeneous differential 
equation (of degree n). 


EXAMPLE 2.5.2 


Show that the equation (£ + ty) dt — y? dy = 0 
is homogeneous. 


Solution 

Let M(t,y) = P+ ty and N(t,y) = pp. The 
equation (f? + ty) dt — y? dy = 0 is homogeneous 
of degree 2 because 


M(xt,xy) — (xt)? + (xt) (xy) = x? (2 + ty) 
= RM, y) 
and 
N(xt,xy) = uS = ANC, y). 


Homogeneous equations are reduced to sepa- 
rable equations by either of the substitutions 


y=ut or t=vy. 

Use the substitution y = ut if N(t, y) is less 
complicated than M(t,y), and use t = vy if 
M(t, y) is less complicated than N(t, y). If a dif- 
ficult integration problem is encountered after a 
substitution is made, try the other substitution 
to see if it yields an easier problem. As with the 
separation of variables technique, this technique 
was also discovered by Leibniz. 


EXAMPLE 2.5.3 


Solve the IVP dy/dt = 
yO) — 1, y z 0. 


y/( + J£ y^, 


Solution 


When we write the differential equation in dif- 


ferential form, y dt — (t+ ui 2 + y*) dy = 0, we rec- 
ognize that the equation is homogeneous of order 
1. Then, because M(t, y) = y is less complicated 
than N(t,y) = —(t + J£ -- 12), we let t = vy 
so that dt = vdy + y dv. Substitution into the 
homogeneous equation yields 


y wdy + y do) — (vy + J v^? + y2)dy = 0, 
vy dy + y? dv — vy dy — yv o? + 1 dy = 0. 


Notice that by writing ,/y2v? + y? = |y|v €? + 1 = 


yv v?--1 we are taking advantage of our 
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assumption that y > 0. The initial condition 
includes a positive value of y, so we can solve 
the IVP with this assumption. We simplify and 
separate variables in this equation to obtain 


1 
y dv = yV¥v2+1dy or do = = dy. 


1 
v+ y 
Using a trigonometric substitution, table of 
integrals, or a CAS to evaluate f 1/y v? + 1 dv, 
we obtain 


In jo + Vo? +1 —Iny-4 C. 


Returning to the original variables with v — t/y, 
we find that 


EP y? = Cy? 
y- aL EXOR. 
D 


Applying the initial conditions gives us (1/C2) 
VI+2C2x0 = 1so Cp = 1. Therefore, the 
solution to the IVP is y = 41--2t. We graph 
this solution in Figure 2.22. Notice that the curve 
passes through the point (0,1) as required by the 
initial condition. 


Solve the equation 2xy dx + (x? — y*)dy = 0 by 

viewing it as a homogeneous equation of degree 
2 rather than as an exact equation as done in Exercise 
44 in Section 2.4. 


In addition to showing that an equation is homo- 
geneous of degree n by verifying that M(xt, xy) = 
x"M(t,y) and N(xt,xy) = x"N(t,y), there are 


FIGURE 2.22 Graph of y = v1 4 2t. 


other ways to determine if an equation is homo- 
geneous or not. For example, solving the differ- 
ential equation 4ty? dt 4- (£^ J-?)dy = 0 for dy/dt, 
we obtain 


1 2 y? 
dy -4y pO) 2 E 
dt B+ 1 3 "in yy? 
3@+y) 1+(%) 
where F(x) = —4x? /A+ x3). Similarly, we find 
that 


1 
— (—A4ty? 
dy —Aty? H TA y^) 


ED 
d Bury 1 3 TE ENS =c (5) 
sete) ( ) +1 


where G(x) = —4x/(X? + 1). This indicates (al- 
though we have not shown it in general) that an 
equation is homogeneous if we can write it in 
either of the forms dy/dt — F(y/t) or dy/dt — 
G(t/y) (see Exercise 46). 


EXAMPLE 2.5.4 


Find values of ag, a1, a2, and a3, none of 
which are zero so that the nontrivial solutions 
to dy/dt = (aot + ary)/(a2t + a3y) are periodic. 
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Solution 


If none of ag, a1, 42, and a3 are zero, the equation 
is homogenous because 


y 
dy - aot + ayy e dy = far be - (4) 
dt azt + azy dt mimt q)” 
i 


where F(x) = (ap + a1x)/(a2 + a3x). Letting y = ut 
leads to 
—t (asu? + (a2 — a1 Ju — a) dt- ° (azu + a2) du = 0, 


azu + a eee 


ife dt. 
azu? + (a9 — à1)u — a t 


Integrating and substituting u = 
general solution of the equation 


y/t yields a 


a, + 02 
y (az — a1)? + 40903 
az — 1 + 2a3u 


y (a2 — a1)? + 48903 


In ya + (a1 à2)u — azu? 


«tanh ( |= Int+C 


or 


41 +42 
y (az — a)? + 4agaz 
az — a, + 2a3y 
ty (az — a1)? + 4aoa3 


Ge 
in + m). 435 


xana ( j- Int 4 C. 


This solution is complicated and nearly impossi- 
ble to analyze analytically, so we proceed graphi- 
cally. We begin by generating random values of ap, 
41, a2, and a3, none of which are zero, and then 
graphing the direction field associated with the 
equation dy/dt = (aot + a1y)/ (aot + a3y). Several 
of the results we obtain are shown in Figure 2.23. 
(Use each direction field to graph several solu- 
tions to each equation.) 

From these graphs, we see that the choices ao = 
3,4 = —1, m = 1, and az = 2 may lead to 
period solutions. A general solution of dy/dt = 
Qt — y)/(t — 2y) is $2 —ty+y? = C (why?), which 
is a family of ellipses as shown in Figure 2.24. We 
see that the choices aj = 3, a1 = —1, a = 1, and 
a3 = 2 yield periodic solutions to the equation 


2. FIRST-ORDER EQUATIONS 


Show that the nontrivial solutions to dy/dt = 
(aot + a1y)/ (aot + azy) are periodic if a) = —a1 
and at + agag < 0. 


D EXERCISES 2.5 


In Exercises 1-10, solve the Bernoulli equation 


1. dy/dt — $y = ty™!. 
2. y +y = ty. 
8. 2ty' — y = 2ty? cost. 
4. ty — y = ty? sint. 
5. y —2y=y 1? cost. 
6. y - 3y = Jy sint. 
dy 1 2 
=. >= -y = ty. 
7 di P y 
c MESE ee 
8 di d y /t 
y 2 
.— —ly2yht 
3 dt LUE 
y — 4248/2 
10. — — =t 
gp gee 
In Exercises 11-16, determine if the first- 
order differential equation is homogeneous of 


degree n. If so, determine its degree. 


11. 
12. 
13. 


cos(t/(t + y))dt + e?Y/t dy = 0. 
y In(t/y) dt + ?/(t + y) dy =0. 
2 Int dt — In(4y2)dy = 0. 


14. (2/t + 1/y) dt + t/y? dy = 0. 
sin 2t Iny 
15. emm 2y dt + Inr V =0. 


16. V +1dt+ydy=0. 


In 


17. 
18. 
19. 
20. 
21. 
22. 
23. 


Exercises 17-32, solve each equation. 


2t dt + (y — 3t)dy = 0. 

Qy — 3t)dt + t dy = 0. 

(ty — dt + t(t — 3y)dy = 0. 
(Œ + ty + y*)dt — ty dy = 0. 
($ + y>)dt — ty? dy = 0. 
dy/dt = (t + 4y)/(4t + y). 

(t — y) dt + tdy =0. 
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EXERCISES 2.5 
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y(1) =1. 
0, y(1) =1. 


37. tdy—(y+,/#+y?)dt = 0, y(1) = 0. 


y(1) =1. 


35. dy/dt = (4y? — 12)/Qty), 


36. (t+ y) dt — t dy 


0. 


FIGURE 2.24 Graph of 3? — ty + y? = C for various 


values of C. 
25. (22 — 7ty + 5y*)dy + ty dy 


24. y dt + (t + y)dy = 0. 
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39. (j? — P)dt — ty? dy = 0, y(1) = 3. 
40. ty? dt — (t +y%) dy = 0, yd) =1. 
41. y dt + (4 — t! )dy = 0, y (01) = 2. 
42. First-order equations of the form 


(art + biy + cijdt + (a2t + bay + c2) dy = 0 


can sometimes be transformed into a 
homogeneous equation with a 
transformation. If a/a, 4 b>/b,, the 
transformation t = T + h, y = Y +k, where 
(h, k) satisfies the linear system 

ah+bik+ci=0 

azh + bok + cp = 0 
to a homogeneous equation in the variables 
T and Y. If a2/a, = b2/b1 = C, for some 
constant C, the transformation z = a4t + b1y 
also reduces this equation to a 
homogeneous equation in the variables t 
and z. 

Use the appropriate transformation 
described here to solve the following 
equations: 

(a) (t — 2y + 1)dt + (4t — 3y — 6)dy = 0. 
(b) (5t + 2y + 1) dt + Qt +y + dy =0. 
(c) (3t — y + Ddt — (6t — 2y — 3) dy = 0. 
(d) Qt + 3y + 1)dt + (4t + 6y + 1)dy = 0. 
43. Find an equation of the curve that passes 
through the point (ye, y/e) and has slope 
y/t + t/y at each point (t, y) on 
the curve. 
44. Find the family of curves tangent to the 
force field 


reduces this equation 


LXX AQ Y a 
J. 
ya +1 ya +y? 
— — — 
dx/dt dy/dt 


F(x, y) = 


45. Find the family of curves tangent to the 
force field 


NE 2 
y. A a ee 
ya +1 ya +1 
— — ao 
dx/dt dy/dt 


46. The Bernoulli equation 


(dy/dx) — Q/x)y = —x?y is also known as 
Ricatti's equation. Show that the solutions of 
Ricatti's equation are y = x?/ (Ex + C) and 
y — 0. 


47. Solve y' + y cotx = y? sin x, y(0) = 0. 


Explain why the result does or does not 
contradict the Existence and Uniqueness 
Theorem. 


48. Show that if the differential equation 


dy/dt = f(t, y) is homogeneous, the 
equation can be written as dy/dt = F(y/t). 
(Hint: Let x = 1/t.) 


49. If M(t,y)dt + N(t,y)dy = O isa 


homogeneous equation, show that the 
change in variables x = r cos 9 and 

y = rsin 0 transforms the homogeneous 
equation into a separable equation. 


Alexis Clairaut (1713-1765): As with many other 
mathematicians, there is a crater on the moon 
named after Clairaut, which is in the center of the 
following photograph. 


50. Equations of the form f(ty' — y) = g(y”) are 


called Clairaut equations after the French 
mathematician Alexis Clairaut (1713-1765), 
who studied equations of this type in 1734. 


51. 


EXERCISES 2.5 


Solutions to this equation are determined 

by differentiating each side of the equation 

with respect to f. 

(a) Use the chain rule to show that the 
derivative of f (ty' — y) is 


fy a y)(ty” + y _ y) =f (ty UN yty”), 


where ' denotes differentiation with 
respect to the argument of the 
function, t. 

(b) Show that the equation 


f ty u y)ty”) = 24)", 
which is equivalent to 
[f (ty = y)t = e yy” = 0, 


is obtained by differentiating both sides 
of the Clairaut equation with respect to t. 

(c) This result indicates that y” = 0 or 
f'y —yt-g (y) -0.1f y" 0,y =c 
where c is constant. Substitute y” = c into 
the differential equation 
f(ty' — y) = g(y) to find that a general 
solution is f (tc — y) = g(c). If 
f'y’ — y)t — g (y) = 0, this equation can 
be used along with f (t y' — y) = g(y’) to 
determine another solution by 
eliminating y”. This is called the singular 
solution of the Clairaut equation. 

Use the following steps to solve the Clairaut 

equation ty’ — (y? = y. 

(a) Place the equation in the appropriate 
form to find that f (t) = t and g(t) = B. 

(b) Use the form of a general solution to 
find that tc — y — c? and solve this 
equation for y. 

(c) Find the singular solution by 
differentiating ty' — (y)? = y with 
respect to f to obtain 
ty” + y —3(y')*y” = y', which can be 
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simplified to [t — 3(y/)?]y" = 0. Since 
y" — 0 was used to find the general 
solution, solve t — 3(y’)? = 0 for y to 
obtain y' = (t/3)'/. Substitute this 
expression for y' into ty’ — y = (y? to 
obtain a relationship between t and y. 


In Exercises 52-55, solve the Clairaut equation. 


52. 
53. 
54. 
55. 
56. 


ty —y -2dy - yy =y +1. 

ty =y= 1= (yy? _ y. 

1 + y -ty =1In(y). 

1—2(y — y) = (y) ?. 

(Pollution) Under normal atmospheric 
conditions, the density of soot particles N(t) 
satisfies the differential equation 


E = —k.N? + kaN, 
where ke, called the coagulation constant, is a 
constant that relates how well particles stick 
together; and ką, called the dissociation 
constant, is a constant that relates to how 
well particles fall apart. Both of these 
constants depend on temperature, pressure, 
particle size, and other external forces.? 
(a) Find a general solution for this Bernoulli 
equation. 
(b) Find the solution that satisfies the initial 
condition N(0) = No. (No > 0) 
The following table lists typical 
values of k. and kg. 


ke ka 
163 5 
125 26 
95 57 
49 85 
300 26 


(c) For each pair of values in the previous 
table, sketch the graph of N(t) if 


2 Chr. Feldermann, H. Jander, H.Gg. Wagner, Soot Particle Coagulation of Premixed Ethylene/Air Flames at 10 bar, 


International Journal of Research in Physical Chemistry and Chemical Physics, 186 (Part 11), 1994, 127-140. 
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N(O) = No for No = 0.01, 0.05, 0.1, 0.5, 
0.75, 1, 1.5, and 2. Regardless of the 


initial condition N(0) = No, what do you 


notice in each case? Do pollution levels 
seem to be more sensitive to kcy or kg? 
Does your result make sense? Why? 

(d) Show that if kay > 0, 

limi; N(t) = ka/kc. Why is the 
assumption that k4 > 0 reasonable? 

(e) For each pair in the table, calculate 
lim; oo N(f) = kg/ke. Which situation 
results in the highest pollution levels? 
How could the situation be changed? 


Joseph-Louis Lagrange (January 25, 1736, Turin, 
Italy-April 10, 1813, Paris, France) As with 
Clairaut, a crater on the moon is named after 
Lagrange. Some people classify Lagrange as a 
French mathematician but others consider him an 
Italian mathematician as he was born in Turin, 
Italy. Lagrange is famous for his contributions 
to analysis and number theory in mathematics as 
wellas his contributions to analytical and celestial 
mechanics. 

“If I had been rich, I probably would not have 
devoted myself to mathematics." 


57. Equations of the form y = tf (y) + g(y”) are 
called Lagrange equations. These equations 
are solved by making the substitution 
p=y(b. 

(a) Differentiate y = tf (y) + g(y’) with 
respect to t to obtain 


y = tf y” +f’) +g yy". 


(b) Substitute p into the equation to obtain 
ET mb 
pci TIO Fs 
/ / d 

- fq) (fo ese) E 

(c) Solve this equation for dt/dp to obtain 
the linear equation 
dt fs 


dp p-fp"' 
which is equivalent to 


d fO _ 83O 
dp fp-p p-f(p 


This first-order linear equation can be 
solved for t in terms of p. Then, t(p) can 
be used with y = tf (p) + g(p) to obtain 
an equation for y. 
58. Solve the Lagrange equation 
y = —ty + 1(/? using the following steps. 
In this case, f (y) = —y' and g(y) = i». 
(a) Differentiate the equation with respect 
to f to obtain y = —y' — ty" + (y)^y". 
(b) Substitute y' — p to obtain 
p = —p —t dp/dt +p* dp/dt. Simplify this 
equation to obtain dp/dt = 2p/(p* — t). 
(c) Rewrite this equation as 
dt/dp — (p^ — t)/Qp) and solve this 
first-order linear equation for t to obtain 
t= Ip* + Cp 1^. 
(d) Substitute y/ = p and t = ¿p* + Cp 1? 
into the differential equation 
y = —ty' + ¿(y to obtain a formula 
for y. 
(e) Graph the integral curves for various 
values of C. 


In Exercises 59-61, solve the Lagrange equation. 
(In each case,’ = d/dt.) 


59. y = ty’)? + 34N? — 2. 
60. y =t(y +1) + Qy' +1). 
61. y = t2— y) + 20? +1). 
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Leonhard Euler (April 15, 1707-September 18, 
1783, St. Petersburg, Russia) According to 
O'Connor and Robertson [19], "Euler served as a 
medical lieutenant in the Russian navy from 1727 
to 1730. In St. Petersburg, he lived with Daniel 
Bernoulli, who, already unhappy in Russia, had 
requested that Euler bring him tea, coffee, brandy, 
and other delicacies from Switzerland. Euler 
became professor of physics at the Academy in 
1730 and, since this allowed him to become a full 
member of the Academy, he was able to give up 
his Russian navy post." 

Euler was married twice and had 13 children. 
All but five of the children died when they were 
very young, but according to legend, Euler did 
most of his science with young children at his feet. 


62. Euler was the first mathematician to take 
advantage of integrating factors to solve 


linear differential equations.? Euler used the 


following steps to solve the differential 
equation 


(a) Multiply the equation by the integrating 


factor eo, 


(b) Show that (d/do)(e ??vz) = 
e ""v(dz/dv) — 2e?*vz + ez, 

(c) Express the equation as 
(d/dv)(e-??vz) = e-?? and solve this 
equation for z. 


63. Consider the solution to the logistic 
equation y = kyo/(ayo + (k — ayo)e~™). Find 
lim; oo y(t). Sketch the phase line for 
dy/dt = (k — ay) y and compare it to the 
value of lim: œ y(t). 

64. Solve the equation 
Gey + Hdt + al + y) dy =0. 
Graph several solutions. 

65. Solve the IVP y' = (y? — t) / (ty), y(4) =0 
and graph the solution for 0 < t < 4. 

66. (a) The sine integral function, Si(t), is defined 


by 


t . 
Si(f) = / SNY dy. 
0 x 


(i) Evaluate Si'(t) and lim. oo Si(?). (ii) 
Graph Si(t) on the interval [0, 677]. (iii) 
Approximate the maximum value of 
Si(f). 

(b) Graph the direction field associated with 
the equation y sin(t/y) dt — (t + tsin 
(t/y))dy = 0. 

(c) Solve the IVP y sin(t/y) dt — (t + tsin 
(t/y))dy = 0, y(1) = 2 and graph the 
solution. 


In the same manner that CASs and graphing util- 
ities can be used to help find solutions of other 
first-order equations, then can also be used to help 
solve and graph solutions of many other special 
first-order equations. 


2.6 NUMERICAL METHODS FOR 
FIRST-ORDER EQUATIONS 


e EULER's METHOD 
e IMPROVED EULER’S METHOD 
e ERRORS 


3 V.J. Katz, A History of Mathematics: An Introduction, HarperCollins, 1993, p. 503. 
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e RUNGE-KUTTA METHOD 
e COMPUTER-ASSISTED SOLUTIONS USING 
COMMERCIAL SOFTWARE 


In many cases, we cannot obtain a formula for 
the solution to an IVP of the form 


dy/dt = f(t,y), y(to) = yo. 


For example, we cannot find an exact solution of 
dy/dx — sin(2x — y), y(0) = 0.5 using any of 
the methods we have discussed to this point. Of 
course, we can determine certain properties of 
the solution by looking at the slope field. How- 
ever, we sometimes would like to find numerical 
values of y at particular values of t. For that 
reason, we now discuss numerical methods for 
approximating solutions to IVPs. We begin with 
a method based on tangent line approximations. 


Euler's Method 


Suppose that we wish to approximate the so- 
lution to 


dy/dx = f(x,y), w(xo = Yo 


over the interval xy x x x X, where X is a 
specified value of x. For example, we may wish 
to approximate the solution to an IVP on an 
interval like 0 < x < 1. This indicates that 
the initial condition is specified at xp — 0 and 
that X = Lis the end of the interval. Now, we 
partition xy < x < X into N subintervals of equal 
length h, where h = (X — xo)/N. Therefore, the 
nth value of x in the partition is x, = xo + nh, 
n = 1,2, ..., N. This means that x1 = xo +h, 


In this text, we frequently use t as our independent 
variable. In this section, we exclusively use x 
to represent the independent variable and y 
to represent the dependent variable to make 
programming these numerical methods into most 
graphing calculators easier for those students who 
wish to do so. 


X2 = xo + 2h, ..., XN = xo + Nh = Xo + 
N x (X — xp/N = X. If we are solving the 
IVP dy/dx = f(x,y), yo) = yo, then the point 
(xp, Yo) is on the solution curve. Therefore, as 
we discussed in relation to slope fields, we can 
follow the line tangent to the solution curve at 
(Xo, Yo) to approximate the value of the solution 
at the next value of x, x = xı. Because the 
slope of this tangent line is f (xo, yo), we find that 
an equation for the tangent line is y — yo — 
f (xo, yo) (x—xo) or y = f (xo, yo) (x — xo) 9- yo. There- 
fore, the approximate value of the solution at 
HERB 

y1 = f (X0, yo) Gi — xo) + yo = h f (Xo, yo) + Yo. 

Notice that we refer to the approximate value 
of y at x = x; as y; while we refer to the exact 
value of the solution at x = xj as y(x;). This means 
that y; approximates y(x;) (see Figure 2.25(a)). 
We remember from calculus that this gives a 
good approximation if h is a small number. Next, 
we assume that the point (x1, y1) is on the so- 
lution curve. If we determine the equation of 
the line with slope f (x1, y1) that passes through 
(x1, y1), we obtain 


y = 11 —f6 y) (x - xp, 
so we find the approximate value of y at x = x? is 


y2 =f (Xo, Yo) (2 — x1) + y1 = hf (xo, yo) + y1- 

We continue this process until we reach yw, the 
approximate value of y(xy) = y(X). In doing 
so, we obtain a sequence of points of the form 
(Xn, yn), n = 1,2, ..., N. We show several points 
of this type along with actual values of y in 
Figure 2.25(b). 

Theorem 7 (Euler's Method). The solution of 
the IVP 


dy/dx = f(x,y), w(xo) = Yo 


is approximated at the sequence of points (Xn,Yn), 
n = 1,2, ..., where yn is the approximate value of 
y (xn) by computing 


Yn = hf (acti) + Yn-1, 


where Xn = xo + nh and h is the selected stepsize. 


m-—12. .—- 


FIGURE 2.25 
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AY Tangent Line 
F= ETA YAA xo) + Yo 


(x1, yp 


(Xi, yx) 


Solution curve 


(a) 
Ay 


Exact solution 


Qn. yr) 


Lo, y2) 
Approximate 


Qj Ex y1) 
o, Yo) solution 


> 
x 


(b) 


approximations using Euler’s method. 


EXAMPLE 2.6.1 
Use Euler’s method with h = 0.1 and with 
h = 0.05 to approximate the solution of y’ = 
xy, (0) = 1 on 0 < x < 1. Determine the exact 
solution and compare the results. 
Solution 
First, we note that f(x,y) = xy, xo = 0, and 
yo = 1. With h = 0.1, we have the formula 
Yn = hf (%n-1, Vn-1) + Va-1 = 0.1x,—1Vn—1 + Yn-1- 


Then, for xı = xo + h = 0.1, we have 


y1 =0.1x0y0 + yo =0.1x0x1+1=1. 
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Similarly, for x2 = xo + 2h = 0.2, 
yo =0.1x1Y1 + y1 =0.1x0.1x1+1=1.01. 


In Table 2.1, we show the results of this se- 
quence of approximations. From this, we see that 
y(1) is approximately 1.54711. 

First, h = 0.05, we use 
Yn = VU esae Vn-1) +Yn-1 = 0.05x,—1Vn—1 +Yn-1 
to obtain the values given in Table 2.2. With this 
stepsize, the approximate value of y(1) is 1.59594. 

The exact solution to the IVP, which is found 
with separation of variables, is y — e*/? so the 
exact value of y(1) is e'/? ~ 1.64872. The smaller 
value of h, therefore, yields a better approxima- 
tion. We graph the approximations obtained with 
h = 0.1 and h = 0.05 as well as the graph of 
y = e* / in Figure 2.26. Notice from these graphs 
that the approximation is more accurate when h is 
decreased. 


(a) Approximating (x1, 1). (b) Successive 


TABLE 2.1 Eulers Method with h = 0.1 


Xn Um Xn Yn 

0.0 1.0 0.6 1.15873 
0.1 1.0 0.7 1.22825 
0.2 1.01 0.8 1.31423 
0.3 1.0302 0.9 1.41937 
0.4 1.06111 1.0 1.54711 
0.5 1.10355 

TABLE 2.2 Euler’s Method with h = 0.05 

Xn Vn Xn Yn Xn Yn 

0.0 1.0 0.35 1.05361 0.70 1.2523 
0.05 1.0 0.40 1.07204 0.75 1.29613 
0.10 1.0025 0.45 1.09348 0.80 1.34474 
0.15 1.00751 0.50 1.11809 0.85 1.39853 
0.20 1.01507 0.55 1.14604 0.90 1.45796 
0.25 1.02522 0.60 1.17756 0.95 1.52357 
0.30 1.03803 0.65 1.21288 1.00 1.59594 


72 2. FIRSTORDER EQUATIONS 
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(a) 
FIGURE 2.26 (a)h = 0.1 and (b) h = 0.05. 


Improved Euler's Method 


Euler's method is improved by using an av- 
erage slope over each interval. Using the tan- 
gent line approximation of the curve through 
(X0, Yo), Y = f Xo, yo)(x — xo) + yo, we find the 
approximate value of y at x = xı, which we 
now call yt. Then, yt = hf (xo, yo) + yo, and with 
the differential equation y = f(x,y), we find 
that the approximate slope of the tangent line at 
x = x1 is f (x1, y1). The average of the two slopes, 
fo, yo) and fGi, yj) is 3 (Fo, yo) - f Givi), 
and an equation of the line through (xo, yo) with 


slope 3 (f(xo, yo) + f Ga, y])) is 


1 
y=> (F (xo, Yo) +f(%1,y7)) Œ — xo) + yo- 


We illustrate the determination of this aver- 
age slope and the position of these lines in 
Figure 2.27. 

At x = x1, the approximate value of y is given 


by 
1 
j= (fo, yo) +f (1 yi) Œ — xo) + yo- 


Continuing in this manner, the approximation 
in each step in the improved Euler's method 
depends on the following two calculations: 


V; = hf (it Vn=1) + Yn-1, 
1 
Yn = 2 h (f n—1/Yn-1) +f (Xn, Y) + Yn-1, 


Tangent Line Approximation 


Average 
( » lą- Approximation 
Xp Y] 


(Xo. Yo) 


«Y 


Solution Curve 


FIGURE 2.27 Improving Euler's method. 


where Xn = xo + nh. 
Theorem 8 (Improved Euler's Method). The 
solution of the IVP 
y =f(x,y), yo) — yo 


is approximated at the sequence of points (Xn, Yn), 
n = 12, ..., where yn is the approximate value of 
y (cn) by computing at each step the following two 
calculations: 


V; = hf (X«-1,91—1) + Yn-1, 
1 
Yn = 2 h (f@n-1Yn-1) T (Y) + Yn-1, 


where x, = xo + nh and h is the selected stepsize. 
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EXAMPLE 2.6.2 


Use the improved Euler’s method to ap- 

proximate the solution of y' = xy, y(0) = 1 

on 0 x x < 1 for h = 0.1. Compare the results to 
the exact solution. 


Solution 
In this case, f(x,y) = xy, xo = 0, and yo = 1. 
Therefore, we use the equations 


y, = hxgays-i +Yn-1 


1 
Yn = 2 h (Xn Vni + XnY) + Yn-1, 
forn = 1,2,...,10. For example, ifn = 1, we have 


yi = hxoyo +yo =0.1x0x1+1=1, 


= 


yı = 5h (xoyo + xii) + yo 


N 


1 
= 2 1+0.1x1) x 0.1+ 1 = 1.005. 
Then, 
Y = hxyyi yi = 0.1 x 0.1 x 1.005 


+1.005 = 1.01505, 
1 x 1 
Y = 5^ (xni + xy) dr em piod x 1.005 


+0.2 x 1.01505) x 0.1 + 1.005 = 1.0201755. 


In Table 2.3, we list the approximations obtained 
with this improved method and compare them 
to those obtained with Euler's method in Exam- 
ple 2.6.1 (see Figure 2.28). Which method yields a 
better approximation? 


Errors 


When approximating the solution of an IVP, 
there are several sources of error. One of these 


TABLE 2.3 Improved Euler’s Method with h = 0.1 
Xn y, IEM) y, (EM) Actual Value 
0.0 1.0 1.0 1.0 
0.1 1.005 1.0 1.00501 
0.2 1.0201755 1.01 1.0202 
0.3 1.0459859 1.0302 1.04603 
0.4 1.083223 1.06111 1.08329 
0.5 1.1330513 1.10355 1.13315 
0.6 1.1970687 1.15873 1.19722 
0.7 1.277392 1.22825 1.27762 
0.8 1.3767731 1.31423 1.37713 
0.9 1.4987552 1.41937 1.49930 
0.10 1.6478813 1.54711 1.64872 
y 
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FIGURE 2.28 Using the Improved Euler's Method to 
approximate the solution to an IVP. 


sources is round-off error because computers and 
calculators use only a finite number of digits 
in all calculations. Of course, the error is com- 
pounded as rounded values that are used in 
subsequent calculations. Therefore, one way to 
minimize round-off error is to reduce the num- 
ber of calculations. 

Another source of error is truncation error, 
which results from using an approximate 
formula. We begin our discussion of error by 
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considering the error associated with Euler's 
method, which uses only the first two terms of 
the Taylor series expansion. 

Recall Taylor's Formula with Remainder and 
Taylor's Theorem from introductory calculus. 
Provided that the necessary derivatives exist and 
are continuous on an interval containing x = xo 
for the function y — y(x) and other reasonable 
conditions are met, Taylor's Theorem tells us 
that 


re 0) 


y(x) = y(xo) + y (xo) (x — xo) + (x — xp? 
y? (x XQ) : ye (e) T 
eae 3 (x — xo) Paro e) , 


where c is a number between x and xo. The 
remainder term is 


ye D (c) 
(n 4-1)! 


n+1 


R(x) = (x — xo) 


so the accuracy of the approximation obtained 
by using the first n terms of the Taylor series 
depends on the size of Ra (x). For Euler's method, 
the remainder is 

y" (c ) 


Ry(x) = —— 


2 — x9)" 


so at x 2 x1 = xo +h, the remainder is 


y" (c) n2 


R1(x1) = R(xo + h) = 2! 


Therefore, a bound on the error is given by 


[R163)] € je max [y"(x)|. 


XoXxxxi 


EXAMPLE 2.6.3 

Find a bound for the local truncation error 
when Euler's method is used to approximate the 
solution of the IVP y' = xy, y(0) = 1 at x = 0.1. 


Solution 
We found in Example 2.6.1 that the exact so- 


lution of this problem is y = e? Therefore, a 
bound on the error is 


1 
[R1G3)] € = (0.1)? max l/ co, 
2 XoXxXxi 


where y' = xe*/? and y” = e*/2 + 32e 2, Then, 


1 D i] 
IRL GE 5 0-7 max ly" 


1 
=> (0.17 max |e” 2/2 2/2 


Xx) <ASX1 


TX 


IA 


(0.005) ( max jer /2) + max ve") 
XQSXSX1 xy <EA<1 


< (0.005) (de d Oren?) 


= 0.005075. 


Notice that the value of y = e*/? at x = 0.1 is 
1.005012521 and the approximate value obtained 
with Euler’s method is y; = 1. Therefore, the error 
is 1.005012521 — 1.0 = 0.005012521, which is less 


than the bound |R,(x1)| x 0.005075. 


Runge-Kutta Method 


To improve on the approximate solutions ob- 
tained with Euler’s method and to avoid the 
analytic CIPCTERE don of the function f(t, y) to 
obtain y”, y”, ..., we introduce the Runge-Kutta 
method. We begin with the Runge-Kutta method of 
order 2. 

Suppose that we know the value of y at xy. 
We now use the point (xn, Yn) to approximate 
the value of y at a nearby value x = x, + h by 
assuming that 


Vn41 = Yn + Akı + Bho, 


where 
ky = hf (xn,Yn) and ko = hf (xn + ah, yn + bla). 
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We also use the Taylor series expansion of y 
to obtain another LM Of Yny = 
y (Xn +h) as follows: 


Y (Xn + h) = Y (Xn) + hy (Xn) + 21 a (Xn) +: 


= Yn + hy (Xn) + Ey (Xn) +--> 
Now, because 


Yn+1 = Yn + Akı + Bkz = Yn + Ahf (Xn, Yn) 
+Bhf (xn + ah, yn + bhf (xn, Ym)) » 


we wish to determine values of A, B, a, and b such 
that these two representations of yn+1 agree. No- 
tice that if we let A — 1 and B = 0, then the 
relationships match up to order h. However, we 
can choose these parameters more wisely so that 
agreement occurs up through terms of order h?. 
This is accomplished by considering the Taylor 
series expansion of a function z = F(x,y) of two 
variables about (xo, y0) which is given by 


oF 
F (xo, o) + 3x ( 0, Yo) (x — xo) 


aF 
+ gy Coo) V- yo) + 


Wilhelm Kutta’s (1867-1944) thesis published in 
1900 contains the Runge-Kutta method for solving 
differential equations. Although Kutta’s theorem 
is famous now, he may have been more interested 
in subject areas outside of mathematics as he took 
many courses in music, art, and languages. 


In our case, we have 


f (Xn + 4h, yn + bhf (Xn/Ym)) = f Qo Yn) 


9 
+ ane (Xn, Yn) + bhf (Xn, Yn) 


2. wn) (y 30) +0 (££). 


The power series is then substituted into the 
following expression and simplified to yield: 


Yn+1 = Yn + Ahf (xn, Yn) 
+Bhf (xn +ah, Yn + bhf (Xn, Ym)) 


0 
= yn + (A+ B)hf (xu, Yn) + apr? (Xn, Yn) 


vi x (Xn Yn) +0 (i9). 


Comparing this expression to the following 
power series obtained directly from the Taylor 
series of y, 


Y(Xn + h) = Y(Xn) + hf (xs, Yn) 


EDBIZf (en yo) 57 


+> n af PI Vn) 


t i 3 
To ay — (Xn, Yn) + Or) 


Carle Runge's (1856-1927) is more famous for his 
contributions to physics than for his contributions 
to mathematics. Although active and fit, Runge 
died of a heart attack at the age of 70. 
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or 


1,59 
Yn+1 = Yn + hf (Xn, yn) F ie y) 


1,59 
S38 ua + O(n’), 


we see that A, B, a, and b must satisfy the follow- 


ing system of nonlinear equations: 


1 1 
A+B=1, ai= 5 and bB — >: 


Therefore, choosing à — b — 1, the Runge- 
Kutta method of order 2 uses the following equa- 


tion: 


1 
Yn+1 = Y (Xn + h) = yn + aif (Xn Yn) 
1 
+ (Xn +h, Yn + hf (Xn, Yn) 


1 
= Yn + 5 a +k), 


where ky = hf (Xn, yn) and ko = hf (xn + h, yn + ki). 
Notice that this method is equivalent to the 


improved Euler method. 


Theorem 9 (Runge-Kutta Method of Order 2). 


The solution of the IVP 
y =f (x,y), yo) = yo 


is approximated at the sequence of points (Xn, Yn) 
(n = 1, 2, ...), where yn is the approximate value 


of y(tn) by computing at each step 
1 
Yn+1 = Y (Xn + h) = Yn + z" (Xn, Yn) 
1 
*3hf (Xn +h, yn + hf (Xn/Yn)) 


1 
= Yn + 5 (ki + k2) (n=0, 1,2, «9, 


where ky = hf (Xn,Yn), k2 = hf (xn +h, yn +h), 


Xn = xo + nh, and h is the selected stepsize. 


EXAMPLE 2.6.4 


Y Use the Runge-Kutta method of order 2 with 
h = 0.1 to approximate the solution of the IVP 


y —xy,y(0) =1lon0<x <1. 


Solution 


In this case, f(x, y) = xy, xg = 0, and yo = 1. 
Therefore, on each step we use the following three 
equations: 


ky = hf (xn, yn) = 0-1xnyn, 
ko = hf (Xp +h, yn + kı) 
= 0.1 (x, + 0.1) (Yn +X1), 
and 


1 
Jnd = Yn + 5 (ki + k2). 
For example, if n = 0, then 


ky = 0.1xoyo ex «0 s« Lo 0, 
k2 = 0.1 (xg + 0.1) (Yo SF kı) 
= Oils Oil = QUOI, 


and 
1 1 
yi = Yor 5 i + ha) =1+ = 0.01 = 1.005. 


Therefore, the Runge-Kutta method of order 2 
approximates that the value of y at x = 0.1 is 1.005. 
Similarly, if n = 1, then 


ky = 0.1x1y1 = 0.1 x 0.1 x 1.005 = 0.01005, 
k2 = 0.1 (xı + 0.1) (ui + k1) =0,1 
x 0.2 x 1.01505 = 0.020301, 


and 
1 1 
Y = y+ 5 + ko) = 1.005 + 2 
x (0.01005 4- 0.020301) — 1.0201755. 


In Table 2.4, we display the results obtained for the 
other values on 0 < x < 1 using the Runge-Kutta 
method of order 2. 


The terms of the power series expansions 
used in the derivation of the Runge-Kutta 
method of order 2 can be made to match 
up to order 4. These computations are rather 
complicated, so they will not be discussed here. 
However, after much work, the fourth-order 
Runge-Kutta method approximation at each step 
is found to be made with 
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TABLE 2.4 Runge-Kutta Method of Order 2 with 
h=0.1 


Xn y,, (RK) Actual Value 
0.0 1.0 1.0 

0.1 1.005 1.00501 
0.2 1.0201755 1.0202 
0.3 1.0459859 1.04603 
0.4 1.083223 1.08329 
0.5 1.1330513 1.13315 
0.6 1.1970687 1.19722 
0.7 1.277392 1.27762 
0.8 1.3767731 1.37713 
0.9 1.4987552 1.4993 
1.0 1.6478813 1.64874 


1 
Yn+1 = Yn + z" (ky + 2k» +2k3 + k4), 
A 2, 22, 


1 1 
k2 = f (x T 2! Yn t shi , 


1 1 
k3 = f (x + 74 yn T js) , 
and 


k4 = f (Xn+1, Yn + hk3) . 


Theorem 10 (Runge-Kutta Method of Order 
4). The solution of the IVP 


y =f(x,y), y(xo) = yo 
is approximated at the sequence of points (Xn, Yn) 
(n = 1,2,...), where yy is the approximate value 
of y(Xn), by computing at each step 
1 
Yn+1 = Yn + at (ky + 2k2 + 2k3 + k4) 
(n=0,1,2,...), 


where kı = f (Xn,Yn), k2 =f (xn + 5h, yn + hk), 


ks =f (xn + bh, yn + Bho) ka = f ossa + hks), 
Xn = xo + nh, and h is the selected stepsize. 


EXAMPLE 2.6.5 


Y Use the fourth-order Runge-Kutta method 
with h = 0.1 to approximate the solution of 
the problem y' = xy, y(0) = 10n0 x x <1. 


Solution 


With f(x,y) = xy, xo = 0, and yo = 1, the 
formulas are 


0.1 
Yn+1 = Yn + E (ky + 2ko +2k3 + k4), 
=O, 1, 25. 007 
where 


ig = eva) = XnYn, 


1 1 
In = i (x =F 71 Yn oF shi 


1 il 
E (x + 2 x 01) (v + 2 x 0.1h ) > 


1 1 
k = if (s + z Yn SP shi) 


il 1 
= (x + 2 x 01) (v + 2 x oae) P 
and 


a = f Caine + hks) = Xn+1 (Yn ar 0.1k3) E 
For n = 0, we have 
ky = xoyo =0x1=0 


1 1 
k2 = | xo + = x01) | yo + = x 0.1kı 
2 2 
= 0.05 x l= O05 


1 1 
k; = (x + 2 x 01) (vo + 2 x oo) 
0.05 x (1 + 0.0025) = 0.050125 


and 
hen e xul (vo =P 0.1k3) = 0.1 
x (1 + 0.0050125) = 0.10050125. 
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Therefore, 
0.1 
Y = y0 + p3 (ky + 2k» + 2k3 + k4) = 1.005012521. 


In Table 2.5, we list the results for the Runge-Kutta 
method of order 4-5 decimal places. Notice that 
this method yields the most accurate approxima- 
tion of the methods used to this point. 


Computer-Assisted Solutions 
Using Commercial Software 


CAS like Mathematica and Maple, numerical 
software like MatLab, as well as many other com- 
mercially available software programs and your 
graphing calculator can help you generate nu- 
merical solutions to differential equations. 

Most of you are familiar with some of these 
programs from your calculus courses, so refer to 
appropriate resources to see how your software 
can help you solve problems that require numer- 
ical methods. 


TABLE 2.5 Fourth-Order Runge-Kutta Method with 
h=0.1 


Xn y, (RK Order 4) y, (IEM) Actual Value 
0.0 1.0 1.0 1.0 

0.1 1.00501 1.005 1.00501 
0.2 1.0202 1.0201755 1.0202 
0.3 1.04603 1.0459859 1.04603 
0.4 1.08329 1.083223 1.08329 
0.5 1.13315 1.1330513 1.13315 
0.6 1.19722 1.1970687 1.19722 
0.7 1.27762 1.277392 1.27762 
0.8 1.37713 1.3767731 1.37713 
0.9 1.4993 1.4987552 1.4993 
1.0 1.64872 1.6478813 1.64874 


Detailed discussions of error analysis as well as 
other numerical methods can be found in most 
numerical analysis texts.4 


EXAMPLE 2.6.6 


Y Graph the solution to the IVP dy/dx = 
sin(2x — y), y(0) = 0.5. What is the value 
of y(1)? 


Solution 


Using a CAS, we generated the figure of the 
solution to the IVP that is shown in Figure 2.29(a). 
Note that the figure has been enhanced by a 
graphics specialist so might look better in this text 
than if you generate your own. We also generate 
several solutions together with the slope field for 
the equation in Figure 2.29(b). 

Using the same software, we determined that 
y(1) & 0.875895. To confirm that the graph and y- 
value are reasonably correct, we verified the result 
with a different CAS. 


D EXERCISES 2.6 


In Exercises 1-8, use Euler's method with h = 
0.1 and h = 0.05 to approximate the solution of 
the IVP at the given value of x. 


1. y =4y+3x+2,y(0)=1,x=1. 


. y =siny,y(0)=1,x=1. 
. y =sin(y — x), yO) = 0, x = 1. 


2. y =4x—y+1, y(0)=0,x=1. 
3. y —x=y-1,y00)=1x=1. 
4. y +x =5,/7, 90) =1,x=1. 

5. y = Jy + 5y, y1) =1,x =2. 
6. y 2xyl^ — y, y0) =1,x =2. 
7 

8 


4See, for example, R.L. Burden, J.D. Faires, Numerical Analysis, third ed., PWS Publishers, 1985. 
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(b) 


FIGURE 2.29 (a) Graph of the solution to the IVP. (b) 
Several slopes together with the slope field for the ODE. 


In Exercises 9-16, use the improved Euler's me- 
thod with h = 0.1 and h = 0.05 to approximate 
the solution of the corresponding exercise above 
at the given value of x. Compare these results 
with those obtained in Exercises 1-8. 


9. Exercise 1. 
10. Exercise 2. 
11. Exercise 3. 
12. Exercise 4. 
13. Exercise 5. 
14. Exercise 6. 
15. Exercise 7. 
16. Exercise 8. 


In Exercises 17-24, use the Runge-Kutta method 
with h = 0.1 and h = 0.05 to approximate the 
solution of the corresponding exercise above. 
Compare these results with those obtaincd in 
Exercises 1- 16. 


17. Exercise 1. 

18. Exercise 2. 

19. Exercise 3. 

20. Exercise 4. 

21. Exercise 5. 

22. Exercise 6. 

23. Exercise 7. 

24. Exercise 8. 

25. Consider the IVP dy/dx = —y, y(0) = 1. (a) 
Find the exact solution to the problem. 
What is y(1)? (b) Approximate y(1) with 
Euler's method using h = 0.1, h = 0.05, 
andh = 0.025. (c) Do the values in (b) 
approach the exact value of y(1) as h 
approaches zero? 

26. Repeat Exercise 25 using the improved 
Euler's method. Do the approximate values 
of y(1) obtained with the improved Euler's 
method converge more quickly than those 
obtained with Euler's method? 

27. Repeat Exercise 25 using the Runge-Kutta 
method of order 4. Do the approximate 
values of y(1) obtained with this method 
converge more quickly than those obtained 
with the improved Euler's method and 
Euler's method? 


As indicated in our examples, computers and 
CASs are of great use in implementing numerical 
techniques. In addition to being able to implement 
the algorithm illustrated earlier, many CASs 
contain built-in commands that you can use to 
implement various numerical methods. 


28. Graph the solution to the IVP 
dy/dx = cos(y — 2x), y(0) = 0.5 on the 
interval [0, 15]. 

29. Graph the solution of y' = sin(xy) subject to 
the initial condition y(0) = i on the interval 
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30. 


31. 


[0, 7] for i = 0.5, 1.0, 1.5, 2.0, and 2.5. In each 
case, approximate the value of the solution 
if x = 0.5. 

(a) Graph the direction field associated 
with dy/dx = x? + y? for —1 <x «1 
and —1 < y <1. 

(b) Graph the solution to the IVP 
dy/dx = x? + y?, y(0) = 0 on the 
interval [—1, 1]. 

(c) Approximate y(1). 

Solve dy/dt = y? + 1, y(0) = 1 for 

0 < t < 1/2. Can you resolve any problems 

with your solution that occur near t = 1/4? 


CHAPTER 2 SUMMARY: 
ESSENTIAL CONCEPTS AND 
FORMULAS 


Existence and Uniqueness Theorems: In 
general, if f and 8f /ðy are continuous 
functions on the rectangular region R: 

à «t «b,c «y « d containing the point 
(to, yo), then there exists an interval 

|t — tg| < h centered at fy on which there 
exists one and only one solution to the IVP 
y = f(t,y), y(to) = yo. Special cases of the 
theorem are stated in Section 2.2 for 
separable equations, Section 2.3 for linear 
equations, and Section 2.4 for exact 
equations. 

Separable Differential Equation: A 
differential equation that can be written in 
the form g(y)y' = f (t) or g(y) dy = f(t) dt is 
called a separable differential equation. 
First-Order Linear Differential Equation: A 
differential equation that can be written in 
the form dy/dt + p(t)y = q(t) is called a 
first-order linear differential equation. 
Integrating Factor: An integrating factor for 
the first-order linear differential equation is 
ub = eS Pde, 

Exact Differential Equation: A differential 
equation that can be written in the form 
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M(t, y) dt + N(t, y) dy = 0 where 

Mt, y) dt + N(t, y) dy = 

(9f/9t)(t, y)dt + (8f /dy)(t, y)dy for some 
function z = f(t, y) is called an exact 
differential equation. 

Bernoulli Equation: A differential equation 
of the form y + p(t)y = q(t)y". 
Homogeneous Equation: A differential 
equation that can be written in the form 

M(t, y) dt + N(t, y) dy = 0 is homogeneous of 
degree n if both M(t, y) and N(t, y) are 
homogeneous of degree n. 

Numerical Methods Numerical methods 
include computer-assisted solution, Euler's 
method, the improved Euler's method, and 
the Runge-Kutta method. Other methods are 
typically discussed in more advanced 
numerical analysis courses. 


CHAPTER 2 REVIEW EXERCISES 


In Exercises 1-23, solve each equation. 
. dy/dt = 28 /(5y?). 

. cos 40 do — 8sinrdr = 0. 

. y — y/t S y) jt, t » 0. 

. dy/dt = e% jt. 

. dy/dt = e* /y?. 

. (—075 + 0-3) dé = Q9* — 69?) de. 
. dy/dt = y/(e? In y). 

dy (4-73)0y-3) 

dx (x-1)Qx—5)' 

. dy/dt + 3y = —10sint. 

. 3tdt + (t — 4y) dy = 0. 

. (y D dt + (t --y) dy = 0. 

. (y — x)dx + dy = 0. 

. y? dt + (ty + 2) dy =0. 

. dr/dé = (r° + 67)/(r0). 

. dx/dt = 5tx/(x? + £). 

. (P — y)dt + (y - £) dy = 0. 
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17. (Py + sin t)dt + deg — cos y) dy — 0. 
18. (tan y — t) dt + (tse? y + 1) dy = 0. 
19. tInydt+ (2/Qy) + 1) dy = 0. 
20. y +y=5. 
22. dx/dy + x/y = y?. 
23. 0r' +r=0c0s0. 
24. dy/dt — y = ty’. 
25. dy/dt + y = efy?. 
Solve the following Clairaut equations (see 
Exercise 50, Section 2.5). 
26. y= ty’ + 3(y*. 
27. y — ty = 2)? In(t). 
Solve the following Lagrange equations (see 
Exercise 57, Section 2.5). 
28. y — 2ty' = —2(y Y. 
29. y — 2ty' = —4(yy?. 
In Exercises 30-35, solve each IVP. (Check your 
solution by graphing the result on an appropriate 
interval.) 
30. 2x — y — 2) dx + (2y — x) dy = 0, y(0) = 1. 
31. cos(t — y) dt + (1 — cos(t — y)) dy = 0, 
ym) — m. 
32. (ye — 2t)dt + te" dy = 0, y(0) = 0. 
33. (sin y — y cost) dt + (t cosy — sint) dy = 0, 
yGr) = 0. 
34. y? dt + Qty — 2cosysiny) dy = 0, yO) = x. 
35. (y/t + In y) dt + (t/y + Int)dy = 0, y(1) = 1. 
For each of the following IVPs, use (a) Euler's 
method, (b) the improved Euler's method, and 
(c) the Runge-Kutta method of order 4 with h = 


0.05 to approximate the solution to the IVP on the 
indicated interval. 


36. y = y* — x, y(0) = 0, [0,1]. 
37. y = x y, y() = 1, [1,2]. 
38. y = x-Ey yO) = 1, [1,2]. 
39. y' = sin(x?y), y(0) = 1, [0, 1]. 


40. Does the Existence and Uniqueness 
Theorem guarantee a unique solution to the 
following IVPs? 

(a) dy/dt = ty?, y(0) = 0. 
(b) dy/dt = ty?, yO) = 0. 
(© dy/dt = —y/(t — 2), y2) = 0. 

41. (Higher-Order Methods with Taylor Series 
Expansion) Consider the IVP y' = f(x, y), 
y(xo) = yo. Recall that the Taylor series 
expansion of y about x = xo is given by 


2 y 9 (x0) 
De gp * 
k=0 


We know the value of y at the initial value of 
X = xo, so we use this value to approximate 
y at x1 = xo +h, which is near xo, in the 
following manner. Assuming that the Taylor 
series converges to y(x) on an appropriate 
interval containing xo, we first evaluate the 
Taylor series at x1 = xo + A to yield 


k 
— Xo) " 


Vee von) fee GO Es 042 


y" (X0) 13 
QUE 3 Spee, 
Substituting y’ = f(x,y), y" = f'(x,y), and 
y” = f" (x, y) into this expansion, using 
y ed = yo and calling this new value y1, 
we have 


yı = y(xo +h) = y(xo) + f (xo, Yoh 


1 y 1 yf 
ud (Xo, yo)h? + aV (xo, yo)I? + 


1 / 
= Yo + f (xo, yo)h + a (xo, yo)? 


1 7, 
aif Go yo? d 


Hence, the initial point (xo, yo) is used to 
determine y1. A first-order approximation is 
obtained from this series by disregarding 
the terms of order h? and higher. In other 
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words, we determine y; from 

V1 = yo + f (xo, yo). We next use the point 
(x1, 1) to approximate the value of y at 

X2 = x1 +h. Calling this value y2, we have 


y(x) = ya) + y a) — x1) 
y" Qa) 
2! 
so that an approximate value of y(x2) is 
yo = yon - fea, yh = yi fea, yh. 


Continuing this procedure, we have that the 
approximate value of y at x = Xn = Xn—1 + h 
is given by 


+ (a+. 


Yn = Y(Xn-1) Tf Gua, Yn—1)h 
= Vn-1 +f Gia, Yn—1)h. 
If we use the first three terms of the Taylor 


series expansion instead, then we obtain the 
approximation 


Yn = YOn-1) +f Gi Yn—1)h 
HERP tna Ya) 
= YYn-1 t fia Yn-1)h 
+ PP Cina on 


We call the approximation that uses the first 
three terms of the expansion the three-term 
Taylor method. 

(a) Use the three-term Taylor method with 
h = 0.1 to approximate the solution of 
the IVP y = xy, y(0) =10n0<x<1.A 
four-term approximation is derived in a 
similar manner to be 


Vn = Y(Xn-1) +f Gu, Vn) 
l5 
tlf (Xn 1, Vn—1) 


la 
+ LÀ (Xn—1, Vn—1) 


42. 


43. 


— Vn-1 + f Gn, Vn) 
lj 
EE (Xn—1, Vn-1) 


1 
ui (Xn-1, Yn-1) . 


(b) Use the four-term method with h = 0.1 

to approximate the solution of 

y =1+y+xy(0)=00n0<x<1l. 
(Running Shoes) The rate of change of 
energy absorption in a running shoe is 
given by dE/dt = F du/dt, where 
F(t) = lFoü — cos wt). represents the force 
magnitude and pulse duration exerted on 
the shoe and du/dt — Lugo sin(wt — à) 
represents the rate of change of the vertical 
displacement of the midsole.? The constant 
Fo represents the maximum magnitude of 
the input force in Newtons (N), o represents 
the frequency of the input profile in radians 
per second (rad/s), uo represents the 
maximum rate of change of the vertical 
displacement of the midsole in meters (m), ó 
represents the phase angle between F(t) and 
u(t) in radians (rad), and t represents time 
in seconds (s). Thus, the rate of change of 
energy absorbed by the shoe is given by 


SR Ep ü t) sin(wt — ô 
" x ooo (1 — cos ot) sin(wt — ô). 


(a) Find the energy absorbed by the shoe 
from t = t tot = to. 

(b) The maximum energy absorbed by the shoe, 
ME, is found by calculating the energy 
absorbed if tı = 8/w and t2 = (t + 8)/0. 
Show that 


ME = ; foto (1 " q sin 5) : 


(Fermentation) In the fermentation industry, 

one of the goals of the molecular biologist is 
to control the environment and regulate the 
fermentation. To achieve meaningful 


5].F. Swigart, A.G. Erdman, PJ. Cain, An Energy-Based Method for Testing Cushioning Durability of Running Shoes, 
Journal of Applied Biomechanics, 9, 1993, 47-65. 
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environmental control, fermentation 
research must be carried out on fully 
monitored environmental systems, the 
environmental observations must be 
correlated with existing knowledge of 
cellular control mechanisms, and 
environmental control conditions must be 
reproduced through continuous computer 
monitoring, analysis, and feedback control 
of the fermentation environment. 

One component of environmental control is 
the measurement of dissolved oxygen with 
a steam sterilizable dissolved oxygen sensor 
made up of a polymer membrane-covered 
electrode. Suppose that the electrode is 
immersed in a liquid medium and that the 
oxygen is reduced according to the chemical 
reaction 


O, + 2H20 > 4OH . 


The rate of change dC/dt in dissolved 
oxygen concentration at a particular point 
in a fermentor vessel is given by 

E - ka(C* - O - Qo,X, 
dt 
where C* is the concentration of dissolved 
oxygen that is in equilibrium with partial 
pressure p in bulk gas phase, C is the 
concentration of dissolved oxygen in bulk 
liquid, k a is the volumetric oxygen transfer 
coefficient, Oo, is the specific rate of oxygen 
uptake (microbial respiration), and X is the 
cell mass concentration. If there are no cells 
present, the equation becomes 


dC = 
— =k ESOS 
di La(C* — C) 
(a) If C(0) = 0, determine C(t) as a function 
of C* and k; a. 


(b) Suppose that C, is the concentration of 
dissolved oxygen that corresponds to 
the sensor reading and k, is the sensor 


constant that depends on the 
conductance of the membrane and the 
liquid film outside the sensor. If Cy 
satisfies the equation 

dC/dt = kp (C — Cp) and C,(0) = 0, 
determine Cs (f) as a function of ky, kj a, 
and C*. By knowing kp in advance and 
by observing C, experimentally, the 
value of ky, a can be estimated with the 
solution of this IVP. Thus, the amount of 
dissolved oxygen can be determined. 


DIFFERENTIAL EQUATIONS 
AT WORK 


A. Modeling the Spread of a Disease 


Suppose that a disease is spreading among a 
population of size N = N(t) at time t. In some 
diseases, like chicken pox, once an individual 
has had the disease, the individual becomes im- 
mune to the disease. In other diseases, like most 
venereal diseases, once an individual has had 
the disease and recovers from it, the individual 
does not become immune to the disease. Subse- 
quent encounters can lead to recurrence of the 
infection. 

Let S(t) denote the percentage of the popu- 
lation susceptible to a disease at time t, I(t) the 
percentage of the population infected with the 
disease, and R(t) the percentage of the popula- 
tion unable to contract the disease. For example, 
R(t) could represent the percentage of persons 
who have had a particular disease, recovered, 
and have subsequently become immune to the 
disease. 

To model the spread of various diseases, we 
begin by making several assumptions and intro- 
ducing some notation. 


1. Susceptible and infected individuals die at a 
rate proportion to the number of susceptible 


S. Aiba, A.E Humphrey, N.F. Millis, Biochemical Engineering, second ed., Academic Press, 1973, pp. 317-336. 
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and infected individuals with 
proportionality constant u called the daily 
death removal rate; the number 1/1 is the 
average lifetime or life expectancy. 

2. The constant A represents the daily contact 
rate. On average, an infected person will 
spread the disease to à people per day. 

3. Individuals recover from the disease at a rate 
proportional to the number infected with the 
disease with proportionality constant y. The 
constant y is called the daily recovery removal 
rate; the average period of infectivity is 1/y. 

4. The contact number o = X/(y + u) represents 
the average number of contacts an infected 
person has with both susceptible and 
infected persons. 


If a person becomes susceptible to a disease 
after recovering from it (such as gonorrhea, 
meningitis, or streptococcal sore throat), then the 
percentage of people susceptible to becoming in- 
fected with the disease, S(t), and the percentage 
of people in the population infected with the 
disease, I (t), can be modeled by the system 


dS/dt = —AIS+ yI +u — uS 
dI/dt = AIS — yI — ul 
$(0) = Sg, I(0) = Ip, S(t) + I) = 1. 


This model is called an SIS (susceptible-infected- 
susceptible) model because once an individual 
has recovered from the disease, the individual 
again becomes susceptible to the disease.” 

Since S(t) = 1—I(t), we can write I’(f) = AIS — 
yl + ul as dI/dt = AI — I) — (y + 4) and thus 
we need to solve the IVP 


di /dt = [A — (y + WI - AP, 


1. Convert the Bernoulli equation 
I'(t) 2 AI(1 — D) — (y + wI to a linear 
equation and solve the result with the 
substitution y = I7!. 


10) = Ío. 


2. (a) Show that the solution to the IVP 
rO 5 AIO —1) — (y + WI, 10) = Io is 
eO -Dt l 
o (eme -D -1) (o — 1) 1/lo' 


f OF 1 
igs 
n 4, ifo =1 
At+1/Ip 
and graph various solutions if (b) à = 3.6, 
y =2,and u = 1; (c) à = 3.6, y = 2, and 
u = 2. In each case, find the contact number. 
How does the contact number affect I(t) for 
large values of t? 
3. Evaluate lim, I(t). 


The incidence of some diseases, such as 
measles, rubella, and gonorrhea, oscillates 
seasonally. To model these diseases, we may 
wish to replace the constant contact rate à by a 
periodic function A(t). 


4. Graph various solutions if (a) 

A(t) = 5 — 2sin 6t, y = 1, and u = 4; and (b) 
A(t) = 5 — 2sin6t, y = 1, and u = 2. In each 
case, calculate the average contact number. 
How does the average contact number affect 
I(t) for large values of t? 

5. Explain why diseases such as gonorrhea, 
meningitis, and streptococcal sore throat 
continue to persist in the population. Do you 
think there is any way to eliminate these 
diseases completely from the population? 
Why or why not? 


B. Linear Population Model 
with Harvesting 


1. Consider: y' = ay — h, y(0) = yo, where a and 
h are positive constants. The value of a 
represents the growth rate, while that of h 
represents the fishing (or harvesting) rate. 
The solution y(t) represents the size of a 
population at time f. 


7 H.W., Hethcote, Three Basic Epidemiological Models, Applied Mathematical Ecology, S.A. Levin, T.G. Hallan, LJ. 


Gross (Eds.), Springer-Verlag, 1989, pp. 119-143. 
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(a) Determine the equilibrium solution. 

(b) Sketch the phase line. 

(c) Solve the IVP. 

(d) If yo > h/a, determine lim; o y(t). 

(e) If yo = h/a, determine limi, o y(t). 

(f) If yo < h/a, determine lim; o y(t). 

-y'= 3y - 1, y0) = yo 

(a) Determine the equilibrium solution. 

(b) Sketch the phase line. 

(c) Solve the IVP. 

(d) If yo = 3, determine lim; oo y(t). 

(e) If yo = 2, determine limi, o y(t). 

(f) If yo = 1.5, determine the value of t for 
which y(t) 2 0. What does this mean in 
terms of the population? 

. Consider the model y' = y — 1, y(0) = 0.5, 

and the model y' = $y — 1. In which model 

do you predict that the population will 
become extinct more quickly? Verify your 
response. 

. Consider the model y = 1y — 3, y(0) = 0.5 

and the model y' — iy —1,y(0) = 0.5. In 

which model do you predict that the 
population will become extinct more 
quickly? Verify your response. 

. Suppose that you own a "fish farm" and that 

during the first year, the growth rate of the 

population is a — 1/2 and the harvesting rate 
is h = 1/2. However, during the second year, 
instead of harvesting, you decide to add fish 

ata rate of r 2 1/2. If y(0) = 0.5, find y(2). 

How does this value compare to the original 

size of the population? What (approximate) 

value of r should be used so that 

yQ) = (0)? 

. Suppose that in problem 5 above, you do not 

fish or add to the population after the first 

year. If y(0) = 0.5, find y(2). How does this 
value compare to the original size of the 
population? How much time T is required so 

that y(T) = y(0)? 

. Suppose that fishing occurs on a seasonal 

basis so that the situation is modeled with 


y' = ay — h(1 — sin(rt/6)), y(0) = yo. What is 
the maximum value, minimum value, and 
period of the harvesting function 

h(1 — sin(zt/6))? Using the indicated 
parameter values, describe what happens to 
the size of the population over 1 year. 


(a) a = 1/10, i = 1, y(0) = 20. 
(b) a = 1/10, h = 2, y(0) = 20. 
(c) a = 1/10, h = 4, y(0) = 20. 
(d) a = 1/10, h = 10, y(0) = 20. 


. Suppose that a situation is modeled with 


y' = ay — hcos(zt/6), y(0) = yo. That is, at 
some times, fishing occurs while at others 
fish are added. During what time intervals 
does fishing occur? During what time 
intervals are fish added? What is the 
maximum value, minimum value, and 
period of the function, h cos(1t/6)? Using the 
indicated parameter values, describe what 
happens to the size of the population over 1 
year. 

(a) a = 1/10, h = 1, y(0) = 50. 

(b) a = 1/10, h = 4, y(0) = 50. 

(c) a = 1/10, h = 10, yO) = 50. 

(d) a = 1/10, h = 20, y(0) = 50. 


C. Logistic Model with Harvesting 


1. Consider the logistic model with harvesting, 


y = ay — cy? — h, y(0) = yo, where a 
represents the growth rate, c the inhibitive 
factor, and h the harvesting rate. Each of 
these constants is positive. 

(a) Find the equilibrium solutions by solving 
ay — cy? — h = 0. (What condition must 
hold so that there are two real solutions to 
this equation? What condition must hold 
so that there is only one equilibrium 
solution? What condition must hold so 
that there is no equilibrium solution?) 

(b) Sketch the phase line assuming that there 
are two equilibrium solutions. 

(c) Sketch the phase line assuming that there 
is only one equilibrium solution. 
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(d) What happens to the population if there 
is no equilibrium solution? 

. Consider the problem y = Ly — Ly? — 1, 

y(0) — 

(a) What are the two equilibrium solutions? 

(b) Sketch the phase line. 

(c) If y(0) = 3, then determine lim;.o; y(t). 

(d) If y(0) = 6, then determine limi; co y(t). 

(e) If y(0) = 1, what do you expect to happen 
to the population? 

: usd the problem y = 4y — dy? — h, 

y(0) — 

(a) S salus of h, h = ho, causes this model 
to have only one equilibrium solution? 
(This value is called a bifurcation point 
because the dynamics of the model 
change for values slightly larger and 
smaller than this value.) 

(b) Describe solutions to the model with 
h = ho. 

(c) Describe solutions to the model with 
h < ho. 

(d) Describe solutions to the model with 
h > ho. 

. Suppose that over the first year, the rate of 

change in the size of 3 fish population is 

given by y' = ny — 90 2 — 7 where 

y(0) = 0.5. After the first year, however, the 
growth rate remains the same while no 
fishing is allowed. What is the size of the 
population after 5 years? Describe what 
happens to the population size on the 
interval 0 < t <5. Compare H test to the 

population that follows y' = fy — Ly? — 3, 

where y(0) = 0.5 over the entire interval 

0 < t x 5. (That is, fishing continues after the 

first year.) 

. Suppose that over the first year, the rate of 

change in the size of : foh population is 

given by y' = Sy — Ly? - L where 

y(0) = 0.5. After the first year, however, the 

growth rate remains the same while no 

fishing is allowed. What is the size of the 
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population after 5 years? Describe what 
happens to the population size on the 
interval 0 < t < 5. Compare p result to 
population that follows y' — E By — py? -5 
where y(0) = 0.5 over the entire Merval 
0 < t x 5. (That is, fishing continues after the 
first year.) 

6. Consider the Ide 
y= TRY — y? — isin Zt, y(0) = a, in which 
fishing occurs at ctun times while at other 
times, fish are added. Investigate the solution 
to this IVP over 0 < t < 12 for a = 2, 4, 6, 8, 
10, 12, 14. What eventually happens to the 
size of the population in each case? 

7. Consider the model 
y = By — py? — 3 (1 — sin 22), yO) = a, in 
which fishing occurs at different rates. 
Investigate the solutio to this IVP over 
0 x t < 12 fora = 2, 4,6, 8, 10, 12, 14. What 
eventually happens to the size of the 
population in each case? 

8. Consider tie ma 
y= ay — Ly? - I sin Z^, y(0) = a, in which 
fishing occurs at certain times while at other 
times, fish are added. Investigate the solution 
to this IVP over 0 < t < 12 for a = 2, 4, 6, 8, 
10, 12, 14. What eventually happens to the 
size of the population in each case? 

9. Consider ihe Tode, 
y = py — 15. — 3 (1 — sin 22), yO) = a, in 
which fishing occurs at different rates. 
Investigate the solution to this IVP over 
0 <t € 10 for a = 2, 4,6, 8, 10, 12, 14. What 
eventually happens to the size of the 
population in each case? 


D. Logistic Model with Predation 


One of the more predominant pests in Cana- 
dian forests is the spruce budworm. These in- 
sects, which are moths in the adult stage, lay 
eggs in the needles of the trees. After hatch- 
ing, the larvae eventually tunnel into the old 
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foliage of the tree. Later, they spin a webbing in 
the needles and devour new growth until they 
are interrupted. Although they do not destroy 
the tree, budworms weaken the trees and make 
them susceptible to disease and forest fires. We 
can model the rate of change in the size of the 
budworm population by building on the logistic 
model. Let W(t) represent the size of the bud- 
worm population at time t. One factor that helps 
control the budworm population is predation by 
birds (that is, birds eat budworms). Consider the 
model, 

zd wil ! W | - POW 

ar c (1- zw) -Pw 


where P(W) is a function of W describing the rate 
of predation. Notice that for low population lev- 
els, the model demonstrates exponential growth 
rate r. Based on the logistic model, k represents 
the carrying capacity of the forest. In the absence 
of predation, this gives a maximum size of the 
budworm population. 

Properties of the Predation Function: To develop 
a formula for P(W), we make two assumptions. 
First, if W = 0, then P(W) = 0 (that is, if 
there are no budworms, the birds have none to 
eat). Second, P(W) has a limiting value (that is, 
the birds have a limited appetite. Even if the 
budworm population is large, the birds eat only 
what they need). A function that satisfies both 
of these properties is P(W) = aW?/(D? + W?). 
Therefore, our model becomes: 


dw 1 aW? 
DET egWiqecu uc e. 
d T” ( k ) b+ W2 


1. What is the limiting value of 
P(W) = aW?/(b? + W?) as W > oo? 


W(0) = Wo. 


2. Using the indicated parameter values, 
approximate the equilibrium solutions. 
Sketch a phase line in each case. 

(a) r=1,k=15,a=5,b=2. 
(b) r = 1, k = 20,a = 5, b =2. 

3. Using the values r= 1,a = 5, b = 2, 
approximate the value of k that leads to three 
equilibrium solutions. (Do this 
experimentally by selecting values for k and 
then plotting. This value is a bifurcation 
point.) Sketch the phase line. 

4. Using various initial conditions, generate 
numerical solutions to the two situations in 
problem 2 above and to that in problem 3. 
Compare these results to the corresponding 
phase line. 

5. Suppose that your job is to determine the 
carrying capacity of the forest. How 
important is it that you do a good job? (Use 
the three cases above for guidance.) 

6. Discuss the differences in the following three 
models: 


E 2 f 
(a) y =0.48y (1 — y) - at 
2y? 


(c) y = 0.48y (1 125) EX 
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3.1 POPULATION GROWTH 
AND DECAY 


* Logistic Equation 
* Population Model with a Threshold 


As we discussed in Section 2.2, the Malthus 
model, 

dy/dt = ky, yO) = Yo, 
can be used to investigate population growth 
if k > 0. It can also be applied to problems 


involving the decay of radioactive material if 
k <0. 
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Henri Becquerel (1852-1908) observed but did not 
understand radioactive decay. 


Marie Sklodowska Curie (1867-1934): Marie 
Curie is the only woman who has won two Nobel 
prizes. She was also the first person to be awarded 
a second Nobel prize. Of the four individuals who 
have received the Nobel prize twice, the others are 
Linus Pauling (in 1954 and 1962), John Bardeen 
(in 1956 and 1972), and Frederick Sange (in 1958 
and 1980). 


Forms of a given element with different 
numbers of neutrons are called nuclides. Some 
nuclides are not stable. For example, potassium- 
40 (£K) naturally decays to reach argon-40 
(9 Ar). This decay that occurs in some nuclides 
was first observed, but not understood, by Henri 
Becquerel (1852-1908) in 1896. Marie Curie, how- 
ever, began studying this decay in 1898, named 
it radioactivity, and discovered the radioactive 
substances polonium and radium. Marie Curie 


(1867-1934), along with her husband Pierre 
Curie (1859-1906) and Henri Becquerel, received 
the Nobel Prize in Physics in 1903 for their 
work on radioactivity. Marie Curie subsequently 
received the Nobel Prize in Chemistry in 1910 for 
discovering polonium and radium. 


Pierre Curie (1859-1906): Marie and Pierre's 
daughter, Irene, won the Nobel prize in Chemistry 
in 1935 by showing that radioactivity can be 
artificially produced. 


Given a sample of “K of sufficient size, 
after 1.2 x 10? years, approximately half of the 
sample will have decayed to “Ar. The half-life 
of a nuclide is the time for half the nuclei in a 
given sample to decay (see Table 3.1). We see 
that the rate of decay of a nuclide is proportional 
to the amount present because the half-life of a 
given nuclide is constant and independent of the 
sample size. 


EXAMPLE 3.1.1 


If the half-life of polonium, ??Po, is 100 years, 
determine the percentage of the original amount 
of 2%Po that remains after 50 years. 


Solution 


Let yo represent the original amount of Po 
that is present. The amount present after t years 
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TABLE 3.1 Half-Lives of Various Nuclides 


Element Nuclide Half-Life Element Nuclide Half-Life 
Aluminum 26 A] 7.4 x 10? years Polonium 209 po 100 years 
Beryllium Be 1.51 x 10° years Polonium 210po 138 days 
Carbon MC 5730 years Radon 222Rn 3.82 days 
Chlorine 36C] 3.01 x 10° years Radium 26Ra 1700 years 
Iodine D 8.05 days Thorium 20Th 75,000 years 
Potassium K 1.2 x 10? years Uranium 238U 4.51 x 10° years 


is y(t) = yoe. Using y(100) = Mo and y(100) = 


yoe ok, we solve yoe 0% = yo for el: 
1 
100k _ = 
e E 
(ek) 100 — a NS 
2 Roman sarcophagi at Worms, Germany. (Copy- 
k= (5) a right released by Mike Chapman.) 
ls ; 
Hence, 


EXAMPLE 3.1.2 


t/100 
y(t) = yoe" = yole = yo (5) : The wood in a Roman sarcophagus (burial 
case) is found to contain 79% of the carbon-14, 
MC, found in a present-day sample. What is the 
age of the sarcophagus? 


150/100 
y(50) = yo (5) ~ 0.7071yo. Solution 


From Table 3.1, we see that the half-life of YC 
is 5730 years. Let y(t) be the percent of C in 
the sample after t years. Then y(0) = 1. Now, 
y(t) = yoe", so y(5730) = e°% = 0.5. Solving 
for k yields: 


To determine the percentage of yo that remains, 
we evaluate 


Therefore, 70.71% of the original amount of ??Po 
remains after 50 years. 


In Example 3.1.1, we determined the percent- 
age of the original amount of ??Po that remains 
even though we do not know the value of yo, 5730k = In(0.5), 
the initial amount of ??Po. Instead of letting y(t) 
represent the amount of the substance present 


In (e9730) = |n(0.5), 


Le In(0.5) ^ 1n2 


after time t, we can let it represent the fraction 5730 Suet 
(or percentage) of yo that remains after time t.In Thus, yŒ) = e = e 02/5/80! — 271/5790. (An 
doing so, we use the initial condition y(0) = 1 = alternate approach to obtain the solution is to 


1.00 to indicate that 100% of yy is present att — 0. 
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solve e?/30* — 0.5 for el instead of for k, as we did 


in Example 3.1.1. This yields e% = (0.5)/5730 = 


NE 
1 = 


sion into y(t) = yoe" = yo(e 
solution as found previously.) 


271/5730. Substitution of this expres- 


*)! gives the same 


We use the fact that In(a/b) — — In(b/a). 


In this problem, we must find the value of t for 
which y(t) = 0.79. Solving this equation results in: 


79 
95730 079 — 2 
072 100’ 
In(27#/5730) — In E 
100 
t mis 
5730 ~~~ 100' 
5730, 79 
~m ID 
5730 100 
= 2% Inc « 1948.63. 
ms yg [0 


We conclude that the sarcophagus is approxi- 
mately 1949-year old. 


We can use the Malthus model to predict the 
size of a population at a given time if the rate of 
growth of the population is proportional to the 
present population. 


EXAMPLE 3.1.3 


Suppose that the number of cells in a bacteria 
culture doubles after 3 days. Determine the num- 
ber of days required for the initial population to 
triple. 


Solution 


In this case, y(0) — yo, so the population is 
given by y(t) — yoe and y(3) = 2yo because the 
population doubles after 3 days. Substituting this 


value y(t) = yoe", we have 


y3)-2 yoe?* = 2yo. 


Solving for ek, we find that e = 2 or (e*)3 = 2, 
Therefore, el = 21/3, Substitution into y(t) = yoe“ 
then yields 


y(t) = yo(e5! = yo2!. 


We find when the population triples by solving 
y(t) = yo2!/? = 3y for t. This yields 2/? = 3 or 
itln2 = In3. Therefore, the population triples in 
t = (31n3)/(In 2) © 4.755 days. 


To observe some of the limitations of the 
Malthus model, we consider a population 
problem in which the rate of growth of the 
population does not exclusively depend on the 
present population. 


Determine the number of days required for the 
culture of bacteria considered in Example 3.1.3 
to reach nine times its initial size. 


EXAMPLE 3.1.4 


The population of the United States was 
recorded as 5.3 million in 1800. Use the Malthus 
model to approximate the population for years 
after 1800 if k = 0.03. Compare these results to the 
actual population. Is this a good approximation 
for years after 1800? 


Solution 


In this example, k = 0.03, yo = 5.3, and 
our model for the population of the United States 
at time t (where t is the number of years from 
1800) is y(t) = 5.3e°%!. To compare this model 
with the actual population of the United States, 
census figures for the population of the United 
States for various years are listed in Table 3.2 along 
with the corresponding value of y(t). A graph of 
y(t) with the corresponding points is shown in 
Figure 3.1. 
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TABLE 3.2 U.S. Population and Values of y(t) 
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Actual Population Value of y(t) = Actual Population Value of y(t) = 
Year (t) (in millions) 5.3 20-03 Year (t) (in millions) 5.3 e0-03+ 
1800 (0) 5.30 5.30 1870 (70) 38.56 43.28 
1810 (10) 7.24 7.15 1880 (80) 50.19 58.42 
1820 (20) 9.64 9.66 1890 (90) 62.98 78.86 
1830 (30) 12.68 13.04 1900 (100) 76.21 106.45 
1840 (40) 17.06 17.60 1910 (110) 92.23 143.70 
1850 (50) 23.19 23.75 1920 (120) 106.02 193.97 
1860 (60) 31.44 32.06 1930 (130) 123.20 261.83 
y 
120 L il 


100 | 


FIGURE 3.1 A population with limited resources cannot 


grow exponentially forever. 


Although the model appears to approximate 
the data for several years after 1800, the accuracy 
of the approximation diminishes over time be- 
cause the population of the United States does 
not exclusively increase at a rate proportional to 
the population. Another model that better approx- 
imates the population would take other factors 
into account. 


pr VERHULST 


Pierre Verhulst (1804-1849) derived the Verhulst 
equation in 1846 and predicted that the upper 
limit of the Belgian population would be 
9,400,000. Interestingly, as of July, 2006, the 
population of Belgium was estimated to be 
10,379,067 [5]. 


The Logistic Equation 


Because the approximation obtained with 
the Malthus model is less than desirable in 
the previous example, we see that another 
model is needed. The logistic equation (or Verhulst 
equation), which was mentioned in Sections 1.1 
(see Exercise 61) and 2.5, is the equation 


yt) = (t — ay», (3.1) 
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where r and a are constants, subject to the condi- 
tion y(0) = yo. This equation was first introduced 
by the Belgian mathematician Pierre Verhulst to 
study population growth. The logistic equation 
differs from the Malthus model in that the term 
r — ay(t) is not constant. This equation can be 
written as dy/dt = (r — ay)y = ry — ay? where 
the term —y? represents an inhibitive factor. Un- 
der these assumptions, the population is nei- 
ther allowed to grow out of control nor grow 
or decay constantly as it was with the Malthus 
model. 

Here, we solve the logistic equation as a sep- 
arable equation. For convenience, we write the 
equation as 


A d 
y =(r—ay)y or = = (r — ayyy. 


Sometimes the logistic equation is written in the 


d 
form Z = ay(1— (1/K)y). In this form, o is 
called the growth rate and K is called the carrying 


capacity. 


Separating variables and using partial fractions 
to integrate with respect to t and y, we have 


—Injr — ay| + In |y| 2 rt + C. 


We solve this expression for y using properties of 
logarithms and exponentials: 


In =rt+C, 


r— ay 


Applying the initial condition y(0) = yo and 
solving for K, we find that 
Yo 
r—ayo 
After substituting this value into the general 


solution and simplifying, the solution can be 
written as 


E Tyo 
ayo + (r — ayo)e7" 


y 


Use a computer algebra system to solve the lo- 

gistic equation. If the result you obtain is not in 
the same form as that given here, show (by hand) that 
the two are the same. 


Notice that lim: ..oy(t)=r/a because 
lim; e77* = Oifr > 0. This makes the solution 
to the logistic equation different from that 
of the Malthus model in that the solution 
to the logistic equation approaches a finite 
nonzero limit as t— oo while that of the 
Malthus model approaches either infinity or zero 
as t > oo. 


EXAMPLE 3.1.5 


Use the logistic equation to approximate 

the population of the United States using 

r — 0.03, a — 0.0001, and yo — 5.3. Compare this 

result with the actual census values given in 

Table 3.2. Use the model obtained to predict the 

population of the United States in the year 2010. 

How does your approximation compare with 

the population of the United States given by the 
Census Bureau to be 308.7 million at that time? 
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Solution 

We substitute the indicated values of r, a, and 
yo into y = ryo/(ayo + (r — ayo)e~") to obtain the 
approximation of the population of the United 
States at time t, where t represents the number of 
years since 1800, 


0.03 x 5.3 
0.0001 x 5.3 + (0.03 — 0.0001 x 5.3)e- 003r 


y(t) — 


E 0.159 
~ 0.00053 + 0.02947e-0.03t ` 


In Table 3.3, we compare the approximation of 


Thus, we predict that the population will be ap- 
proximately 300 million in the year 2010. Note 
that the estimation of the population of the United 
States in the year 2010 made by the Bureau of the 
Census was 308.7 million, so the approximation 
obtained with the logistic equation appears to be 
sensible. 

Interestingly, the Factbook's [5] estimate of the 
size of the population of the United States in 
July, 2006 was 298,444,215. Remember that the 
results we obtain with the logistic equation do 
not take into account many variables, including 


but not limited to immigration patterns, as well 
as changes and developments in the distribution 
and availability of food and health resources. 


the population of the United States given by the 
approximation y(f) with the actual population 
obtained from census figures. Note that this 
model appears to approximate the population 
more closely over a longer period of time than the 
Malthus model did (Example 3.1.4), as we can see 
in Figure 3.2. 

To predict the population in the year 2010 with 
this model, we evaluate (210) to obtain 


Before moving on, we remark that the logistic 
equation (3.1) has many different but equivalent 
formulations. For example, If œ and K represent 
positive constants, the logistic equation can be 


SHE written as 
y210) = (00058 + 0.02947, 003210 ^ 900. dy 1 
a Y (1 = z”) , W(0)- Yo. (3.2) 
TABLE 3.3 U.S. Population and Values of y(t) 
Actual Population Actual Population 
Year (t) (in millions) Value of y(t) Year (t) (in millions) Value of y(t) 
1800 (0) 5.30 5.30 1900 (100) 76.21 79.61 
1810 (10) 724 741 1910 (110) 92.23 98.33 
1820 (20) 9.64 9.52 1920 (120) 106.02 119.08 
1830 (30) 12.68 12.71 1930 (130) 123.20 141.14 
1840 (40) 17.06 16.90 1940 (140) 132.16 163.59 
1850 (50) 23.19 22.38 1950 (150) 151.33 185.45 
1860 (60) 31.44 29.44 1960 (160) 179.32 205.82 
1870 (70) 38.56 38.42 1970 (170) 203.30 224.05 
1880 (80) 50.19 49.63 1980 (180) 226.54 239.78 


1890 (90) 62.98 63.33 1990 (190) 248.71 252.94 
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ilb dr i44 l2 kao lic. 
50 100 150 200 


pd 
250 
FIGURE 3.2 With these parameter values, the upper limit 


on the population of the United States is approximately 
300 million. 


In this formulation, a is called the growth rate 
and K is called the carrying capacity because 
limt+oo y(t) = K, unless y(0) = 0. We assume 
that y(0) is a positive number because our 
interpretation is that y(t) represents a population 
(a nonnegative number) at time t. Of course 
we can solve Equation (3.2) by viewing at as 
separable equation as we did with its equivalent 
form (3.1). To illustrate a different approach, we 
solve it as a Bernoulli equation. First multiply 
through by oy and subtract: 


dy _ A 2 
at Y == gy 


After rewriting in this form, we see a Bernoulli 
equation with n = 2 so we let w = yl-? = yl. 
Differentiating with respect tot gives us dw/dt = 
—y ?dy/dt or —y? dw/dt = dy/dt. With this 
substitution, Equation (3.3) becomes 


dy _ @ 2 
a K!” 


p? -ay = uy. (3.4) 
dw 3 @ 
a T 
dw a 
dé + aw = K 


Equation (3.4) is best solved using the method 
of undetermined coefficients. The corresponding 
homogeneous equation is (dw/dt) + ow = 0, 
which has general solution wp = Ce **. We 
search for a particular solution of the nonho- 
mogeneous equation for wy = A, where A is a 
constant to be determined. Substituting into the 
nonhomogeneous equation gives us 


dw 


- 


= 
I 
AIO RIR RIR 


Thus, wp = 1/K and w = wp + wp = Ce?! + 
1/K = (1+ Ce^*5/K. Because w = y”, it fol- 
lows that y = K/(1 + Ce ^. Solving y(0) = yo 
for C gives us C = (K — yo)/yo so the solution to 
the initial-value problem (IVP) is 


Population Model with a Threshold 


Suppose that when the population of a 
species falls below a certain level (or threshold), 
the species cannot sustain itself, but otherwise, 
the population follows logistic growth. To 
describe this situation mathematically, we 
introduce the differential equation 


dy 1 1 
2770-39) (1 39)» 


where 0 < A < B. In this case, the equilibrium 
solutions are y —0, y=A, and y- B. 


EXERCISES 3.1 


(a) 


FIGURE 3.3 (a) Phase line for dy/dt = —r(1 — (1/A)y) 
(1 — (1/B)y)y. (b) Several solutions together with the slope 
field for dy/dt = —0.25(1 — y)(1 — y/3)y. The phase portrait 
shows that all nontrivial solutions other than if yy — 1, 
y(t) = 1. If yo < 1, then lim;5o y(t) = 0. If yo > 1, then 
limi, oo yt) zS 


To understand the dynamics of the equation, 
we generate the corresponding phase line. If 
0 « y <A, then y/ « 0; i£ A < y « B, then y' > 0; 
and if y > B, then y' « 0. From the phase line in 
Figure 3.3(a), we see that y — 0 is asymptotically 
stable, y — A is unstable, and y — B is 
asymptotically stable. Notice that we expect the 
population to die out when y « A, so we call 
y — A the threshold of the population. As with the 
logistic equation, y — B is the carrying capacity. 
In Figure 3.3(b), we graph several solutions to 
y = —025 — yd — y/3)y using different 
values for the initial population yo together with 
the slope field. Notice that if 0 < yo < 1, then 
lim¢+oo y(t) = 0, and if 1 < yo < 3or yo > 3, 
then lim, oo y(t) = 3. In this case, the threshold 
is y — 1 and the carrying capacity is y — 3. 


D EXERCISES 3.1 


Solve the following problems. Unless other- 
wise stated, use the Malthus model. 
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. Suppose that a culture of bacteria has an 


initial population of n = 100. If the 
population doubles every 3 days, determine 
the number of bacteria present after 30 
days. How much time is required for the 
population to reach 4250 in number? 


. Suppose that the population in a yeast 


culture triples every 7 days. What is the 
population after 35 days? How much time 
is required for the population to be 10 times 
the initial population? 


. Suppose that two-thirds of the cells in a 


culture remain after 1 day. Use this 
information to determine the number of 
days until only one-third of the initial 
population remains. 


. Consider a radioactive substance with 


half-life 10 days. If there are initially 5000 g 
of the substance, how much remains after 
365 days? 


. Suppose that the half-life of an element is 


1000h. If there are initially 100 g, how much 
remains after 1 h? How much remains after 
500 h? 


. Suppose that the population of a small town 


is initially 5000. Due to the construction of 
an interstate highway, the population 
doubles over the next year. If the rate of 
growth is proportional to the current 
population, when will the population reach 
25,000? What is the population after 5 years? 


. Suppose that mold grows at a rate 


proportional to the amount present. If there 
are initially 500 g of mold and 6h later there 
are 600 g, determine the amount of mold 
present after 1 day. When is the amount of 
mold 1000 g? 


. Suppose that the rabbit population on a 


small island grows at a rate proportional to 
the number of rabbits present. If this 
population doubles after 100 days, when 
does the population triple? 


. In a chemical reaction, chemical A is 


converted to chemical B at a rate 
proportional to the amount of chemical A 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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present. If half of chemical A remains after 
5h, when does 1/6 of the initial amount of 
chemical A remain? How much of the initial 
amount remains after 15 h? 

If 90% of the initial amount of a radioactive 
element remains after 1 day, what is the 
half-life of the element? 

If y(t) represents the percent of a radioactive 
element that is present at time t and the 
values of y(t1) and y(t2) are known, show 
that the half-life H is given by 


u (t2 — ty) In2 

~ Int) = Iny) 
The half-life of 14C is 5730 years. If the 
original amount of C in a particular living 
organism is 20 g and that found in a fossil of 


that organism is 0.01 g, determine the 
approximate age of the fossil. 


After 10 days, 800g of a radioactive element 
remain, and after 15 days, 560 g remain. 
What is the half-life of this element? 


After 1 week, 10% of the initial amount of a 
radioactive element decays. How much 
decays after 2 weeks? When does half of the 
original amount decay? 

Determine the percentage of the original 
amount of Ra that remains after 100 
years. 

If an artifact contains 40% of the amount of 
250Th as a present-day sample, what is the 
age of the artifact? 

On an archeological dig, scientists find an 
ancient tool near a fossilized human bone. If 
the tool and fossil contain 6576 and 6076 of 
the amount of 14C as that in present-day 
samples, respectively, determine if the tool 
could have been used by the human. 

A certain group of people with initial 
population 10,000 grows at a rate 
proportional to the number present. The 
population doubles in 5 years. In how many 
years will the population triple? 


19. 


20. 


21. 


22. 


23. 


24. 


Solve the logistic equation, 

dy/dt = ay(1 — (1/K)y), by viewing it as a 
Bernoulli equation and then solve the 
resulting linear equation by using an 
integrating factor rather than the method of 
undetermined coefficients that is illustrated 
in the examples. 


What is the limiting population, 
limi; y(t), of the United States population 
using the result obtained in Example 3.1.5? 


Solve the logistic equation if r = 1/100 and 
a = 107? given that y(0) = 100,000. Find 
y (25). What is the limiting population? 


Five college students with the flu virus 
return to an isolated campus of 2500 
students. If the rate at which this virus 
spreads is proportional to the number of 
infected students y and to the number not 
infected 2500 — y, solve the IVP 

dy/dt = ky(2500 — y), (0) = 5 to find the 
number of infected students after t days if 
25 students have the virus after 1 day. How 
many students have the flu after 5 days? 
One student in a college organization of 200 
members proceeds to spread a rumor. If the 
rate at which this rumor spreads is 
proportional to the number of students y 
that know about the rumor as well as the 
number that do not know, then solve the 
IVP to find the number of students 
informed of the rumor after t days if 50 
students are informed after 1 day. How 
many students know the rumor after 2 
days? Will all of the students eventually be 
informed of the rumor? (see Exercise 22). 
Suppose that glucose enters the 
bloodstream at the constant rate of r grams 
per minute while it is removed at a rate 
proportional to the amount y present at any 
time. Solve the IVP dy/dt = r — ky, y(0) = yo 
to find y(t). What is the eventual 
concentration of glucose in the bloodstream 
according to this model? 


25. 


26. 


27. 


28. 


EXERCISES 3.1 


What is the concentration of glucose in the 
bloodstream after 10 min if r = 5 g/min, 

k = 5, and the initial concentration is 

y(0) = 500? After 20 min? Does the 
concentration appear to reach its limiting 
value quickly or slowly? (see Exercise 24). 
Suppose that we deposit a sum of money in 
a money market fund that pays interest at 
an annual rate k, and let S(t) represent the 
value of the investment at time t. If the 
compounding takes place continuously, 
then the rate at which the value of the 
investment changes is the interest rate times 
the value of the investment, dS/dt — KS. 
Use this equation to find S(t) if S(0) = So. 
Banks use different methods to compound 
interest. If the interest rate is k, and if 
interest is compounded m times per year, 
then S(t) = Sy (1 + k/m)". When interest is 
compounded continuously, then m — oo. 
Compare 


lim So (1 + k/m)" 
mM >00 


to the formula obtained in Exercise 26. 
(Dating Works of Art) We can determine if a 
work of art is more than 100 years old by 
determining if the lead-bearing materials 


210P9 Concentration 
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contained in the work were manufactured 
within the last 100 years. The half-life of 
lead-210 (?!9Pb) is 22 years, while the 
half-life of radium-226 (Ra) is 1700 years. 
Let SF denote the ratio of ?!?Pb to ?6Ra per 
unit mass of lead. The approximate value of 
SF for works of art created in the last 80 
years is 100. Then, the quantity of lead 

(1 — Ra)/(Po) at timet is given by 


1-Ra . (SF-1)e 
Po — 1-(F-1e?" 


where A is the disintegration constant for 
210pp.! On the other hand, for very old 
paintings (1 — Ra)/(Po) = 0. 

(a) Determine the disintegration constant A 
for ?'?Pb where the amount of ?!ÜPb at time 
tis y = yoe ^*. 

(b) Graph (1 — Ra)/(Po) for 0 < t < 250 
using SF — 100. 


The following table shows the ratio of 

(1 — Ra)/(Po) for various famous paintings. 
The last two paintings, Lace Maker and 

Laughing Girl, were painted by the Dutch 

painter Jan Vermeer, who lived from 1632 to 

1675. 


226Ra Concentration 


Painting (dpm/g of Pb) (dpm/g of Pb) La 

Washing of Feet 12.6 0.26 0.98 
Woman Reading Music 10.3 0.97 

0.30 

Woman Playing Mandolin 8.2 0.17 0.98 
Woman Drinking 8.3 0.1 0.99 
Disciples of Emmaus 0.8 0.91 
Boy Smoking 4.8 0.31 0.94 
Lace Maker 1.5 1.4 0.07 
Laughing Girl 52 6.0 —0.15 


1B. Keisch, Dating works of art through their natural radioactivity: improvements and applications, Science, 160, 1968, 
413-415. 
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(c) Determine if it is likely that any of the 
first six paintings were also painted by 
Vermeer (which would make them very 
valuable!). If not, approximate when they 
were painted. 


The Gompertz equation is named after the 
English mathematician and statistician Benjamin 
Gompertz (1779-1865). He is most famous for 
Gompertz's Law of Mortality that was published 
in 1825. 


29. Consider the differential equation 
dy/dt = —r(1 — y/A)y, where r and A are 
positive constants. (a) Find the equilibrium 


solutions, sketch the phase line, and classify 


the equilibrium solutions. (b) Describe how 
this equation differs from the logistic 
equation. (c) If A = 2 and y(0) = 1, what is 


lim;>0 y(t)? (d) If A = 2 and y(0) = 3, what 


is lim; oo y (0)? 

30. (Gompertz's Law of Mortality) (a) Find and 
classify the equilibrium solutions of the 
Gompertz equation, dy/dt = y(r — aln y), 
where r and a are positive constants. 

(b) Gompertz's Law of Mortality states that 
N'(t) = rN(t) In(K/N(t), where N(t) is the 


size of the population at time f, r the growth 


rate, and K the equilibrium population size. 


Show that dy/dt = y(r — aln y) is equivalent 


to N'(t) = rN(t)In(K/N(£). 


31. 


32. 


33. 


34. 
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The equilibrium solution y — c is classified 
as semistable if solutions on one side of y = c 
approach y = c as t > œ but on the other 
side of y — c, they move away from y — c as 
t — oo. Use this definition to classify the 
equilibrium solutions (as asymptotically 
stable, semistable, or unstable) of the 
following differential equations. 

(a) y = yy — 27. 

(b) y =y(y—1. 


() y =y- Jy. 
(d) y =y?0 - y>. 
(e) y =1+y1. 

(f y 2y — 3. 

(e) y =y- y. 


Consider the Malthus population model 
with k — 0.01, 0.05, 0.1, 0.5, and 1.0 using 

yo — 1. Solve the model, plot the solution 
with these values, and compare the results. 
How does the value of k affect the solution? 


Consider the logistic equation with r — 0.01, 
0.05, 0.1, 0.5, and 1.0 using yo = 1 and a = 1. 
Solve the model, plot the solution with 
these values, and compare the results. How 
does the value of r affect the solution? 


(Tumor and Organism Growth) Ludwig von 
Bertalanffy (1901-1972) made valuable 
contributions to the study of organism 
growth, including the growth of tumors, 
based on the relationship between body size 
of the organism and the metabolic rate. He 
theorized that weight is directly 
proportional to volume and that the 
metabolic rate is proportional to surface 
area. This indicates that surface area is 
proportional to V2/3 because V is measured 
in cubic units and S in square units. 
Therefore, Bertalanffy studied the IVP 
dV/dt = aV?’ — bV, V(0) = Vo. 


35. 


36. 


EXERCISES 3.1 


(a) Solve this IVP to show that volume is 
given by 
V(t) = [(a/b) — (a/b) — Vy )e 398. 

(b) Find lim; V(t) and explain what the 
limit represents. 

(c) This IVP is similar to that involving the 
logistic equation dV /dt = aV? — bV, 
V(0) = Vo. Compare the limiting volume 
between the logistic equation and the 
model proposed by Bertalanffy in the 
cases when a/b > 1 and when a/b « 1. 

(Harvesting) If we wish to model a 

population of size P(t) at time t and 

consider a constant harvest rate h (like 
hunting, fishing, or disease), then we might 
modify the logistic equation and use the 
equation P’ = rP — aP? — h to model the 
population under consideration. Assume 
that h > 7? /(4a). 

(a) Show that if h > 1?/(4a), a general 
solution of P' = rP — aP? — his 


1 
P(t) 2 — [r+ 4ah — r2 tan 
2a 


x Exc — at)y 4ah — 2) a 


(b) Suppose that for a certain species it is 
found that r = 0.03, a = 0.0001, h = 2.26, 
and C = - 1501.85. At what time will the 
species become extinct? 

(c) If r = 0.03, a = 0.0001, and P(0) = 5.3, 
graph P(t) if h = 0, 0.5, 1.0, 1.5, 2.0, 2.25 
and 2.5. 

(d) What is the maximum allowable harvest 
rate to assure that the species survives? 

(e) Generalize your result from (d). For 
arbitrary a and r, what is the maximum 
allowable harvest rate that ensures 
survival of the species? 

(Radiation Poisoning) Shortly after the 

Chernobyl accident in the Soviet Union in 

1986, several nations reported that the level 

of I?!T in milk wasfive times that considered 


37. 


38. 


39. 


40. 


41. 
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safe for human consumption. Make a table 
of the level of !?!T in milk as a multiple of 
that considered safe for human 
consumption for the first 3 weeks following 
the accident. After how long did the milk 
become safe for human consumption? 
Consider a solution to the logistic equation 
with initial population yg where 

0 < yo < r/a. Show that this solution is 
concave up for 0 « y < r/(2a) and concave 
down for r/(2a) < y < r/a. Hint: 
Differentiate the right side of the logistic 
equation and set the result equal to 0. 
Describe the behavior of dy/dt based on 
this result. 

From the early 1800s to the mid-1800s, the 
passenger pigeon population was thriving. 
However, due to hunting, the population 
size was reduced dramatically by the late 
1800s. Unfortunately, the passenger pigeon 
requires a large number of cohorts to 
achieve successful reproduction. Having 
fallen below this level, the population size 
continued to decrease and the bird is now 
extinct. Which population model should be 
used to describe this situation? 

(a) Find the solution to the IVP 

dy/dt = —r(1 — y/A)y, y(0) = yo, where r 
and A are positive constants. (b) If yo < A, 
then determine lim; oo y(t). (c) If yo > A, 
show that lim;., oo y(t) = oo. (d) Show that if 
yo > A, then y(t) has a vertical asymptote at 
t = (1/r)In(yo/(yo — A). 

Solve the IVP 

dy/dt = rd — (1/A)y)(1 — (1/B)y), yO) = yo. 
(The Logistic Difference Equation) Given xo, 
the logistic difference equation is 


Xn41 = "Xn (1 — Xn). (3.5) 


Assume that xo = 0.5. 

(a) If r = 3.83, calculate (n, xn) for n = 1, 2, 
...,90, plot the resulting set of points 
and connect consecutive points with line 
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segments. Why do you think this is 
called a "three-cycle?" 

(b) Compute (r, x; (r)) for 250 equally 
spaced values of r between 2.8 and 4.0 
and n = 101, ..., 300. Plot the resulting 
set of points. This famous image is 
called the "Pitchfork diagram." 

(c) Repeat (b) for 250 equally spaced values 
of r between 3.7 and 4.0 and n = 101, ..., 
300. 

(d) The logistic difference equation exhibits 
“chaos.” Approximate the r-values 
between 2.8 and 4.0 for which the 
logistic difference equation exhibits 
chaos. Explain your reasoning. In your 
explanation, approximate those r-values 
that lead to a two-cycle, four-cycle, and 
so on. 


See Smith and Waltman's, The Theory of the Chemo- 
stat: Dynamics of Microbial Competition [27], for a 
detailed discussion of various chemostat models. 


42. (Growth in the Chemostat) The scaled 
equations for the growth of a population 
in a chemostat are 


Sm —-$-— cen 

dt — a+s” 

dx mS 

RETE REDE (3.6) 
S(0)>0, x(0)>0, 


where S(t) denotes the concentration of the 

nutrient at time t for the organism with 

concentration x(t) at time f. 

(a) If Y = 1 — S — x, show that X' = — Y. 
Then, system (3.6) can be written as 


dx — 

di , 

dx —— m(l-Y-x) 

di (15) 67) 
N(0)>0, x(0) > 0. 
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Because X(t) = X(0)e *, limi, E(t) 20 
so system (3.7) can be rewritten as the 
single first-order equation 


dx (2 


where x(0) > 0. 

(b) Find the equilibrium solutions of 
Equation (3.8). 

(c) Write the nontrivial solutions found in (a) 
in the form 1 — i. (A is called the 
break-even concentration.) 

(d) Find conditions on 4 so that a nontrivial 
equilibrium solution exists. Confirm your 
result by graphing various solutions for 
various values of m and a. Illustrate that 
if m is sufficiently small, the organism 
becomes extinct, regardless of the initial 
conditions. On the other hand, if a 
nontrivial equilibrium solution exists, all 
nontrivial solutions tend to it. 


3.2 NEWTON'S LAW OF COOLING 
AND RELATED PROBLEMS 


* Newton's Law of Cooling 
* Mixture Problems 


Newton's Law of Cooling 


First-order linear differential equations can 
be used to solve a variety of problems that 
involve temperature. For example, a medical 
examiner can find the time of death in a homicide 
case, a chemist can determine the time required 
for a plastic mixture to cool to a hardening 
temperature, and an engineer can design the 
cooling and heating system of a manufacturing 
facility. Although distinct, each of these prob- 
lems depends on a basic principle, Newton's Law 


3.2 NEWTON'S LAW OF COOLING AND RELATED PROBLEMS 


of Cooling that is used to develop the differential 
equation associated with each problem. 


Newton's Law of Cooling: The rate at which the 
temperature T(t) changes in a cooling body at time t 
is proportional to the difference between the temper- 
ature of the body, T(t), and the constant temperature 
Ts of the surrounding medium. 


This situation is represented as the first-order 
IVP 


dT 

— =k(T -T 

d t ( s), 
where To is the initial temperature of the body 
and k is the constant of proportionality. The 
equation dT/dt = k(T — Ts) is separable, and 
separating variables gives us 


T(0) = To, 


Newton's Law of Cooling is named after the English 
scientist and mathematician Sir Isaac Newton 
(1643-1727). “Truth is ever to be found in the 
simplicity, and not in the multiplicity and confu- 
sion of things.” Newton probably discovered the 
Law of Cooling when performing experiments 
on thermometers that he had invented in the late 
1690s. He first reported his discovery in May, 1701. 


1 
T-T; 
followed by integrating yields In |T—T,| = kt4-C. 
Using the properties of natural logarithms and 


dT = kdt, 
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simplifying yields T = C,e + Ts, where C1 = 
eC. Applying the initial condition implies that 
To = Cı + Ts, so C4 = To — Ts. Therefore, the 
solution of the IVP is 


T = (To — Tee“ + Ts. (3.9) 


If k < 0, limi, o, e = 0. Therefore, in this case, 
limi. T(t) = Ts, so the temperature of the body 
approaches that of its surroundings. 


Instead of solving the ordinary differential equa- 
tion (ODE) as a separable equation, we could 
have solved this equation by viewing it as a first- 
order linear equation by writing the equation in 
standard form as T' — kT = —kT;. 


Some teachers prefer using the method of un- 
determined coefficients to solve this equation. To 
do so, we first keep in mind that the solution of 
y + ky = 0, where k is a constant, is y = Ce. 
To use this remark, we rewrite dT/dt = k(T — 
Ts), T(0) = To in the form (dT/dt) — kT = — 
kTs, T(0) = To. The corresponding homoge- 
neous equation is (dT/dt) — kT = 0, which has 
solution Th = Ce". A particular solution of the 
nonhomogeneous equation (dT/dt)—kT = —kTs 
will take the form Tp = A, where A is a constant 
to be determined. With Tp = A, differentiating 
gives us Tp’ = 0, because the derivative of a con- 
stant is 0. With this substitution into Newton’s 
equation for his Law of Cooling, we have 


Tp’ — kTp = —kT;, 
0—k-A= t. 
A=T,. 


0 In Equation (3.10), k is assumed to be positive. 
Explain why the proportionality constant is neg- 
ative? 


This means that a particular solution of 
Newton's Law of Cooling is Tp = Ts. Thus, a 
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general solution of Newton's Law of Cooling is 
T = Ty + Tp = Ce" + Ts. Solving this equation 
for T(0) = To gives us 


T = (To — Ts) e + Ts, (3.10) 


which, not surprising, is the same as we obtained 
in Equation (3.9). In Equation (3.11), k is neg- 
ative. Thus, we generally write the solution of 
Newton’s Law of Cooling as 
T= (To — Ts) ™ + Ts, 

where k is a positive constant. 

To better understand the model, suppose that 
k < 0.IfT > Ty, then dT/dt < 0, so T(t) isa 
decreasing function. Similarly, if T < Ts, then 
dT/dt > 0, so T(t) is an increasing function. 
Therefore, the object cools off if the surrounding 
temperature is less than the object's temperature, 
whereas it warms up if the temperature of the 
surroundings is cooler than the object's temper- 
ature. 


(3.11) 


EXAMPLE 3.2.1 


A pie is removed from a 350 °F oven and placed 
to cool in a room with temperature 75°F. In 15 


275(3/11)/]5 = 5, 
(3/11)? = 1/55, 
In(3/1)/? = In1/55 = — In 55, 


t 
— In(3/11) = —1n 55, 
15 (3/11) 


jm —15 x In 55 
^ In(3/10) 
Thus, the pie will reach a temperature of 80°F 
after about 46 min. 

An interesting problem associated with this 
example is to determine if the pie ever reaches 
room temperature. From the formula T(t) = 
275(3/11)'/15 + 75, we note that 275(3/11)'/ > 0, 
so T(t) = 275(3/11)'/5 + 75 > 75. Therefore, 
the pie never actually reaches room temperature 
according to our model. However, we see its 
temperature approaches 75°F as t increases 
because 


= 46.264. 


jim (275(3/11)!/5 + 75) = 75. 
—*00 


min, the pie has a temperature of 150?F Determine 
the time required to cool the pie to a temperature 
of 80?F. 


Solution 


In this example, Tp — 350 and Ts — 75. 
Substituting these values into T = (To— T;)e" - T,, 
we obtain T(t) = (350 — 75)e +75 = 275 e +75. 
To solve the problem we must find e (or k). We 
know that T(15) = 150, so T(15) = 275el5* +75 = 
150. Solving this equation for e* gives us 


27585 — 75, 
eoo 3/11 or (ek) 15 =3/41 so 
e = (3/15. 
Thus, T(t) = 275 (e¥) +75 = 275(3/11)!/5 +75. To 


find the value of t for which T(t) = 80, we solve 
the equation 275(3/11)'/5 + 75 = 80 for t: 


In the investigation of a homicide, the time 
of death can be important. In some situations, 
using the fact that the normal body temperature 
of most healthy people is 98.6 °F together with 
Newton's Law of Cooling can be used to approx- 
imate the time of death. 


EXAMPLE 3.2.2 


Suppose that when Miss Scarlett discovered 
Mr. Boddy's body in the conservatory at noon, 
its temperature was 82?F. Two hours later, the 
temperature of the corpse was 72°F. If the tem- 
perature of the conservatory was 65°F, what was 
the approximate time of Mr. Boddy's death? 


Solution 


This problem is solved like the previous exam- 
ple. Let T(t) denote the temperature of the body 


3.2 NEWTON'S LAW OF COOLING AND RELATED PROBLEMS 


at time t, where T(0) represents the temperature 
of the body when it is discovered and T(2) rep- 
resents the temperature of the body 2h after it is 
discovered. In this case we have T(0) — 82 and 
Ts — 65, and substituting these values into T(f) — 
(To — T,)e* + Ts, yields T(t) = (82 — 65)e* + 65 = 
17e + 65. Using T(2) = 72, we solve the equation 
T(2) = 17e?*--65 = 72 for ef to find el = (7/17)1/2, 
So T(t) = 17(e*! + 65 = 17(7/17)'/2 + 65. To find 
the value of t for which T(t) = 98.6, we solve the 
equation 17(7/17)2 + 65 = 98.6 for t and obtain 


_ 21n(1.97647) 
~ dn7—4i7 


This result means that the time of death oc- 
curred approximately 1.53 h before the body was 
discovered, as we observe in Figure 3.4. Therefore, 
the time of death was approximately 10:30 a.m. 
because the body was discovered at noon. 


515595697 


In each of the previous cases, the temper- 
ature of the surroundings was assumed to be 
constant. However, this does not have to be the 
case. For example, determining the temperature 
inside a building over the span of a 24-h day is 
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FIGURE 3.4 Graph of T(t) = 17(7/17)'? + 65. 
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more complicated because the outside tempera- 

ture varies. If we assume that a building has no 

heating or air conditioning system, the differen- 

tial equation that needs to be solved to find the 

temperature u(t) at time t inside the building is 
du 


ur k(C(t) — u(t)), 


where C(f) is a function that describes the 
outside temperature and k>0 is a constant 
that depends on the insulation of the building. 
According to this equation, if C(t) > u(t), then 
du/dt>0, which implies that u increases. 
However, if C(t) < u(t), then du/dt <0, which 
means that u decreases. 


EXAMPLE 3.2.3 


Y Suppose that during the month of April in 

Atlanta, Georgia, the outside temperature in 
°F is given by C(t) = 70 — 10cos(zt/12),0 < t < 
24. (This implies that the average value of C(t) is 
70°F.) Determine the temperature in a building 
that has an initial temperature of 60?F if k — 1/4. 


Solution 


The IVP that we must solve is 


du 1 TT 
T = 7 (70 10 cos (5) u); u(0) = 60. 


The differential equation can be solved if we write 
it as (du/dt) + łu = 1(70 — 10cos((x/12)t)) and 
use an integrating factor. This gives us 


10 2 T 
u(t) — Wee (s +71 —9cos (5:) 
—3m sin ( Lt) ) + Ce-"^ 

12 i 


We then apply the initial condition u(0) = 60 to 
determine the arbitrary constant C and obtain the 
solution 


10 2 T 


7 IE 
EE de IE ES = exa 
37 sin (51) as ? 
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5 10 15 20 


FIGURE 3.5 Modeling the temperature in a building over 
the course of a 24-h day. 


which is graphed in Figure 3.5. From the graph, 
we see that the temperature reaches its maximum 
(approximately 72°F) near t = 15.5 h, which cor- 
responds to 3:30 p.m. 


o At what time during the day is the temperature 
in the building increasing (decreasing) at the 
fastest rate? 


In many situations, a heating or cooling sys- 
tem is installed to control the temperature in a 
building. Another factor in determining the tem- 
perature, which we ignored in prior calculations, 
is the generation of heat from the occupants of 
the building, including people and machinery. 
We investigate the inclusion of these factors in 
the exercises at the end of this section. 


Mixture Problems 


An application that involves a differential 
equation similar to the one encountered with 
Newton's Law of Cooling is that associated with 
mixture problems. In this case, suppose that a 
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tank contains Vo gallons of a brine solution, a 
mixture of salt and water. A brine solution of 
concentration 51 pounds per gallon is allowed 
to flow into the tank at a rate Ry gallons per 
minute while a well-stirred mixture flows out of 
the tank at the rate of R2 gallons per minute. If 
y(t) represents the amount (in pounds) of salt in 
the tank at time t minutes, then the equation that 
describes the net rate of change in the amount of 
salt in the tank is 

dy 

que (Rate salt enters the tank) 

— (Rate salt leaves the tank) 


O 
gal min 


(2 lb ) ( 5) 
= R2 ^ , 
V(t) gal min 


where V(t) is the volume of solution (liquid) in 
the tank at any time t and y(t) / V (t) represents the 
salt concentration of the well-stirred mixture. To 
determine V(t), we solve the equation that gives 
the net rate of change in the amount of liquid in 
the tank, 


dV 
db (Rate liquid enters the tank) 


— (Rate liquid leaves the tank) 


- (2:27) - (m=) 
min min 


using the initial condition V(0) = Vo. We then 
use the solution V(t) to solve the previous ODE 
for y(t) where y(0) — yo is the initial amount of 
salt in the tank. 


EXAMPLE 3.2.4 


Suppose that S$; = 1, Rj = 4, and R = 3. 
In addition, suppose that the tank initially holds 
500 gal of liquid and 250 lb of salt. Find the amount 
of salt contained in the tank at any time. Deter- 
mine how much time is required for 1000 lb of salt 
to accumulate. If the tank holds a maximum of 


EXERCISES 3.2 


800 gal, can 1000 lb of salt be present in the tank 
at any time before the tank reaches its maximum 
capacity? 


Solution 


We notice that the volume (of liquid) does not 
remain constant in the tank because Ri Æ R». 
Therefore, we determine V(t) by solving the IVP 
dV/dt = 4-3 = 1, V(0) — 500 with the 
general solution V(t) = t-- C1. Applying the initial 
condition yields V(t) — t + 500, so that the IVP 
used to find y(t) is 

dna ee 
dt t + 500’ 


Rewriting the ODE as dy/dt + 3y/(t + 500) — 4, 
we use the integrating factor 


y(0) = 250. 


u(t) =e J 3/(t+500)dt _ e3 In(#+500) 
= (t+500)°, t>0 


to obtain (d/df)[(t + 500)%y] = 4(t + 500)? so 
that (t + 500)°y = (t + 500)* + C». Therefore, 
y(t) = t + 500 + C(t + 500), so that 
y(0) = 250 indicates that C; = —250 x 500° = 
—31, 250, 000, 000. After graphing y(t) = t + 500 — 
31, 250, 000, 000(£ 4-500)? , we can use a numerical 
solver to find that the approximate solution to 
t + 500 — 31,250,000,000(t + 500)-? = 1000 
is £ = 528.7 min. However, if t = 528.7, then 
V(528.7) — 528.7 + 500 — 1028.7 gal, so the tank 
would overflow before 1000 lb of salt could be 
present in the tank. 


D EXERCISES 3.2 


1. A hot cup of tea is initially 100 °C when 
poured. How long does it take for the tea to 
reach a temperature of 50°C if it is at 80 °C 
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after 15 min and the room temperature is 
30°C? 


. Suppose that the tea in Exercise 1 is allowed 


to cool at room temperature for 20 min. It is 
then placed in a cooler with temperature 
15°C. What is the temperature of the tea 
after 60 min if it is 60?C after 10 min in the 
cooler? 


. Acan of orange soda is removed from a 


refrigerator having temperature 40°F. If the 
can is at 50 °F after 5 min, how long does it 
take for the can to reach a temperature of 
60 °F if the surrounding temperature is 

75 °F? 


. Suppose that a container of tea is placed ina 


refrigerator at 35 °F to cool. If the tea is 
initially at 75 °F and it has a temperature of 
70 °F after 1h, then when does the 
temperature of the tea reach 55 °F? 


. Determine the time of death if the 


temperature of a corpse is 79 °F when 
discovered at 3:00 p.m. and 68 °F 3h later. 
Assume that the temperature of the 
surroundings is 60 °F (normal body 
temperature is 98.6 °F). 


. At the request of his children, a father 


makes homemade popsicles. At 2:00 p.m., 
one of the children asks if the popsicles are 
frozen (0 °C), at which time the father tests 
the temperature of a popsicle and finds it to 
be 5°C. If the father placed the popsicles 
with a temperature of 15°C in the freezer at 
12:00 p.m. and the temperature of the 
freezer is —2°C, when will the popsicles be 
frozen? 


. A thermometer that reads 90 °F is placed in 


a room with temperature 70°F. After 3 min, 
the thermometer reads 80°F. What does the 
thermometer read after 5 min? 


. Athermometer is placed outdoors with 


temperature 80 °F. After 2 min, the 
thermometer reads 68 °F, and after 5 min, 
it reads 72°F. What was the initial 
temperature reading of the thermometer? 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


A casserole is placed in a microwave oven 
to defrost. It is then placed in a conventional 
oven at 300 °F and bakes for 30 min, at 
which time its temperature is 150 °F. If after 
baking an additional 30 min its temperature 
is 200?F, what was the temperature of the 
casserole when it was removed from the 
microwave? 

A bottle of wine at room temperature (70 °F) 
is placed in ice to chill at 32?F. After 20 min, 
the temperature of the wine is 58?F. When 
will its temperature be 50?F? 

When a cup of coffee is poured its 
temperature is 200?F. Two minutes later, its 
temperature is 170 °F. If the temperature of 
the room is 68?F, when is the temperature 
of the coffee 140 °F? 

After dinner, a couple orders two cups of 
coffee. Upon being served, the gentleman 
immediately pours one container of cream 
into his cup of coffee. His companion waits 
4 min before adding the same amount of 
cream to her cup. Which person has the 
hotter cup of coffee when they both take a 
sip of coffee after she adds the cream to her 
cup? (Assume that the cream's temperature 
is less than that of the coffee.) Explain. 
Suppose that during the month of February 
in Washington, D.C., the outside 
temperature in ?F is given by 

C(t) = 40 — 5cos(1t/12), 0 < t < 24. 
Determine the temperature in a building 
that has an initial temperature of 50 °F if 

k — 1/4. (Assume that the building has no 
heating or air conditioning system.) 
Suppose that during the month of August in 
Savannah, Georgia, the outside temperature 
in °F is given by C(t) = 85 — 10 cos(rt/12), 
0 < t < 24. Determine the temperature in a 
building that has an initial temperature of 
60?F if k = 1/4. (Assume that the building 
has no heating or air conditioning system.) 
Suppose that during the month of October 
in Los Angeles, California, the outside 
temperature in °F is given by 


16. 


17. 


18. 


19. 
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C(t) = 70 — 5cos(zt/12), 0 < t < 24. 
Determine the temperature in a building 
that has an initial temperature of 65?F if 
k — 1/4. (Assume that the building has no 
heating or air conditioning system.) 
Suppose that during the month of January 
in Dayton, Ohio, the outside temperature in 
°F is given by C(t) = 20 — 5cos(11/12), 
0 xt < 24. Determine the temperature in a 
building that has an initial temperature of 
40 °F if k = 1/4. (Assume that the building 
has no heating or air conditioning system.) 
Find the amount of salt y(t) in a tank with 
initial volume Vo gallons of liquid and yo 
pounds of salt using the given conditions. 
(a) Ry = 4gal/min, R2 = 4gal/min, 

Sı = 21b/gal, Vo = 400, yo = 0. 
(b) Ry = 4gal/min, R2 = 2 gal/min, 

Sı = 11b/gal, Vo = 500, yo = 20. 
(c) Rı = 4gal/min, R2 = 6 gal/min, 

Sı = 11b/gal, Vo = 600, yo = 100. 
Describe how the values of Ry and R» affect 
the volume of liquid in the tank. 

A tank contains 100 gal of a brine solution in 
which 20 lb of salt is initially dissolved. (a) 
Water (containing no salt) is then allowed to 
flow into the tank at a rate of 4 gal/min and 
the well-stirred mixture flows out of the 
tank at an equal rate of 4 gal/min. 
Determine the amount of salt y(t) at any 
time f. What is the eventual concentration of 
the brine solution in the tank? (b) If instead 
of water a brine solution with concentration 
2]b/gal flows into the tank at a rate of 

4 gal/min, what is the eventual 
concentration of the brine solution in the 
tank? 

A tank contains 200 gal of a brine solution in 
which 10 lb of salt is initially dissolved. A 
brine solution with concentration 2 Ib/gal is 
then allowed to flow into the tank at a rate 
of 4 gal/min and the well-stirred mixture 
flows out of the tank at a rate of 3 gal/min. 
Determine the amount of salt y(t) at any 
time t. If the tank can hold a maximum of 
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400 gal, what is the concentration of the 
brine solution in the tank when the volume 
reaches this maximum? 

20. A tank contains 300 gal of a brine solution in 
which 300 lb of salt is initially dissolved. 
A brine solution with concentration 4 lb /gal 
is then allowed to flow into the tank at a 
rate of 3 gal/min, and the well-stirred 
mixture flows out of the tank at a rate of 
4 gal/min. Determine the amount of salt 
y(t) at any time t. What is the concentration 
of the brine solution after 10 min? What is 
the eventual concentration of the brine 
solution in the tank? For what values of t is 
the solution defined? Why? 


The temperature u(t) inside a building can be 
based on three factors: (1) the heat produced by 
people or machinery inside the building, (2) the 
heating (or cooling) produced by the furnace (or 
air conditioning system), and (3) the temperature 
outside the building based on Newton's Law of 
Cooling. If the rate at which these factors affect 
(increase or decrease) the temperature is given 
by A(t), B(t), and C(t), respectively, the differen- 
tial equation that models this situation is 


= KCH — u(t) + AC) + BO, 


where the constant k > 0 depends on the insula- 
tion of the building. 


21. Find the temperature (and the maximum 
temperature) in the building with k = 1/4 if 
the initial temperature is 70 °F, and (a) 
A(t) = 0.25, C(t) = 75, and B(t) = 0; (b) 
A(t) = 0.25, C(t) = 70 — 10cosCrt/12), 
and B(t) = 0; and (c) A(t) = 1, 
C(t) = 70 — 10 cos(zt/12), and B(t) = 0. 


If a heating or cooling system is considered, 
we must model the system with an appropriate 
function. Of course, the system could run con- 
stantly, but we know that most are controlled by 
a thermostat. Suppose that the desired tempera- 
ture is ug. Then B(t) = kg(ug — u(b)), where kg is 
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a constant approximately equal to two for most 
systems. 


22. Determine the temperature (and the 
maximum temperature) in a building with 
k = 1/4 and initial temperature 70 °F if (a) 
A(t) = 0.25, B(t) = 1.75(68 — u(t)), and 
C(t) = 70 — 10cos(rt/12); (D)A(t) = 1, 
B(t) = 1.75(68 — u(t), and 
C(t) = 70 — 10 cos(t/12); and (c) 
A(t) = 0.25, B(t) = 1.75(68 — u(t)), 
and C(t) = 80 — 10 cos(zt/12). 

23. If k = 1/4, A(t) = 0.25, 
B(t) = 1.75(ug — u(t)), and 
C(t) = 70 — 10cos(71/12), determine the 
value of ug needed so that the average 
temperature in the building over a 24-h 
period is 70?F. 
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The motion of some objects can be determined 
through the solution of a first-order equation. 
We begin by explaining some of the theory that 
is needed to set up the differential equation that 
models the situation. 


Newton's Second Law of Motion: The rate at which 
the momentum of a body changes with respect to time 
is equal to the resultant force acting on the body. 


A body's momentum is defined as the product 
of its mass and velocity, so this statement is 
modeled as 


d 

di (mo) — F, 

where m and v represent the body's mass and 
velocity, respectively, and F is the sum of the 
forces acting on the body. The mass m of the 
body is constant, so differentiation leads to the 
differential equation 
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Although Newton had formed early versions of 
his three laws of motion by 1666, they appear in 
his crowning achievement, the Principia that he 
published in 1687. “Be courageous and steady to 
the Laws and you cannot fail." 


If the body is subjected to the force due to 
gravity, then its velocity is determined by solv- 
ing the differential equation 


v 
ae 

where g ~ 32 ft./s? (English system) or g ~ 9.8 m/s? 
(international system). See the summary of units 
in Table 3.4. 

This differential equation is applicable only 
when the resistive force due to the medium (such 
as air resistance) is ignored. If this offsetting 
resistance is considered, we must discuss all of 
the forces acting on the object. Mathematically, 
we write the equation as 

do 


mau X “(forces acting on the object), 


TABLE 3.4 Units Useful in Solving Problems 
Associated with Newton's Second 
Law of Motion 


English International 
Mass Slug (1b s? /ft.) Kilogram (kg) 
Force Pound (1b) Newton (m kg/ s?) 
Distance Foot (ft.) Meter (m) 
Time Second (s) Second (s) 
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Negative direction 
Fr 


Object 


mg 
Positive direction 


FIGURE 3.6 Force diagram. 


where the direction of motion is taken to be the 
positive direction. 

We use the force diagram in Figure 3.6 to 
set up the differential equation that models the 
situation. Air resistance acts against the object 
as it falls and 2 acts in the same direction of the 
motion. We state the differential equation in the 
form: 


mo =mg + (Fr) or mo = mg — Fr, 

where Fr represents this resistive force. Note that 
down is assumed to be the positive direction. 
The resistive force is typically proportional to 
the body's velocity (v) or a power of its velocity. 
Hence, the differential equation is linear or non- 
linear based on the resistance of the medium 
taken into account. 


EXAMPLE 3.3.1 


(a) Determine the velocity and the distance 
traveled by an object with mass m = 1 slug that 
is thrown downward with an initial velocity of 
2ft./s from a height of 1000 ft. Assume that the 
object is subjected to air resistance that is equiva- 
lent to the instantaneous velocity of the object. (b) 
Determine the time at which the object strikes the 
ground and its velocity when it strikes the ground. 


Solution 


(a) First, we set up the IVP to determine the ve- 
locity of the object. The air resistance is equivalent 
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to the instantaneous velocity, so FR = v. The 
formula mdo/dt = mg — Fg then gives us dv/dt = 
32 — v and imposing the initial velocity v(0) — 2 
yields the IVP dv/dt = 32 — v, v(0) = 2, which can 
be solved through several methods. We choose to 
solve it as a linear first-order equation and use 
an integrating factor. (It also can be solved by 
separating variables.) With the integrating factor 
e, we have (d/dt)(e/^) = 32e/. Integrating both 
sides gives us e'" = 32e! + C1, so v = 32 + Cie *, 
and applying the initial velocity gives us v(0) — 
32 + Cie? = 32 C1 = 2, so Cy = —30. Therefore, 
the velocity of the object is v = 32 — 30 e™. 

Notice that the velocity of the object cannot 
exceed 32 ft./s, called the limiting velocity, which 
is found by evaluating lim; oo v(t). 

To determine the distance traveled at time f, 
s(t), we solve the first-order equation ds/dt = 
v = 32 — 30e™ with initial condition s(0) = 0. 
This differential equation is solved by integrating 
both sides of the equation to obtain s(t) = 32t + 
30e~! + C2. Application of s(0) = 0 then gives us 
s(0) = 32 x 0 + 30€? + C2 = 30+ C; = 0, so 
C2 = —30, and the distance traveled by the object 
is given by s(t) = 32t + 30e* — 30. 

(b) The object strikes the ground when s(t) — 
1000. Therefore, we must solve the equation s(t) — 
32t + 30e* — 30 = 1000 for t. The solutions 
of this equation can be approximated with nu- 
merical methods like Newton's method. From the 
graph of this function, shown in Figure 3.7, we see 
that s(t) = 1000 near t = 35. Numerical methods 
show that s(t) = 32t + 30e* — 30 = 1000 when 
t © 32.1875 s. 

The velocity at the point of impact is found 
to be 32.0 ft./s by evaluating the derivative at the 
time at which the object strikes the ground, given 
by s' (32.1875). 


EXAMPLE 3.3.2 


Suppose that the object in Example 3.3.1 of 
mass 1 slug is thrown downward with an initial 
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FIGURE 3.7 Graph of s(t) = 32t + 30e7! — 30. 


velocity of 2 ft./s and that the object is attached to 
a parachute, increasing this resistance so that it is 
given by v?. Find the velocity at any time t and 
determine the limiting velocity of the object. 


Solution 
This situation is modeled by the IVP 
do 2 
=== =2, 
di 32— v^, v(0) 


We solve the differential equation by separating 
the variables and using partial fractions: 
1 
=—3 00 = sli 
32 — o? 
1 


(2) (1-3) 


dv = dt, 


Al a l )ao=at 
8/2 \o+4/2 o—4/2 Duns 


In [o + 44/2] — In |o - 4/2 ED SC 
In v+4v2 = 8/2t+ C1, 
v—4/2 
v+ 442 = Cze” 
v—4/2 
(Cpe), 
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Solving for v, we find that 
v+4V2 = Caef? (y — 4/2) or 


(1 — Cze8Y yu = —4,/2(C3e8V2! + 1), 


so v = —4V2(Cze8Y* + 1)/(1 — C3e8Y*). Appli- 
cation of the initial condition yields C3 = (1 + 
24/2)/(1 24/2). The limiting velocity of the object 
is found with L’Hopital’s rule to be lim;_,.9 v(t) = 
—4,/2C3/(—C3) = 44/2 ft./s. 

In Example 3.3.1, the limiting velocity is 
32 ft./s, so the parachute causes the velocity of 
the object to be reduced (see Figure 3.8). This 
shows that the object does not have to endure as 
great an impact as it would without the help of 
the parachute. 


0.5 1 1.5 2 2.5 3 
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EXAMPLE 3.3.3 


Y Determine a solution (for the velocity and 
the height) of the differential equation that 
models the motion of an object of mass m when 
directed upward with an initial velocity of vo from 
an initial position sy, assuming that the air resis- 
tance equals cv where c is a positive constant. 


Solution 


The motion of the object is upward, so g and 
Fr act against the upward motion of the object as 
shown in Figure 3.9. 

Therefore, the differential equation that must 
be solved in this case is the linear equation 
dv/dt = —g — (c/m)v. We solve the IVP 


dv € 
== 0g = .12 
qum mU SUED (3.12) 
by first rewriting the equation dv/dt = -g — 


(c/m)v as dv/dt + (c/m)v = —g and then calcu- 
lating the integrating factor e/ (€/"»dt — ect/m. Mul- 
tiplying each side of the equation by e“/” gives 
us e" do/dt + (c/mje "y = —ge/™ so that 
(d/dt)(e“/"v) = —ge"/™. Integrating we obtain 
et/My = —gm/ce/™ + C and, consequently, the 
general solution is 
v(t) = -— + Cem. 

Applying the initial condition v(0) = vp and 
solving for C yields C = (cvo + gm)/c so that the 
solution to the IVP is 


Positive direction 
Motion 


Object 


FR 


g 
Negative direction 


FIGURE 3.8 The velocity functions from Example 3.3.1 
(dashed) and Example 3.3.2. Notice how the different forces FIGURE 3.9 By drawing a force diagram, we see that g 
due to air resistance affect the velocity of the object. and FR are in the negative direction. 
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gm n coo + gm e cm 
C 


v(t) == (3.13) 

For example, the velocity function for the case 
with m = 1/128 slugs, c = 1/160, g = 32 ft./s*, and 
vo = 48 ft./s is v(t) = 88e7“/ —40. This function is 
graphed in Figure 3.10(a). Notice where v(t) = 0. 
This value of t represents the time at which the 
object reaches its maximum height and begins to 
fall toward the ground. 

Similarly, this function (3.13) can be used to 
investigate numerous situations without solving 
the differential equation (3.12) each time the pa- 
rameter values are changed. 

The height function s(t), which represents the 
distance above the ground at time t, is determined 
by integrating the velocity function: 


S) = [ wat = / (E ES Gay HEN) dt 


(e 


2 

m cmv m 

Ee p 
C 


3 e cm Je (C 

If the initial height is given by s(0) — so, solving 
for C results in C = (gm? + cso + cmuo)/c?, 
so that 


2 
gm, , cmv + gm qoem 
C c? 


s(t) = (3.14) 


gm? + c?so + cmvo 
pE a SA 
c 


The height and velocity functions are shown in 
Figure 3.10(b) using the parameters m = 1/128 
slugs, c = 1/160, g = 32 ft./s?, and vo = 48 ft./s as 
well as sọ = 0. 

The time at which the object reaches its 
maximum height occurs when the derivative 
of the height function is equal to zero. From 
Figure 3.10(b), we see that s'(f) = v(t) = 0 when 
t ~ 1. Solving s'(f) = 0 for t yields the better 
approximation t ~ 0.985572. 


(b) 


FIGURE 3.10 (a) Graph of v(t) = 88e7*'/5 — 40. (b) Graph 
of v(t) together with s(t) = 110 — 40t — 110e7#/5 (dashed). 


Weight and Mass Notice that in the English system, 
pounds describe force. Therefore, when the weight 
W of an object is given, we must calculate its mass 
with the relationship W = mg or m = W/g. 
Conversely, in the international system, the mass 
of the object (in kilograms) is typically given. 


We now combine several of the topics 
discussed in this section to solve the following 
problem. 
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EXAMPLE 3.3.4 


Y A 32-lb object is dropped from a height of 
50 ft. above the surface of a small pond. While 
the object is in the air, the force due to air resistance 
is v. However, when the object is in the pond 
it is subjected to a buoyancy force equivalent to 
6v. Determine how much time is required for the 
object to reach a depth of 25 ft. in the pond. 


Solution 


The mass of this object is found using the re- 
lationship W — mg, where W is the weight of the 
object. With this, we find that 32 lb = m(32 ft./s?), 
so m = 1(Ib s?)/ft (slug). 

This problem must be broken into two parts: 
an IVP for the object above the pond and an IVP 
for the object below the surface of the pond. Using 
techniques discussed in previous examples, the 
IVP above the pond's surface is found to be 


dv/dt 232— v, (0) — O0. 


However, to determine the IVP that yields the ve- 
locity of the object beneath the pond's surface, the 
velocity of the object when it reaches the surface 
must be known. Hence, the velocity of the object 
above the surface must be determined first. 

The equation dv/dt = 32 — v is separable and 
rewriting it yields 1/(32 — v)dv — dt. Integrating 
and applying the initial condition results in v(t) — 
32 — 32e. To find the velocity when the object 
hits the pond's surface, we must know the time at 
which the object has fallen 50 ft. Thus, we find the 
distance traveled by the object by solving ds/dt — 
v(t), s(0) = so, obtaining s(t) = 32e^* + 32t — 32. 
From the graph of s(t) shown in Figure 3.11(a), 
we see that the value of t at which the object has 
traveled 50 ft. appears to be about 2.5 s. 

A more accurate value of the time at which the 
object hits the surface is t ~ 2.47864. The velocity 
atthis time is then determined by substitution into 
the velocity function,resulting in v(2.47864) ~ 
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29.3166. Note that this value is the initial velocity 
of the object when it hits the surface of the pond. 
Thus, the IVP that determines the velocity of 
the object beneath the surface of the pond is given 
by dv/dt = 32—6v, v(0) = 29.3166. The solution of 
this IVP is v(t) = 16/3 + 23.9833e—, and solving 
ds/dt = 16/3 + 23.9833e **, s(0) = 0 we obtain 


1 
s(t) = 3.99722 — 3.99722 e 9 + +t 


which gives the depth of the object at time t. From 
the graph of this function, shown in Figure 3.11(b), 
we see that the object is 25 ft. beneath the surface 
of the pond after approximately 4s. 

A more accurate approximation of the time 
at which the object is 25 ft. beneath the pond’s 
surface is t ~ 3.93802. 

Finally, the time required for the object to reach 
the pond's surface is added to the time needed 
for it to travel 25 ft. beneath the surface to see that 
approximately 6.41667 s are required for the object 
to travel from a height of 50 ft. above the pond to 
a depth of 25 ft. below the surface.! 


1 LN. Long, H. Weiss, The velocity dependence of 
aerodynamic drag: a primer for mathematicians, The 
American Mathematics Monthly, 106(2), 127-135. 


Note The model presented in this section in which 
the force due to air resistance is proportional to the 
velocity mdo/dt — mg — cv is a simplified model 
used to illustrate how differential equations are 
used to model physical situations. In most cases, 
the equation in which the force due to air resis- 
tance is assumed to be proportional to the square 
of the velocity, ndv/dt = mg — cv?, does a much 
better job in predicting the velocity of a falling 
object. In fact, the first model typically works only 
when an object is dropped in a highly viscous 
medium or when the object has negligible mass. 


EXERCISES 3.3 


uE 
A 
n 


(b) 


FIGURE 3.11 (a) Graph of s(t) = 32e7! + 32t — 32. (b) 
Graph of s(t) = 3.99722 — 3.9972e-8! + 161. 


D EXERCISES 3.3 


1. A rock that weighs 321b is dropped from 


rest from the edge of a cliff. (a) Find the 
velocity of the rock at time t if the air 
resistance is equivalent to the instantaneous 
velocity v. (b) What is the velocity of the 
rock at t = 28? 

. An object that weighs 4 lb is dropped from 
the top of a tall building. (a) Find the 
velocity of the object at time t if the air 
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resistance is equivalent to the instantaneous 
velocity v. (b) What is the velocity of the 
object att = 2s? How does this compare to 
the result in Exercise 1? 


. An object weighing 1 lb is thrown 


downward with an initial velocity of 8 ft./s. 
(a) Find the velocity of the object at time t if 
the air resistance is equivalent to twice the 
instantaneous velocity. (b) What is the 
velocity of the object at t = 1s? 


. An object weighing 16 lb is dropped from a 


tall building. (a) Find the velocity of the 
object at time t if the air resistance is 
equivalent to twice the instantaneous 
velocity. (b) What is the velocity of the 
object at t 2 1s? How does this compare to 
the result in Exercise 3? 


. A ball of weight 4 oz is tossed into the air 


with an initial velocity of 64 ft. /s. (a) Find 
the velocity of the object at time t if the air 
resistance is equivalent to 1/16 the 
instantaneous velocity. (b) When does the 
ball reach its maximum height? 


. A tennis ball weighing 8 oz is hit vertically 


into the air with an initial velocity of 

128 ft. /s. (a) Find the velocity of the object at 
time ft if the air resistance is equivalent to 
half of the instantaneous velocity. (D) When 
does the ball reach its maximum height? 


- A rock of weight 0.5 lb is dropped (with 


zero initial velocity) from a height of 300 ft. 
If the air resistance is equivalent to 1/64 
times the instantaneous velocity, find the 
velocity and distance traveled by the object 
at time t. Does the rock hit the ground 
before 4 s elapse? 


. An object of weight 0.5 lb is thrown 


downward with an initial velocity of 16ft./s 
from a height of 300 ft. If the air resistance is 
equivalent to 1/64 times the instantaneous 
velocity, find the velocity of and distance 
traveled by the object at time t. Compare 
these results to those in Exercise 7. 


. An object of mass 10 kg is dropped from a 


great height. (a) If the object is subjected to 
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air resistance equivalent to 10 times the 
instantaneous velocity, find the object's 
velocity (b) What is the limiting velocity of 
the object? 

Suppose that an object of mass 1 kg is 
thrown with a downward initial velocity of 
5m/s and is subjected to an air resistance 
equivalent to the instantaneous velocity. (a) 
Find the velocity of the object and the 
distance fallen at time t. (D) How far does 
the object drop after 5 s? 

A projectile of mass 100 kg is launched 
vertically from ground level with an initial 
velocity of 100 m/s. (a) If the projectile is 
subjected to air resistance equivalent to 1/10 
times the instantaneous velocity, determine 
the velocity of and the height of the 
projectile at any time t. (b) What is the 
maximum height attained by the projectile? 
In a carnival game, a participant uses a 
mallet to project an object up a 20-m pole. If 
the mass of the object is 1 kg and the object 
is subjected to resistance equivalent to 1/10 
times the instantaneous velocity, determine 
if an initial velocity of 20 m/s causes the 
object to reach the top of the pole. 
Assuming that air resistance is ignored, find 
the velocity and height functions if an object 
with mass m is thrown vertically up into the 
air with an initial velocity vo from an initial 
height so. 

Use the results of Exercise 13 to find the 
velocity and height functions if m = 1/128 
slugs, g = 32 ft./s?, vo = 48 ft./s, and 

so = Oft. What is the shape of the height 
function? What is the maximum height 
attained by the object? When does the object 
reach its maximum height? When does the 
object hit the ground? How do these results 
compare to those of Example 3? 

Consider the situation described in Exercise 
13. What is the velocity of the object when it 
hits the ground, assuming that the object is 
thrown from ground level? 
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Consider the situation described in Exercise 
13. If the object reaches its maximum height 
after T seconds, when does the object hit the 
ground, assuming that the object is thrown 
from ground level? 


. Suppose that an object of mass 10 kg is 


thrown vertically into the air with an initial 
velocity of v9 m/s. If the limiting velocity is 
—19.6 m/s, what can be said about c > 0 
(positive constant), in the force due to air 
resistance Fg — c? acting on the object? 


. If the limiting velocity of an object of mass 


m that is thrown vertically into the air with 
an initial velocity vo m/s is —9.8 m/s, what 
can be said about the relationship between 
m and c in the force due to air resistance 

Fg = cv acting on the object? 

A parachutist weighing 192 Ib falls from a 
plane (that is, vo = 0). When the 
parachutist's speed is 60 ft. /s, the parachute 
is opened and the parachutist is then 
subjected to air resistance equivalent to 

Fg = 3v?. Find the velocity v(t) of the 
parachutist. What is the limiting velocity of 
the parachutist? 

A parachutist weighing 60 kg falls from a 
plane (that is, vo = 0) and is subjected to air 
resistance equivalent to Fg = 10v. After one 
minute, the parachute is opened so that the 
parachutist is subjected to air resistance 
equivalent to Fg — 100v. (a) What is the 
parachutist's velocity when the parachute is 
opened? (b) What is the parachutist's 
velocity v(t) after the parachute is opened? 
(c) What is the parachutist's limiting 
velocity? How does this compare to the 
limiting velocity if the parachute does not 
open? 

(Escape Velocity) Suppose that a rocket is 
launched from the Earth's surface. At a 
great (radial) distance r from the center of 
the Earth, the rocket's acceleration is not the 
constant g. Instead, according to Newton's 
law of gravitation, a — k/ r2, where k is the 
constant of proportionality (k > 0 if the 
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rocket is falling toward the Earth; k « 0 if 
the rocket is moving away from the Earth). 
(a) If a 2 —g at the Earth's surface (when 

r = R), find k and show that the rocket's 
velocity is found by solving the IVP 

dv/dt = —gR?/1?, v(0) = vo. (b) Show that 
dv/dt = vdv/dr so that the solution to the 
IVP vdv/dr = —gR?jr, v(R) = vo is 

v? = 2gR?/r + v5 — 2gR. (c) If v > 0 (so that 
the rocket does not fall to the ground), show 
that the minimum value of vg for which this 
is true (even for very large values of r) is 

vo = y 2gR. This value is called the escape 
velocity and signifies the minimum velocity 
required so that the rocket does not return 
to the Earth. 

If R ~ 3960 mile and g ~ 32 ft./s? 

= 0.006 mile/s?, use the results of Exercise 
21 to compute the escape velocity of the 
Earth. 

(See Exercise 21) Determine the minimum 
initial velocity needed to launch the lunar 
module (used on early space missions) from 
the surface of the Earth's moon given that 
the moon's radius is R ~ 1080 mile and the 
acceleration of gravity of the moon is 16.576 
of that of the Earth. 

(See Exercise 21) Compare the Earth's escape 
velocity to those of Venus and Mars if for 
Venus R ~ 3800 mile and acceleration of 
gravity is 8576 of that of the Earth; and for 
Mars R = 2100 mile and acceleration of 
gravity is 3876 of that of the Earth. Which 
planet has the largest escape velocity? 
Which has the smallest? 

In an electric circuit with one loop that 
contains a resistor R, a capacitor C, and a 
voltage source E(t), the charge Q on the 
capacitor is found by solving the IVP 
RdQ/dt + Q/C = E(t), Q(0) = Qo. Solve this 
problem to find Q(t) if E(t) = Ep where Ep is 
constant. Find I(t) = Q'(f) where I(t) is the 
current at any time t. 

If in the R — C circuit described in Exercise 
25 C = 10 $E, R = 4000 Q, and E(t) = 200 V, 
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find Q(t) and I(t) if Q(0) = 0. What 
eventually happens to the charge and the 
current as t > oo? 
An object that weighs 48 lb is released from 
rest at the top of a plane metal slide that is 
inclined 30° to the horizontal. Air resistance 
(Ib) is numerically equal to one-half the 
velocity (ft./s), and the coefficient of friction 
is u = 1/4. Using Newton's Second Law of 
Motion by summing the forces along the 
surface of the slide, we find the following 
forces: 
(a) the component of the weight parallel to 
the slide: F1 = 48 sin 30? = 24; 
(b) the component of the weight 
perpendicular to the slide: 
N = 48cos30? = 244; 
(c) the frictional force (against the motion of 
the object): 
Fy = —uN = —} x 24V3 = —6V3; and 
(d) the force due to air resistance (against 
the motion of the object): F3 = — 50. 
Because the mass of the object is 
m = 48/32 = 3/2, we find that the 
velocity of the object satisfies the IVP 
mdv/dt = F4 + F2 + F3 or 


1 
24 — 6V3 — zo v(0) — 0. 


Solve this problem for v(t). Determine the 
distance traveled by the object at time t, x(t), 
if x(0) = 0. 

A boat weighing 150 lb with a single rider 
weighing 170 lb is being towed in a 
particular direction at a rate of 20 mph. At 
t = 0, the tow rope is cut and the rider 
begins to row in the same direction, 
exerting a constant force of 121b in the 
direction that the boat is moving. The 
resistance is equivalent to twice the 
instantaneous velocity (ft./s). The forces 
acting on the boat are F; = 12 in the 
direction of motion and the force due to 
resistance in the opposite direction, 

F = —2v. Because the total weight (boat 
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and rider) is 320 lb, m = 320/32 = 10. 
Therefore, the velocity satisfies the 
differential equation mdv/dt = F1 + F2 or 
10dv/dt = 12 — 2v with initial velocity 
20 mph, which is equivalent to 
mile — 5280 ft. 1h 88 
v(0) = 20 mile x cT ft./s. 
Find v(t) and the distance traveled by the 
boat, x(t), if x(0) = 0. 
What is the equilibrium solution of 
dv/dt = 32 — v? How does this relate to the 
solution v = 32 + Ce? 
What is the equilibrium solution of 
dv/dt = 32 — v?? How does this relate to the 
solution 
v = (-A/2(Ce8^2 + 1))/(1 — Ce8t2)? 
Find the equilibrium solution to 
dv/dt = —g — (c/m)v. What is the limiting 
velocity? 
Find the equilibrium solution to 
dv/dt = —g — (c/m)v?. What is the limiting 
velocity? 
Suppose that a falling body is subjected to 
air resistance assumed to be Fg — cv. Use 
the values of c — 0.5, 1, and 2; and plot the 
velocity function with m = 1, = 32, and 
vo = 0. How does the value of c affect the 
velocity? 
Compare the effects that air resistance has 
on the velocity of a falling object of mass 
m — 0.5 that is released with an initial 
velocity of v9 = 16. Consider Fg = 16v? 
and Fr = 16v. 
Compare the effects that air resistance has 
on the velocity of a falling object of mass 
m — 0.5 that is released with an initial 
velocity of vp = 0. Consider Fg = 160% and 
Fg = 16./0. 
Consider the velocity and height functions 
found in Example 3.3.3 with m = 1/128, 
c = 1/160, and g = 32 ft./s?. 
(a) Suppose that on the first toss, the object 
is thrown with vo = 48 ft./s from an 
initial height of sy = 0 ft. and on the 
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second toss with vo = 36 ft./s and sy = 6. 
On which toss does the object reach the 
greater maximum height? 

(b) If sy = Oft., compare the effect that the 
initial velocities v9 = 48 ft./s, 
vo = 64 ft./s, and vg = 80ft./s have on 
the height function. 

(c) If vo = 48 ft./s, compare the effect that 
the initial heights sy = 0 ft., so = 10 ft., 
and sy = 20 ft. have on the height 
function. 

A woman weighing 125 lb falls from an 

airplane at an altitude of 4000 ft. and opens 

her parachute after 5 s. If the force due to air 
resistance is Fg — v before she opens her 
parachute and Fg — 10v afterward, how 
long does it take for the woman to reach the 
ground? 

Consider the problem discussed in 

Example 3.3.4. Instead of a buoyancy force 

equivalent to 6v, suppose that when the 

object is in the pond, it is subjected to a 

buoyancy force equivalent to 67?. 

Determine how much time is required for 

the object to reach a depth of 25 ft. in the 

pond. 


CHAPTER 3 SUMMARY: ESSENTIAL 


CONCEPTS AND FORMULAS 


Malthus model The IVP dy/dt — ky, 

y(0) = yo has the solution y = yoe". 
Logistic equation (or Verhulst equation): 
The IVP dy/dt = (r — ay)y, yO) = yo has the 
solution y = ryo/(ayo + (r — ayo)e "*). 
Newton's Law of Cooling: The IVP 

dT/dt = k(T — Ts), T(0) = To has the solution 
T = (Ty — Te* + Ts. 

Newton's Second Law of Motion: The rate 
at which the momentum of a body changes 
with respect to time is equal to the resultant 
force acting on the body: (d/dt)(mv) = F. 
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The velocity of the falling body is found by 
solving the differential equation determined 
with m(dv/dt) = > (forces acting on the 
object). 


CHAPTER 3 REVIEW EXERCISES 


In Exercises 1-6, classify the equilibrium solu- 


tions. 
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. dy/dt = y — 2y). 

. dy/dt 2 —y. 

. dy/dt = -iyy — 4). 

. dy/dt = ayy — 2). 

. dy/dt = —y(1 — 50 — 3y). 

. dy/dt = yd — à — Ey). 

. The initial population in a bacteria culture is 
yo. Suppose that after 4 days the population 
is 3yo. Assuming exponential growth so that 
the Malthus model applies, when is the 
population 5yg? 

. Suppose that a bacteria culture contains 200 
cells. After 1 day the culture contains 600 
cells. Assuming exponential growth so that 
the Malthus model applies, how many cells 
does the culture contain after 2 days? 

. What percentage of the original amount of 

the element 2PRa remains after 50 years? 

(Refer to Table 3.1.) 

If an artifact contains 1076 of the amount of 

14C as that of a present-day sample, how 

old is the artifact? (Refer to Table 3.1.) 

Suppose that in an isolated population of 

1000 people, 250 initially have a virus. If 

after 1 day, 500 have the virus, how many 

days are required for three-fourths of the 
population to acquire the virus? (Use the 

Verhulst equation.) 

The Gompertz equation given by 

dy/dt = y(r — alny) is used by actuaries to 

predict trends of certain populations. If 

y(0) = yo, then find y(t). Find limi, œ y(t) if 

a 0. 
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A bottle that contains water with a 
temperature of 40 °F is placed on a tennis 
court with temperature 90?F. After 20 min, 
the water is 65°F. What is the water’s 
temperature after 30 min? 

A can of diet cola at room temperature of 
70°F is placed in a cooler with temperature 
40 °F. After 30 min, the can’s temperature is 
at 60 °F. When is the temperature of the can 
at 45 °F? 

A frozen turkey breast is placed in a 
microwave oven to defrost. It is then placed 
in a conventional oven at 325 °F and bakes 
for 1h, at which time its temperature is 

100 °F. If after baking an additional 45 min 
its temperature is 150 °F, what was the 
temperature of the turkey when it was 
removed from the microwave? 

Suppose that during the month of July in 
Statesboro, Georgia, the outside 
temperature in °F is given by 

C(t) = 85 — 10cos(11/12), 0 < t < 24. Find 
the temperature in a parked car that has an 
initial temperature of 70 °F if k = 1/4. 
(Assume that the car has no heat or air 
conditioning system.) 

A rock weighing 4 lb is dropped from rest 
from a large height and is subjected to air 
resistance equivalent to Fg — v. Find the 
velocity v(t) of the rock at any time t. What 
is the velocity of the rock after 3s? How far 
has the rock fallen after 3 s? 

A container of waste weighing 61b is 
accidentally released from an airplane at an 
altitude of 1000 ft. with an initial velocity of 
6 ft./s. If the container is subjected to air 
resistance equivalent to Fg = 20/8, find the 
velocity v(t) of the container at any time t. 
What is the velocity of the container after 
5s? How far has the container fallen after 
5s? Approximately when does the 
container hit the ground? 

An object of mass 5 kg is thrown vertically 
in the air from ground level with an initial 
velocity of 40 m/s. If the object is subjected 
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to air resistance equivalent to Fg — 5o, find 
the velocity of the object at any time t. 
When does the object reach its maximum 
height? What is its maximum height? 

A ball weighing 0.75 Ib is thrown vertically 
in the air with an initial velocity of 20 ft. /s. 
If the ball is subjected to air resistance 
equivalent to Fg = 0/64, find the velocity of 
the object at any time t. When does the 
object reach its maximum height? What is 
its maximum height if it is thrown from an 
initial height of 5 ft.? 


A parachutist weighing 128 lb falls from a 
plane (vo = 0). When the parachutist's 
speed is 30 ft. /s, the parachute is opened 
and the parachutist is then subjected to air 
resistance equivalent to Fg = 2v*. Find the 
velocity, v(t), of the parachutist. What is the 
limiting velocity of the parachutist? 


A relief package weighing 256 lb is dropped 
from a plane (vo = 0) over a war-ravaged 
area and is subjected to air resistance 
equivalent to Fg — 16v. After 2s the 
parachute opens and the package is then 
subjected to air resistance equivalent to 

Fg = 4v?. Find the velocity, v(t), of the 
package. What is the limiting velocity of the 
package? Compare this to the limiting 
velocity if the parachute does not open. 


Atomic waste is placed in sealed canisters 
and dumped in the ocean. It has been 
determined that the seal will not break and 
leak the waste when the canister hits the 
bottom of the ocean as long as the velocity 
of the canister is less than 12 m/s when it 
hits the bottom of the ocean. Using 
Newton's second law, the velocity satisfies 
the equation mdv/dt = W — B — ko, where 
v(0) = 0, W is the weight of the canister, B is 
the buoyancy force, and the drag is given by 
—kv. Solve this first-order linear equation 
for v(t) and then integrate to find the 
position y(t). If W = 2254 Newtons, 

B = 2090 Newtons, and k = 0.637 kg/s, 
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determine the time at which the velocity is 
12m/s. Determine the depth H of the ocean 
so that the seal will not break when the 
canister hits the bottom. 

According to the law of mass action, if the 
temperature is constant, then the velocity of 
a chemical reaction is proportional to the 
product of the concentrations of the 
substances that are reacting. The chemical 
reaction A + B > M combines a moles per 
liter of substance A and b moles per liter of 
substance B. If y(t) is the number of moles 
per liter that have reacted after time t, the 
reaction rate is dy/dt — k(a — y)(b — y). Find 
y(t) if y(0) = 0. Find lim; oœ y(t) first if a > b 
and then if b > a. 

Solve the following equations for r(0). 
Graph the polar equation that results. 

(a) rdr/d0 + Asin 20 = 0, r(0) = 2, 

(b) dr/d0 =r, r(1) « 0, 

(c) dr/d0 = 0, r(0) = 0, 

(d) dr/d0 = 2secé@ tan 6, r(0) = 4, 

(e) dr/d0 = 6sin 0/2 cos 0/2, r(0) = 0. 


The Italian scientist Evangelista Torricelli (1608- 
1647) made contributions in many areas of 
science. Not only did he make contributions 
to calculus and differential equations, also he 
discovered (or invented) the barometer. 


26. A cylindrical tank 1.50 m high stands on its 


circular base of radius r = 0.50 m and is 
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initially filled with water. At the bottom of 
the tank, there is a hole of radius 

r = 0.50 cm that is opened at some instant 
so that draining starts due to gravity. 
According to Torricelli's law, v — 0.600,/2gh, 
where g = 980 cm/s and h is the height of 
the water. By determining the rate at which 
the volume changes, we find that 

dh/dt = —0.600A,/2gh/B, where A is the 
cross-sectional area of the outlet and B is the 
cross-sectional area of the tank. In this case, 
A = 0.50022 cm? and B = 50.027 cm?, so 
dh/dt = —0.00266 — vh. Find h(t) if 

h(0) = 150. 

27. (Fishing)? Consider a population of fish 
with population size at time t given by x(t). 
Suppose the fish are harvested at a rate of 
h(t). If the fish are sold at price p and 6 is the 
interest rate, the present value P of the 
harvest is given by the improper integral, 


p-f[ es PL 3.15 
¡$ (> 20 (t) (3.15) 


where c and q are constants related to the 

cost of the effort of catching fish (4 is called 

the catchability). 

(a) Evaluate P if 8 = 0.05, x(t) = 1, and 
h(t) = 1/2. If we assume that the 
harvesting rate h(t) is proportional to the 
population of the fish, then h(t) = qEx(t), 
where E represents the effort in catching 
the fish, and, under certain assumptions, 
the size of the population of the fish x(t) 
satisfies the differential equation 


dx/dt = (r —ax)x —h. or 
dx/dt = (r — ax)x — qEx. 


This equation can be rewritten in the 
form 


dx/dt = ((r — qE) — ax) x. 


(b) Solve the equation 
dx/dt — ((r — qE) — ax) x and find the 
solution that satisfies the initial 
condition x(0) = xo. What is h(t)? 
Suppose that xy = 1, r = 1, and a = 1/2. 

(c) Graph x(t) if there is no harvesting for 
0 < t x 10. Hint: If there is no 
harvesting, qE — 0. 

(d) Graph x(t) and h(t) for 0 < t < 20 using 
gE = 0, 0.1, 0.2, ..., 2. What is the 
maximum sustainable harvest rate? In 
other words, what is the highest rate at 
which the fish can be harvested without 
becoming extinct? At what rate should 
the fish be harvested to produce the 
largest overall harvest? How does this 
result compare to (a)? 


In 1965, the values of r, a, p, c, and q for 
the Antarctic whaling industry, were 
determined to be r — 0.05, 

a = 1.25 x 10-7, P = 7000, c = 5000, and 
q = 1.3 x 1077. Assume that t = 0 
corresponds to the year 1965 and that 
x(0) = 78,000. Assume that a typical 
firm expects a return of 10% on their 
investment, so that ô = 0.10. 


(e) Approximate the improper integral 
given by Equation (3.15) if (i) E = 5000 
and (ii) E = 7000. What happens to the 
whale population in each case? What 
advice would you give to the whaling 
industry? 


2J.N. Kapur, Some problems in biomathematics, International Journal of Mathematical Education in Science and 
Technology, 9(3), 1978, 287-306; and C.W. Clark, Bioeconomic Modeling and Resource Management, in: Applied 
Mathematical Ecology, S.A. Levin, T. Hallam, L.J. Goss (Eds.), Springer-Verlag, New York, 1980, pp. 11-57. For more 
information, see R.M. May, J.R. Beddington, C.W. Clark, S.J. Holt, R. M. Laws, Management of Multispecies Fisheries, 


Science, Vol. 205 (4403), July 20, 1979, pp. 267-277. 
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(f) Approximate the improper integral 
(3.15) using the values in the following 
table. 


Approximation of 
E P= fie |p- £no at 


1000 
1500 
2000 
2500 
3000 
3500 
4000 
4500 


What value of E produces the maximum 
profit? What happens to the whale 
population in this case? 

(g) Some reports have indicated that the 
optimal stock level of whales should be 
about 227,500. How does this number 
compare to the maximum number of 
whales that the environment can 
sustain? Hint: Evaluate lim; o x(t) if 
there is no harvesting. How can the 
whaling industry make a profit and 
maintain this number of whales in the 
ocean? 

(Family of Orthogonal Trajectories) Two 

curves C4 and C are orthogonal at a point 

of intersection if their respective tangent 
lines to the curves at that point are 
orthogonal. For example, consider the 
curves y = x and y = y 1 — x?. (a) Show that 

the derivatives of these functions are y' = 1 

and y' = —x/y 1 — x?, respectively. (b) Show 

that the curves are orthogonal at the point 

(1/4/2, 1/4/2) because the derivatives 

evaluated at this point are 1 and —1, 

respectively. Therefore, the tangent lines are 

perpendicular at (1/42, 1/4/2). 

Determine the orthogonal trajectories of the 

given family of curves. (Graph the orthogonal 

trajectories and curves simultaneously.) 
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(a) y 4- 2x =c. 
(b) y = e**. 
(9 i? 2 x? +c. 


(d) y? =x? + cx. 

Given a family of curves F, we would like to 
find a set of curves that are orthogonal to 
each curve in F. We refer to this set of 
orthogonal curves as the family of orthogonal 
trajectories. Suppose that a family of curves 
is defined as F(x, y) = c and that the slope of 
the tangent line at any point on these curves 
is dy/dx = f(x, y) when it is obtained by 
differentiating F(x, y) — c with respect to x 
and solving for dy/dx. Then the slope of the 
tangent line of the orthogonal trajectory is 
dy/dx — —1/f (x, y). Therefore, the family of 
orthogonal trajectories is found by solving 
dy/dx = —1/f (x, y). Find the family of 
orthogonal trajectories of the set of curves 

y — cx? by carrying out the following steps. 
(a) Show that the slope of the tangent line at 
any point on the parabola y — cx? is 

dy/dx = 2cx. (b) Solve y = cx? for c and 
substitute this result into dy/dx — 2cx to 
obtain dy/dx = 2y/x. (c) Solve the equation 
dy/dx = —1/f(x, y) = —x/Qy) to find that 
the family of orthogonal trajectories is 

x?/2 + y? = k, k > 0, a family of 

ellipses. 

Let T(x, y) represent the temperature at the 
point (x, y). The curves given by T(x, y) — c, 
where c is a constant, are called isotherms. 
The orthogonal trajectories are curves along 
which heat flows. Show that the isotherms 
are 32/2 + xy — y?/2 = c if the curves of heat 
flow are given by y? + 2xy — x? = k. Hint: 
On the heat flow curves, 

dy/dx = (x — y)/(x + y), so we must solve 


dy/dx = (x + y)/(x — y), which is an exact 


differential equation. 

A family of curves is self-orthogonal if the 
family of orthogonal trajectories is the same 
as the original family of curves. Is 

y? — 2cx = c? a self-orthogonal family of 
curves (parabolas)? 


33. 


34. 


35. 


36. 


37. 


CHAPTER 3 REVIEW EXERCISES 


Find a value of c so that the two families of 
curves y = kx? + c and x? + 2)? = ko + y, 
where kı and kp are constants, are 
orthogonal. 


Suppose that an electrical current is flowing 
in a wire along the z-axis. Then, the 
equipotential lines in the xy-plane are 
concentric circles centered at the origin. If 
the electric lines of force are the orthogonal 
trajectories of these circles, find the electric 
lines of force. 


The path along which a fluid particle flows 
is called a streamline, and the orthogonal 
trajectories are called equipotential lines. 1f 
the streamlines are y — k/x, find the 
equipotential lines. 


(Oblique Trajectories) Let £1 and £? denote 
two lines, not perpendicular to each other, 
with slopes m and mp, respectively; and let 
0 denote the angle between them as shown 
in Figure 3.12(a). Then, 

tan = (m — m1)/(1 + mom). 

(a) Show that 
m» = (mı + tan0)/(1 — mı tan 0). 

(b) Suppose we are given a family of curves 
that satisfies the differential equation 
dy/dx = f (x, y). Use (a) to show that if 
we want to find a family of curves that 
intersects this family at a constant angle 
0, we must solve the differential 
equation dy/dx — 

(f(x,y) + tan0)/(1 + f (x, y) tan 0). Hint: 
Studying Figure 3.12(b) might help. 

(c) Find a family of curves that intersects 
the family of curves 1? — y? = c? atan 
angle of 1/4. Graph several members of 
both families to confirm your result. 

(d) Find a family of curves that intersects 
the family of curves x? + y? — c? atan 
angle of 1/6. Graph several members of 
both families to confirm your 
result. 

(a) Determine the orthogonal trajectories 

of the family of curves y? = 2cx + 2c?, 
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(b) 


FIGURE 3.12 (a) Calculating the angle of intersection 
of two non-parallel lines. (b) Drawing the parallel can help 
compute the angle. 


(b) Graph several members of both families 
of curves on the same set of axes. (c) What is 
your reaction to the graphs? 

38. (Barometric Formula) Consider a point in the 
atmosphere. The change in pressure P 
associated with a small change in height h 
at that point can be determined in terms of 
the weight of the air. This yields 
AP = —pgAAh/A = —pgAh where A 
represents the area of the face of 
cross-section of the atmosphere with 
thickness Ah and p the density. 

(o — m/V =nNam/nRT/P where m is the 

mass of one molecule, V is the volume. T is 

the temperature, R is the gas constant, and 

Na is Avogadro's number.) If k = R/NA, 
mP 


then p = 7. where k is Boltzmann’s 
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40. 


41. 


constant. Therefore, (AP/Ah) 2 —mgP/kT 

so that (dP/dh) = —mg/kTP. (Notice that 

(dP/dt) « 0 because P decreases as h 

increases.) Assuming that P(0) = Po, find 

P(h). What is the limiting value of P as 

h => oo? 

(Stress in a Bar with a Non-constant Cross 

section) Suppose that a bar has circular 

cross-sections, is supported at the top and 
has a load L. The bar has length p and 
density p, and itis assumed that the stress 

at every point in the bar is the constant c. 

(a) Find the formula for the volume of the 
bar at a height x from the base of the bar. 
Also calculate the weight of this section 
of the bar. 

(b) Find a formula for the stress in the bar at 
height x. 

(c) Show that the ODE that describes this 
situation is pry? = oz2y dy/dx or 
(2/y)(dy/dx) = p/o. Solve this ODE if 
y(0) =1. 

(Selling Smartphone Apps) 

A company is trying to sell a smartphone 

app to a potential audience of P customers 

through a marketing campaign. If 
approximately 1/4 of the potential audience 
knows about the app after 6 months, how 
many will know about the app after 1 year? 

(Chemical Reaction) Suppose that in a chemi- 

cal reaction Substance X is converted to sub- 

stance Y at a rate proportional to the square 
of the amount of substance X present in the 
reaction. Determine the ODE that models 
this situation and then find X(t), the amount 
of Substance X at time t, if initially there are 

100 g of Substance X and only 60 g remain 

after 1h. How much remains after 3h? 


3. APPLICATIONS OF FIRST-ORDER DIFFERENTIAL EQUATIONS 


DIFFERENTIAL EQUATIONS 
AT WORK 


A. Mathematics of Finance 


Suppose that P dollars are invested in an ac- 
count at an annual rate of r% compounded con- 
tinuously. To find the balance of the account x(t) 
at time t, we must solve the IVP 


dx/dt 2rx, x(0)=P, forx= x(t). 


1. Show that x(t) = Pe”. 

2. If $1000 is deposited into an account with 
an annual interest rate of 8% compounded 
continuously, what is the balance of the 
account at the end of 5, 10, 15, and 20 years? 

If we allow additions or subtractions of 
sums of money from the account, the 
problem becomes more complicated. 
Suppose that an account like a savings 
account, home mortgage loan, student loan 
or car loan, has an initial balance of P 
dollars and r denotes the interest rate per 
compounding period. Let p(t) denote the 
money flow per unit time and ô = In(1 + 7). 
Then the balance of the account at time f, 
x(t), satisfies the IVP? 


dx 
dr ôx = p(t), x(0)—P. 


3. Show that the balance of the account at time 
to is given by 


to 
x(to) = Pe?o + eĉt0 Í p(De^? dt 
0 


4. Suppose that the initial balance of a student 
loan is $12,000 and that monthly payments 
are made in the amount of $130. If 
theannual interest rate, compounded 


3T.C.I. Kotiah, Difference and differential equations in the mathematics of finance, International Journal of 
Mathematics in Education, Science, and Technology, 22(5), 1991, 783-789. 

E.W. Herold, Inflation Mathematics for the Professional, in: Mathematical Modeling: Classroom Notes in 
Applied Mathematics, M.S. Klamkin (Ed.), SIAM, 1987, pp. 206-209. 
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monthly, is 9%, then P — 12,000, 

p(t) = —130, r = 0.09/12 = 0.0075, and 

$ = Ind + r) = 1In(1.0075). 

(a) Show that the balance of the loan at time 
t, in months, is given by 


x(t) = 17398.3 — 5398.25 x 1.0075". 


(b) Graph x(t) on the interval [0, 180], 
corresponding to the loan balance for 
the first 15 years. 

(c) How long will it take to pay off the loan? 

. Suppose that the initial balance of a home 

mortgage loan is $80,000 and that monthly 

payments are made in the amount of $599. 

If the annual interest rate, compounded 

monthly, is 8%, how long will it take to pay 

off the mortgage loan? 

. Suppose that the initial balance of a home 

mortgage loan is $80,000 and that monthly 

payments are made in the amount of $599. 

If the annual interest rate, compounded 

monthly, is 8%, how long will it take to pay 

off the mortgage loan if the monthly 
payment is increased at an annual rate of 

3%, which corresponds to a monthly 

increase of 1/476? 

. If an investor invests $250 per month in an 

account paying an annual interest rate of 

10%, compounded monthly, how much will 

the investor have accumulated at the end of 

10, 20, and 30 years? 

. Suppose an investor begins by investing 

$250 per month in an account paying an 

annual interest rate of 10%, compounded 
monthly, and in addition increases the 
amount invested by 6% each year for an 
increase of 1/2% each month. How much 
will the investor have accumulated at the 
end of 10, 20, and 30 years? 

. Suppose that a 25-year-old investor begins 

investing $250 per month in an account 

paying an annual interest rate of 1076, 

compounded monthly. If at the age of 35 the 

investor stops making monthly payments, 
what will be the account balance when the 
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investor reaches 45, 55, and 65 years of age? 
Suppose that a 35-year-old friend begins 
investing $250 per month in an account 
paying an annual interest rate of 1076, 
compounded monthly, at the same time the 
first investor stops. Who has a larger 
investment at the age of 65? 
If you are given a choice between saving 
$150 a month beginning when you first start 
working and continuing until you retire, or 
saving $300 per month beginning 10 years 
after you first start working and continuing 
until you retire, which should you do to 
help ensure a financially secure retirement? 
From Exercises 8 and 9, we see that 
consistent savings beginning at an early age 
can help assure that a large sum of money 
will accumulate by the age of retirement. 
How much money does a person need to 
have accumulated to help ensure a 
financially secure retirement? For example, 
corporate pension plans and social security 
generally provide a relatively small portion 
of living expenses, especially for those with 
above average incomes. In addition, 
inflation erodes the buying power of the 
dollar; large sums of money today will not 
necessarily be large sums of money 
tomorrow. 

As an illustration, we see that if inflation 
were to average a modest 3% per year for 
the next 20 years and a person has living 
expenses of $20,000 annually, then after 20 
years the person would have living 
expenses of $20,000 x 1.032 ~ $36, 122. 

Let t denote years and suppose that a 
person's after-tax income as a function of 
years is given by I(t) and E(t) represents 
living expenses. Here t = 0 might represent 
the year a person enters the work force. 
Generally, during working years, 

I(t) > E(t); during retirement years, when 
I(t) represents income from sources such as 
corporate pension plans and social security, 
I(t) < E(t). 
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Suppose that an account has an initial 
balance of Sy and the after-tax return on the 
account is 1%. We assume that the amount 
deposited into the account each year is 
I(t) — E(t). What is the balance of the 
account at year t, S(t)? S must satisfy the 
IVP 


= = rS(t) + I(t) — E) 

dt — : 
Show that the balance of the account at time 
t = to is 


S(0) = So. 


fi 
S(to) = ev (s + Í : (I(t) — EH) e7” ar). 
0 


Assume that inflation averages an annual 
rate of i. Then, in terms of E(0), 

E(t) = E(0)e". Similarly, during working 
years we assume that annual raises are 
received at an annual rate of j. Then, in 
terms of I(0), I(t) = I(0)e. However, during 
retirement years, we assume that I(t) is 
given by a fixed sum F, such as a corporate 
pension or annuity, and a portion indexed 
to the inflation rate V, such as social 
security. Thus, during retirement years 


I(t) =F + Vei*-D, 
where T denotes the number of working 
years. Therefore, 
I(0)e, 
F + Velt-D, 


I(t) = 0<t<T 
t>T 

Suppose that a person has an initial income 
of I(0) = 20,000 and receives annual 
average raises of 5%, so that j 2 0.05 and 
initial living expenses are E(0) — 18, 000. 
Further, we assume that inflation averages 
3%, so that i 2 0.03, while the after tax 
return on the investment is 696, so that 

r — 0.06. Upon retirement after T years of 
work, we assume that the person receives a 
fixed pension equal to 20% of his living 
expenses at that time, so that 
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F 202 x 18,000 x e9 °F, 


while social security provides 30% of his 
living expenses at that time, so that 


V = 0.3 x 18,000 x e0-087. 


(a) Find the smallest value of T so that the 
balance in the account is zero after 30 
years of retirement. Sketch a graph of S 
for this value of T. 

(b) Find the smallest value of T so that 
the balance in the account is never 
zero. Sketch a graph of 5 for this 
value of T. 

13. What is the relationship between the results 
you obtained in Exercises 9 and 10 and that 
obtained in Exercise 12? 

14. (a) How would you advise a person of 22 
years of age first entering the work force 
to prepare for a financially secure 
retirement? 

(b) How would you advise a person of 50 
years of age with no savings who hopes 
to retire at 65 years of age? 

(c) When should you start saving for 
retirement? 


B. Algae Growth 


When wading in a river or stream, you may 
notice that microorganisms like algae are fre- 
quently found on rocks. Similarly, if you have 
a swimming pool, you may notice that without 
maintaining appropriate levels of chlorine and 
algaecides, small patches of algae take over the 
pool surface, sometimes overnight. Underwa- 
ter surfaces are attractive environments for mi- 
croorganisms because water movement removes 
wastes and provides a continuous supply of nu- 
trients. The organisms, however, must spread 
over the surface without being washed away. 
If conditions become unfavorable, they must be 
able to free themselves from the surface and 
recolonize on a new surface. 


DIFFERENTIAL EQUATIONS AT WORK 


The rate at which cells accumulate on a sur- 
face is proportional to the rate of growth of the 
cells and the rate at which the cells attach to the 
surface. An equation describing this situation is 
given by 


dN 


where N represents the cell density, yu the growth 
rate, A the attachment rate, and t the time.* 


1. If the attachment rate A is constant, solve the 
IVP 


dN 
— = A 
di IN +A), 


for N and then solve the result for u. 

2. Ina colony of cells, it was observed that 
A = 3. The number of cells N at the end of t 
hours is shown in the following table. 
Estimate the growth rate at the end of each 
hour. 


N(0)=0 


z 
t 


Buona 
N 
m 


3. Using the growth rate obtained in Problem 2, 
estimate the number of cells at the end of 24 
and 36h. 


C. Dialysis 


The primary purpose of the kidney is to 
remove waste products like urea, creatinine, and 
excess fluid from blood. When the kidneys are 
not working properly, wastes accumulate in the 
blood; when toxic levels are reached, death is 
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certain. The leading causes of chronic kidney 
failure in the United States are hypertension 
(high blood pressure) and diabetes mellitus. 
In fact, one-fourth of all patients requiring 
kidney dialysis have diabetes. Fortunately, kidney 
dialysis removes waste products from the 
blood of patients with improperly working 
kidneys. During the hemodialysis process (see 
Figure 3.13), the patient's blood is pumped 
through a dialyzer, usually at a rate of 1- 
3dL/min. The patient's blood is separated 
from the "cleaning fluid" by a semipermeable 
membrane, which permits wastes (but not 
blood cells) to diffuse to the cleaning fluid. 
The cleaning fluid contains some substances 
beneficial to the body which diffuse to the blood. 
The cleaning fluid, called the dialyzate, is flowing 
in the opposite direction as the blood, usually 
at a rate of 2-6dL/min. Waste products from 
the blood diffuse to the dialyzate through the 
membrane at a rate proportional to the difference 
in concentration of the waste products in the 
blood and dialyzate. If we let u(x) represent 
the concentration of wastes in blood and v(x) 
represent the concentration of wastes in the 
dialyzate, where x is the distance along the 
dialyzer, Opy is the flow rate of the dialyzate 
through the machine, and Qp is the flow rate of 
the blood through the machine, then 


Qgu' = —k(u — v), 
—-Qpv' = k(u — v), 


where k is the proportionality constant? 

We let L denote the length of the dialyzer, and 
the initial concentration of wastes in the blood 
is u(0) = uo, while the initial concentration of 
wastes in the dialyzate is v(L) — 0. Then, we 
must solve the IVP 


^D.E. Caldwell, Microbial Colonization of Solid-Liquid Interfaces, in: Biochemical Engineering V, Annals of the 
New York Academy of Sciences, Vol. 56, New York Academy of Sciences, 1987, pp. 274-280. 

5D.N. Burghess, M.S. Borrie, Modeling with Differential Equations, Ellis Horwood Limited, pp. 41-45. J.M. Black, 
E. Matassarin-Jacobs, Luckman and Sorensen's Medical-Surgical Nursing: A Psychophysiologic Approach, fourth 
ed., W.B. Saunders Company, 1993, pp. 1509-1519, 1775-1808. 
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Arterial blood line 


A 


Venous 
blood line 


Blood pump 
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(bathing) 
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j 


Compressed air 


Fresh 
dialyzing 
solution 


FIGURE 3.13 Diagram of a kidney dialysis machine. 


Qeu’ = —k(u — v), 
—Qpv' = k(u — v), 
u(0) = uo, v(L) =0. 


1. Show that the solution to 


Qpu' = —k(u — v), 
—Qpv' = k(u — v), 


T 


Constant- Used dialyzing 
temperature solution 
bath 
u(0) = uo, v(L)=0. 
is 
ax aL 
Qpe^* — Qpe 
u(x) = uo T 
et (Qg — Qpe*!) 
L ax 
ew —e 
v(x) = uo Q 
eox D (eel = 1) 


Os 


DIFFERENTIAL EQUATIONS AT WORK 


where a = k/Qs — k/Qp. (Hint: First add the 
equations Qguw' = —k(u — v) and 

—Qpv"v' = k(u — v) to obtain the linear 
equation 


k k 

a Os (u =v) + Op (u — v), 
then let z 2 u — v. Next solve for z and 
subsequently solve for u and v.) 

In healthy adults, typical urea nitrogen 
levels are 11-23 mg/dL (1 dL = 100 mL), 
while serum creatinine levels range from 
0.6-1.2 mg/dL, and the total volume of blood 
is 4-5L (1L = 1000 mL). 

2. Suppose that hemodialysis is performed on a 
patient with urea nitrogen level of 34 mg/dL 
and serum creatinine level of 1.8 using a 
dialyzer with k = 2.25 and L = 1. If the flow 
rate of blood, Op, is 2 dL/min while the flow 
rate of the dialyzate, Qp, is 4 dL/min, will 
the level of wastes in the patient's blood 
reach normal levels after dialysis is 
performed? For what waste levels would 
dialysis have to be performed twice? 

8. The amount of waste removed is given by 


D k (u(x) — v(x)) dx. Show that 


L 
i k (u(x) — 0(x)) dx = Op (up — u(L)). 


4. The clearance of a dialyzer, CL, is given by 
CL = (Qg/uo) (uo — u(L)). Use the solution 
obtained in Problem 1 to show that 


= —aL 
CL = Q3—— 


Typically, hemodialysis is performed 3-4h at 
a time three or four times per week. In some 
cases, a kidney transplant can free patients from 
the restrictions of dialysis. Of course, transplants 
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have other risks not necessarily faced by those 
on dialysis; the number of available kidneys also 
affects the number of transplants performed. For 
example, in 1991 over 130,000 patients were on 
dialysis while only 7000 kidney transplants had 
been performed. 


D. Antibiotic Production 


When you are injured or sick, your doctor 
may prescribe antibiotics to prevent or cure 
infections. In the journal article “Changes in 
the Protein Profile of Streptomyces griseus during 
a Cycloheximide Fermentation,” we see that 
production of the antibiotic cycloheximide by 
Streptomyces is typical of antibiotic production. 
During the production of cycloheximide, 
the mass of Streptomyces grows relatively 
quickly and produces little cycloheximide. After 
approximately 24h, the mass of Streptomyces 
remains relatively constant and cycloheximide 
accumulates. However, once the level of cyclo- 
heximide reaches a certain level, extracellular 
cycloheximide is degraded (feedback inhibited). 
One approach to alleviating this problem and 
to maximize cycloheximide production is to 
remove extracellular cycloheximide continu- 
ously. The rate of growth of Streptomyces can 
be described by the following equation: 

dX 1 

dt Xmax x) x, 
where X represents the mass concentration in 
g/L, Umax is the maximum specific growth rate, 
and Xmax represents the maximum mass concen- 
tration. 


1. Find the solution to the IVP 


dX B 1 1 
dt Umax X 


= Umax (: = 


x) X, xus 


6K.H. Dykstra, H.Y. Wang, Changes in the Protein Profile of Streptomyces griseus during a Cycloheximide Fermentation, 
in: Biochemical Engineering V, Annals of the New York Academy of Sciences, Vol. 56, New York Academy of Sciences, 


1987, pp. 511-522. 
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by first converting the equation 
(dX/dt) = Mmax(1 — (1/Xmax)X)X to a linear 
equation with the substitution y = X^. 
. Experimental results have shown that 
lmax = 0.3h7! and Xmax = 10 g/L. Substitute 
these values into the result obtained in 
Problem 1. (a) Graph X(t) on the interval 
[0, 24]. (b) Find the mass concentration at the 
end of 4, 8, 12, 16, 20, and 24h. 

The rate of accumulation of cycloheximide 
is the difference between the rate of synthesis 
and the rate of degradation: 


dP 
a 
It is known that Rg = KgP, where 
Ka ~ 5 x 107?h-71, so dP/dt = Rs — Ra is 
equivalent to dP/dt = Rs — KgP. 
Furthermore, 


p^ 
Rs=QpoEX|1+>7)] , 
<= QoEX (14) 


Rs — Ra. 


where Qpo represents the specific enzyme 
activity with value Qpo 7 0.6 and Ki 
represents the inhibition constant. E 
represents the intracellular concentration of 
an enzyme, which we will assume is 
constant. For large values of Kj and t, 

X(t) & 10 and (1 + P/Ki) ! © 1. Thus, 

Rs © 10QpoE, so 


dP 


RUE 10QpoE — KaP. 
. Solve the IVP 
dP 
ue 10QpoE — KaP, p(24) =0. 


. Graph (1/E)P(t) on the interval [24, 1000]. 
. What happens to the net accumulation of the 


antibiotic as time increases? 


. If instead the antibiotic is removed from the 


solution so that no degradation occurs, what 
happens to the net accumulation of the 
antibiotic as time increases? 
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which describes the displacement of the simple 
modes. This equation can be rewritten in the form 


Both Bernoulli and Euler realized that a solution 
to the equation is y = e*/* but that other solu- 
tions to the equation must also exist (see Exer- 
cise 71 in "Chapter 4 Review Exercises" section). 


Daniel Bernoulli's (1700-1782) study of the 
vibrations of an elastic beam probably occurred 
while working with Euler at St. Petersburg, 
Russia, around 1728. According to O'Connor 
and Robertson [19], “While in St. Petersburg he 
made one of his most famous discoveries when 
he defined the simple modes and the frequencies 
of oscillation of a system. He showed that the 
movements of strings of musical instruments 
are composed of an infinite number of harmonic 
vibrations all superimposed on the string." 


4.1 SECOND-ORDER EQUATIONS: 
AN INTRODUCTION 


e THE GENERAL CASE 
* REDUCTION OF ORDER 


In this chapter, we turn our attention on solv- 
ing ordinary differential equations of order 2 
or higher. We focus on linear differential equa- 
tions because there are many instances in which 
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we encounter equations of this type. For ex- 
ample, we see them in the study of vibrations 
and sound, and as we mentioned in Chapter 1, 
there is a relationship between a system of two 
first-order differential equations and a second- 
order differential equation. We'll discuss nonlin- 
ear equations more in some of the exercises in 
this chapter and at the end of Chapter 8, where 
we discuss how rewriting a nonlinear equation 
as a system of first-order nonlinear equations can 
help us understand the underlying behavior and 
structure of the system. 

Let's begin exploring higher order ordinary 
differential equations by considering the second- 
order equation y" + y = 0 or y" = —y. To find 
a solution, we must determine a function with 
the property that the second derivative of the 
function is the negative of the function itself. 
When we consider functions familiar to us, such 
as polynomials, trigonometric functions, expo- 
nential functions, and natural logarithms, we 
can conclude that y;(f) = sint is a solution 
because 


y, =cost and yj|—-sint; y] =-—y1. 


Similarly, y2(t) = cost is a solution because 


y) =-—sint and y,=-—cost; Y) = —Y2. 


Of course, we are not always able to determine 
solutions of a differential equation by inspec- 
tion as we have in this case. Therefore, we 
now investigate a more general approach to 
solving second-order equations. We begin this 
discussion by considering a problem studied in 
physics. 


The Second-Order Linear Homogeneous 
Equation with Constant Coefficients 


Suppose that we attach an object to the end 
of a spring that is mounted to a horizontal rod 
(see Figure 4.1). The object comes to rest. We call 
this the equilibrium position. Let x(t) represent 
the displacement of the object from equilibrium. 
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FIGURE 4.1 Aspring-mass system. 


If x(t) > 0, then the object is below equilibrium; 
if x(t) < 0, it is above equilibrium. If we assume 
that there is a damping force acting on the object 
that impedes motion, then we can find x(t) by 
solving a second-order linear differential equa- 
tion such as 

dx | dx 

ap TOS T 2x -— O0. 
This is a second-order linear ordinary differential 
equation because it has the form 


d?x 


t t a t t 
a ap +01 us + ag(x = f(b), 
where a»(t) is not identically the zero function 
and the highest order derivative in the equation 
is of order 2. Of course in this equation, a2(t) = 1, 
a1(t) = 3, and ao(t) = 2, so the coefficient func- 
tions are constant. In addition, f (t) = 0 for allt, so 
this equation is homogeneous. (We give more de- 
tails on this spring-mass problem in Chapter 5.) 
For now, we attempt to find a solution of this 
differential equation by assuming that solutions 
have the form x(t) = e”, where r is a constant 
to be determined, because e” and its derivatives 
are constant multiples of one another. We find 
the value(s) of r that lead to a solution by sub- 
stituting x(t) = e” into the differential equation. 
Notice that dx/dt = re’ and d?x/d?? = re". 
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Substitution into d*x/dt? + 3(dx/dt) + 2x = 0 
then gives us 12e'! + 3re?' + 2e" = 0 or 


er + 3r+2) =0. 


This algebraic equation tells us that either e”! = 0 
or 1? + 3r +2 = 0. We know that there are no 
values of t so that e = 0. Therefore, we solve 
the characteristic equation 


P+3r+2=0 


to find the values of r that satisfy the equation. 
In the case of a second-order equation, the char- 
acteristic equation is quadratic, so we can either 
factor or use the quadratic formula. Factoring 
yields (r + 1)(r + 2) = 0,sor = —1 or r = —2. 
This means that x; (f) = e"! and x2(t) = e?! each 
satisfy the differential equation. We verify this 
by substituting these two functions into the dif- 
ferential equation. If xı (t) = e^*, then dx; /dt = 
—e™ and d?x4 /df? = e7*. Consequently, 

d?x 1 dxi 

de ar eom 

e +3 (—e™) + 2e™ = 0. 


Both x1 + 3x; +2x1 = 0 and x} + 335 E 2x? = 0 
because x; and x2 are solutions of the linear ho- 
mogeneous equation. 


Because simplification of the left-hand side 
of the differential equation yields zero (the 
right-hand side of the equation), x(t) = e^ 
satisfies the differential equation. In a similar 
manner, we verify that x2(t) = e7% also satisfies 
the differential equation. Notice that these 
two functions are not constant multiples of 
one another, so we say that xi(f) = e? and 
xo(t) = e are linearly independent. Notice 
also that for arbitrary constants cı and c5, the 
function x(t) = c1x1(t) + cx; (f) = cie! + coe ?, 
called a linear combination of x(t) = e^! and 
x2(t) = e^? is also a solution of the differential 
equation. We verify this through substitution as 
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well. If x(t) = cef + cae ?, then dx/dt = 
—cíe t — 2c;e 2% and d?x/dP = cye + 4c7e 2, 
Therefore, 
d?x dx 
— +3 +2x = (c e^! + 4c e=?) 
de ' dt i * 

+3 (-ae — 26e!) +2 (ne^ + ce?) 

= cı (et — 3e™ + 2e) 
o 
X] +3x, +2x1=0 
+c (4e E 7 + 2e 2 


a € — 
17 +3x5+2x2=0 


=0. 


This calculation illustrates an important prop- 
erty Of linear homogeneous equations that is 
called the Principle of Superposition: if two func- 
tions are solutions of a linear homogeneous dif- 
ferential equation, then any linear combination 
of the two functions is also a solution of the 
differential equation. 

Theorem 11 (Principle of Superposition). If 
pı (t) and $»(t) are solutions of az(t)y” + a (by + 
ag(t)y = 0, then for all values of the constants cy 
and c», p(t) = c191(t) + c2¢2(t) is also a solution 
of az(t)y” +a, (t)y’ + ag(t)y = 0. 


You should learn the Principle of Superposition: 
“Every linear combination of solutions to a linear 
homogeneous equation is also a solution.” 


Proof. When we say that “p;(t), i = 1, 2, is a 
solution of a2(t)y” + a4(t)y' + ag(Dy = 0” we 
mean that a» (t)ġ;” J-a3(t)9' +40 (t)¢; simplifies to 
identically the zero function: a» (t)9;" + a1(t)ó/ + 
ag (t)g; = 0. 

Assume that c4 and c» are constants and that 
P(t) = c1p1(t) + c202 (t). Then, 


a(o" +01 (00 + ag(t)d = a(t) cip (6) 
+ 020210)” + a (E) (c1 (D) + codo (t)) 
+ ag (t) (cip) + c2» (t)) 
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= c (az(D61" +u Ap + ag(061) 
——M—— 


equals 0 because ¿1 is a solution of the 
homogeneous equation 


+ co (a2 ()92" + 0102! + a9(2) 
———————— 


equals 0 because $» is a solution of the 
homogeneous equation 


=0. 


In the specific case of the initial example, 
x1(t) = e^! and xa(t) = e? are two linearly 
independent solutions of the second-order linear 
homogeneous equation and so by the Principle 
of Superposition x(t) = cie”! + c?e ^?! is also 
a solution and we will learn that it is a general 
solution of this second-order differential equation 
because all solutions of initial-value problems 
(IVPs) for this differential equation are obtained 
from it. In Figure 4.2(a), we graph this solution 
for several different choices of c1 and c». 

If we are given additional information about 
the spring-mass system such as the initial dis- 
placement and the initial velocity of the object, 
then we have a second-order IVP. For example, 
suppose that the object is released from equi- 
librium (x = 0) x(0) = 0 with initial velocity 
dx/dt(0) = —1. Therefore, we need to solve 


x'-3x -2x 20, x(0 20, x(0)=-1. 


After finding a general solution of the differ- 
ential equation, we apply the two initial condi- 
tions. In this case, we have x(0) = c4 + c? and 
dx/dt (0) = —c1 — 2c», so we solve the system 
Cy +c = 0, —c1 — 2c? = —1 for cy and cp. 
Adding these equations, we obtain —c? = —1, 
so c? = 1. Substituting this value into c; + 
co = O then indicates that c} = —1. There- 
fore, the unique solution to this IVP is x(f) — 
e^?! — et, which we graph in Figure 4.2(b). 
Notice that the curve passes through (0,0) be- 
cause of the initial condition x(0) = 0. The curve 
then moves in the downward direction because 
x'(0) = -—1. Notice also that lim; x(t) = 
0 (as with any solution, which is indicated in 


4. 


um 


0.5L 


FIGURE 4.2 
the IVP. 


Figure 4.2(a)). This means that the object even- 
tually comes to rest. 

In the previous problem, a general solution is 
x(t) = ce! +c2e7%”. Notice that if we select c4 = 
c2 = 0, we obtain the trivial solution x(t) = 0. This 
shows us that the trivial solution always satis- 
fies a linear homogeneous differential equation. 
Therefore, when solving equations, we generally 
search for nontrivial solutions. 


The General Case 


Now that we have discussed a representative 
problem considered in this chapter, we can state 
more precisely several theorems and definitions 
that were mentioned earlier. Let's begin with 
the definition of linear dependence and linear 
independence. 

Definition 6 (Linearly Dependent). Let 5 — 
UR (D, PE} be a set of two functions. The set S 
is linearly dependent on an interval I if there are 
constants c1 and c» not both zero, so that 


c1 fi (f) + co fo (t) =0 


for every value of t in the interval I. The set S is 
linearly independent if S is not linearly dependent. 
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-025L 
(b) 


(a) Graph of general solution for various values of cı and c2. (b) Graph of the solution x(t) = e^ 


2t _etto 


We can rewrite c4 fi (t) + cofo(t) = 0 as fo(t) = 
—(c1/c2)f1(t), so we say that the set of two func- 
tions 5 = (f1(t), f2(0] is linearly dependent if 
the two functions are constant multiples of each 
other. They are linearly independent otherwise. 


EXAMPLE 4.1.1 


Determine if the following sets of functions 
are linearly dependent or linearly independent: 
(a) S = {2t, 4t}, (D S = (el e %), (o) S = 
{sin 2t, 5sint cos t}, and (d) S = (t, 0). 


Solution 


(a) Notice that 44 = 2 x 2t, so the functions 
are linearly dependent. (b) These functions are 
not constant multiples of one another, so they 
are linearly independent. (c) We use the iden- 
tity sin2t = 2sintcost to show that 3 sin 2t = 
3Q sintcost) = 5sintcost, so the functions are 
linearly dependent. (d) This set contains the zero 
function. Because we can obtain the zero function 
by multiplying the second function by 0, 0 x t = 0, 
the functions are linearly dependent. Therefore, if 
0 is a member of a set of two functions, the set is 
linearly dependent. 
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Consider the second-order linear differential 
equation in its general form 


a» (Dy +a (Dy + ag(y = g(t), 


where the coefficient functions a»(t), a1 (t), ag(t), 
and g(t) are continuous on the open interval I. 
Also, assume that a2(t) 4 0 for each value of t 
in I so that we may divide the equation by a2(t) 
to write the equation in standard form (or normal 
form) given by 


Y t py t q(Dy =f, 


where p(t) = a (t)/a2(t), q(t) = ao(t)/a» (t), and 
fO = g(D/ax(t). If fŒ) = 0, that is, if f(t) is 
identically the zero function, then the equation 
is homogeneous and is represented by 


y + py! + q(Dy = 0. 


If f(t) is not identically the zero function, the 
equation, y” + p(y’ + q(Hy = f (t), is nonhomoge- 
neous. 

Recall the Principle of Superposition for linear 
homogeneous equations. 

Theorem 12 (Principle of Superposition). If 
p1(t) and $»(t) are solutions of a; (t)y" + av(t)y + 
ag(t)y = 0, then for all values of the constants cy 
and c2, b(t) = cih (t) + c»9»(t) is also a solution 
of a» (£)y" + a1 (Dy + ag(t)y = 0. 

For nonhomogeneous equations, we have a 
corresponding theorem, although we need to be 
careful when simplifying. 

Theorem 13 (Principle of Superposition for 
Nonhomogeneous Equations). If p1(t) and $»(t) 
are solutions of the linear nonhomogeneous differen- 
tial equations y” + p(t)y' + q@y = fi (t) and y" + 
pOw + q(Dy = f(t), respectively, on the interval 
I and cy and co are constants, then y = cit) + 
C20» (t) is also a solution of y" + p(t)y' + q(ty = 
c1 fi(£) + co fo (t) on the interval I. 

Proof. Suppose that ¢1(t) and $»(t) are solu- 
tions of the linear nonhomogeneous differential 
equations y" + p(y' + q(Dy = fi(t) and y" + 
py’ + q(Dy = f(t), respectively, on the interval 
I and assume that c1 and c» are constants. Then, 


$; + pd, + q(Dà1 = fit) and $5 + pHo, + 
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qt) = fa(t). Let p(t) = cipit) + capalt). 
Differentiating, 6’ = C1 9 - 205 and 9" = c191 + 
c295. Substitution into the left-hand side of the 
differential equation yields 


y" + py! + q(Dy = cig] + cod; + pH (cr 
+ cobs) + q(t)(c1H1 + C22) 
= a (6/ +p(09; + q(091) 
+ cz (65 + p(65 + q(t)02) 
=a xfiO+a x hO =afi® + cof. 


Therefore, $ (f) = c1¢1(f) + c2» (t) is a solution of 
y" + py +qHy = afi + c2 f2(t). 

As stated earlier, one way to express Theo- 
rem 11 is to say "every linear combination of two 
or more solutions of y” + p(t)y' - q(t)y = 0 is also 
a solution of the differential equation." 

For Theorem 13, we encourage you to be more 
careful when expressing it in words: "every lin- 
ear combination of solutions 4 (t) of y" -- p(t)y' + 
qy = fi(t) and $2(0 of y" +p(Dy +qOy =f), 
p(t) = cip1(t) + copa(t), is also a solution of 
Y t py -q0y = afit + cofot)." 


EXAMPLE 4.1.2 
O Duffing's equation with a forcing term is the 


equation 
y! +ky' + cy ey? =F cosott. 


Assume that k = e = F = 0 andc = 4. 
For these parameter values, Duffing's equation is 
the second-order linear homogeneous differential 
equation y” + 4y — 0. 

Show that y1(f) = cos2t and y2(t) = sin2t 
are solutions of this differential equation. Use the 
Principle of Superposition to find another solution 
of this differential equation. 


Solution 

For y1(f) = cos2t, we have y, (t) = —2sin2t 
and y; (f) = —4 cos 2t. Then, y” + 4y = —4cos2t + 
4 cos 2t = 0 so y satisfies the differential equation. 
In a similar manner, we can show that y» is a 
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solution of the differential equation. (We leave this 
task to you as an exercise.) Therefore, by the Prin- 
ciple of Superposition, any linear combination of 
these two functions, y(t) = c1cos2t + c»sin2t, 
is also a solution of the differential equation. 
Notice that the two functions y1(f) = cos2t and 
y2(t) = sin2t are linearly independent because 
they are not constant multiples of each other. 
Then, because the differential equation is second 
order and we know two linearly independent 
solutions, a general solution of the differential 
equation is a linear combination of these two 
functions. That is, every solution of the IVP 


y (to) =b 


can be obtained from y(t) = c1 cos2t + c» sin2t. 
In other words, there are cy and c» so that the 
initial conditions are satisfied. 


y +4y=0, y(to) =a, 


As with first-order IVPs, we state an exis- 
tence and uniqueness theorem for an IVP involv- 
ing a second-order linear ordinary differential 
equation. 

Theorem 14 (Existence and Uniqueness for 
Second-Order Linear Equations). Suppose that 
p(t), q(t), and f(t) are continuous functions on an 
open interval I that contains t = to. Then, the IVP 


y^ p(tyy -q(y =f, 


has a unique solution on I. 


y(to) 2 yo, Y (to) = vo 


EXAMPLE 4.1.3 


Find the solution to the IVP y" + 4y = 0, 
y(0) = 4, y 0) = —4. 


Solution 


We found a general solution of the differential 
equation y" +4y = 0 to be y = c1 cos 2t+ c3 sin 2t in 
Example 4.1.2. Application of the initial condition 
y(0) = 4 gives us y(0) = c1 x cos0 + cp x 
sin0 = c1 = 4, so cı = 4. To apply the condition 
y'(0) = —4, we compute y(t) = —2cısin2t + 
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2c» cos 2t so that y' (0) = —2c1 x sin 0+2c2 x cos 0 = 
2c2. Therefore, 2c2 = —4, so c2 = —2. The unique 
solution to the IVP is y(t) = —4cos2t — 2sin 2t. 
This solution is unique over the interval (—oo, oo) 
because the coefficient functions, p(f) — 0 and 
q(t) = 4, and the forcing function f(f) = 0 are 
continuous on (—oo, oo), and the existence and 
uniqueness theorem guarantees that the solution 
is as well. 


Now we discuss why we can write every so- 
lution of the differential equation, y" + p(y’ + 
q(t)y = 0, with linearly independent solutions 
y1(t) and y2(t), as the linear combination y(t) — 
c1y1(t) + coy» (t). So, we call the form y(t) = 
c1y1(t) + coy» (t) a general solution of this differen- 
tial equation. We begin by stating the following 
definition. 

Definition 7 (Wronskian of a Set of Two Func- 
tions). Let S = (fi(t), fo(t)} be a set of two differ- 
entiable functions. The Wronskian of S, denoted by 
W(S) = W(tfa(t, fap, is the determinant 


AO fot 


WO) — [e 63 0 


=f) -fi hA. 


The Wronskian is named after Josef Ho’ené de 
Wronski (1778, Poland-1853, France). Wronski 
published numerous incorrect results and is 
believed to have been quite conceited. 
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Thomas Muir (1844, Scotland-1934, South Africa) 
named the determinant defined here after 
Wronski. 


EXAMPLE 4.1.4 


Compute the Wronskian of each of the follow- 
ing sets of functions: (a) S = (cost, sin t}, (b) S = 
fet, te^), and (c) S = (2t, 4t}. 


Solution 


We compute a 2 x 2 determinant with ' a = 


ad — bc. 


(a) 
cost sint cost sint 
W(S)- q do = : 
a; (cos f) yen!) —sint cost 
= cos? t — (—sin*#) = cos? t + sin? t = 1. 
(b) 
el te! eb tel 
W(S) = = 
Oe) Le) le C+ De! 
= (t+ De? — te?! = e”. 
De d 
W = t—8t= 
(c) W(S) E 4 8t—8t =0 


In part (c) of Example 4.1.4, we found that 
W(S) = 0. Recall also that we concluded in 
Example 4.1.1 that the functions in S = (2t, 4t} 
are linearly dependent. 
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Theorem 15 (Wronskian of Solutions). Con- 
sider the second-order linear homogeneous equation 
y" 4- phy + q(Dy = 0, where p(t) and q(t) are 
continuous on the open interval I. Suppose that y1 (t) 
and y»(t) are solutions of this differential equation 
on I. If yŒ) and yo(t) are linearly dependent, 
then W({y1(t), yo()) = 0 for all values of t in 
I. If y1(t) and y2(t) are linearly independent, then 
Wayi), yyy 40 for all values of t in I. 

We omit the proof of this theorem here. We 
leave it as part of the section exercises (see Abel's 
formula). 


EXAMPLE 4.1.5 


Show that y(t) = 2/8 and yo(t) = tare 
solutions of 3?2y" — 2ty + 2y = 0. Compute 
the Wronskian of S = (17/2, t}. Does your result 
contradict Theorem 15? 


Solution 

First, we find that y, = 21-1 and y, = 
—$t-4?. Then, 32 yt —2ty, +2y1 = 32 x — 4174/3 — 
2t x $t p ops = (-3 -$+ 2) PE UE 
yt) = (2/3 satisfies the differential equation. In a 
similar manner, we can show that y» (f) = t is also 
a solution. Now, 


W(S) = 


2/3 2 1 
2-18 1 UR n - z^. 
Notice that W(S) z 0 for all values of t ex- 
ceptt = 0. However, this does not contradict 
Theorem 15. After writing the differential equa- 
tion in normal form, y" — zy + ay = 0, we see 
that the coefficient functions p(t) = —2/(3t) and 
q(t) = 2/(3t7) are not continuous at t = 0. The 
theorem holds only on an open interval I where 
these functions are continuous. 


Show that yo(t) = t is a solution of 3t?y” — 
2ty’ + 2y = 0. 
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Theorem 16 (General Solution). Consider 
the second-order linear homogeneous equation 
y" + py’ + q(Dy = 0, where p(t) and q(t) are 
continuous on the open interval I. Suppose that y1 (t) 
and y(t) are linearly independent solutions of this 
differential equation on I. Then, if Y is any solution of 
this differential equation, there are constants cy and 
c? so that Y(t) = c1y1(t) + coyo (t) for all t in I. 

This theorem states that if we have two lin- 
early independent solutions of a second-order 
linear homogeneous equation, then we have all 
solutions, called a general solution, given by the 
linear combination of the two solutions. We call 
the set of two linearly independent solutions $ = 
[yi (D, yo(t)} a fundamental set of solutions, and we 
note that a fundamental set of solutions for the 
second-order equation y" --p(t)y' --q(t)y = 0 con- 
tains two linearly independent solutions. Later 
in this chapter, we will generalize this result to 
see that the number of functions in the funda- 
mental set for a linear homogeneous equation 
equals the order of the differential equation and 
these functions must be linearly independent. 

Proof of Theorem 16 Lett = to be a value on 
I where W({y1(to), y2(to))) # 0. Then, Y(tg) = 
c1y1 (to) - c2y2 (t9) and Y' (to) = cy, (to) - cy, (to). 
We can write this system of two equations in 
matrix form as 


n vo) (2) _ 0) (4.1) 
Y, o) ya(t0)) No) — NY to)” ` 
where the determinant of the coefficient matrix 
att = to is W({yi (to), ya(to))) = yi (toys (to) — 
V (to)y2(to) is not zero because y1(f) and y2(t) 
are linearly independent. This means that 
system (4.1) has a nontrivial solution. Using 
Cramer's rule or elimination, the unique 
solution of system (4.1) is given by 


- Y(to)ys (to) — Y (to)y2 (to) 
17 yn (toy (to) — y, tovato) 


_ —Y(to)yi (to) + Y (to)y1 (to) 
> “yi (toy (to) — ya ovato) * 


(4.2) 
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(Notice that these values make sense only if 
yi fo) (Eo) — V, o)ya (to) # 0, as we mentioned 
earlier in connection to the linear independence 
of y(t) and yo(t).) Using the values of c; and 
c2 given by Equations (4.2), let Z) = c1y1(t) + 
c2y2(t) be a solution of y” + p(t)y' + q(t)y = 0. 
Then, in addition to satisfying the differential 
equation, Z(tp) = cyi1(to) + c2¥2(to) = Y(to) 
and Z'(tp) = c1y; (to) + coy, (to) = Y'(to). By the 
existence and uniqueness theorem, the IVP 


y p(t)y +q(b)y = 0, y(to) = Y (to), y (to) = Y (to) 
(4.3) 


has a unique solution. Because Z(t) and Y (t) each 
satisfy the differential equation and have the 
same initial conditions, IVP (4.3), they must be 
equal (i.e., Z(t) = Y(t) on I). There is only one 
solution to the IVP. 


EXAMPLE 4.1.6 


Show that y = cie + coe" is a general 
solution of y” + 3y’ — 10y = 0. 


Solution 


First, we must verify that j1(f) = e~ and 


y» (t) = e?! satisfy the differential equation. With 
y, (t) = —5e— and y, (t) = 258% we have 


yi +3y, —10y1 = 25e 43 x Se! — 10e = 0, 


so y1(f) = e% is a solution. In a similar manner, 
we can show that y2(t) = e is also a solution. 
Next, we verify that these functions are linearly 
independent. We can establish this by noting that 
the two are not constant multiples, or we can 


compute 
qm gh 
E 5e-9t 2e% 


= 2e — (—5e-*) - 7e. 


Wayi y2) = | 


The Wronskian is not identically zero, so the func- 
tions are linearly independent. Therefore, because 
we have two linearly independent solutions to 
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the second-order differential equation, a general 
solution is the linear combination of the solu- 
tions, y = cje~*! + c2e%. In addition, we say that 
(e—*, e?*) is a fundamental set of solutions for 
y" +3y — 10y = 0. 


Reduction of Order 


In the next section, we learn how to find solu- 
tions of homogeneous equations with constant 
coefficients. In doing so, we will find it necessary 
to determine a second linearly independent 
solution from a known solution. We illustrate 
this procedure, called reduction of order, by 
considering the second-order equation in normal 
(or standard) form y" + p(y’ + q(y = 0 and 
assuming that we are given one solution, y1(t) = 
f (D. We know from our previous discussion that 
to find a general solution of this second-order 
equation, we must have two linearly indepen- 
dent solutions. We must determine a second 
linearly independent solution. We accomplish 
this by attempting to find a solution of the 
form 


yx(t) = vhf 


One would never look for a second linearly 
independent solution of the form y2 = cf(t) for 
a constant c because f(t) and cf(t) are linearly 
dependent. 


and solving for v(t). Differentiating with the 
product rule, we obtain 


y,-—vf--vwvf' and y5;—v"f -2vf' vf". 
For convenience, we have omitted the argument 
of these functions. We now substitute y2, y», and 
y, into the equation y” + p(t)y' + q(t)y = 0. This 
gives us 
Ya + POY + q(Dyao = v'f +20f 
+ of” + pf + of) +q of 
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= (f" + p(Df' -- q(Df) v 4- v"f +20 + p(tvf 
————— 
=0 

= fo" + Qf + pv. 
Therefore, we have the equation fo” + (2f! + 
p(tyf yv" = 0, which can be written as a first-order 
equation by letting w — v'. Making this substitu- 
tion gives us the linear first-order equation 


fo + Qf +p(prw=0 or 
d 
f E + Qf + piDfywo — 0 


which is separable, so we obtain the separated 
equation 


1 2r 

—dw = [—5- — pit) | dt. 

y du ( f p >) d 
We solve this equation by integrating both sides 
of the equation to yield 


In |w| = In (7) — f poat 


If y1 = f (t) is a known solution of the differential 
equation y” + p(t)y' + q(t)y = 0, we can obtain a 
second linearly independent solution of the form 


yo = v(Df(D, where v(t) = f coe ds 


This means that w = pe! pidt so we have 


the formula do = E TUS or 


1 
t) = -fpbdta, 4.4 
D= | Gore oa 
We leave the proof that 
yi(t) —f(t) and 
1 
t) =0(0f(0) = f -S pOdtgt 
yx(t) = v(tf (E) ro | case 


are linearly independent as an exercise. 
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EXAMPLE 4.1.7 


Determine a second linearly independent solu- 
tion to the differential equation y” + 6y' + 9y = 0 
given that y; = e~* is a solution. 


Solution 


First we identify the functions p(t) — 6 and 
O = e. Then we determine the function v(t) 
so that y2(f) = v(t)f(t) is a second linearly inde- 
pendent solution of the equation with the formula 


1 
t) = FP 
a / FOR 
a e 


1 
= | Get [arate 
e- 


A second linearly independent solution is y2 = 
Ut = tle”; a general solution of the dif- 
ferential equation is y = (ci + cat)e%; and a 
fundamental set of solutions for the equation is 
lees 


EXAMPLE 4.1.8 


Determine a second linearly independent solu- 
tion to the differential equation 4t?j +8ty'+y = 0, 
t > 0, given that y; = 1712 is a solution. 


Solution 


In this case, we must first write the equation in 
normal (or standard) form to use formula (4.4) so 
we divide by 41? to obtain y” + 2t-1y + 1t2y = 0. 
Therefore, p(t) = 2t-! and TOS p12, Using the 
formula for v, we obtain 


1 
t) = rta: 
s | fx 
MSN 
=| ra 


SS t» 0. 


A second linearly independent solution is y? = 
Ut) = tinta general solution of the dif- 
ferential equation is y = 1712 (c1 + c2 Int); and a 
fundamental set of solutions for the equation is 
CA A 


D EXERCISES 4.1 


In Exercises 1-8, calculate the Wronskian of 
the indicated set of functions. Classify each set 
of functions as linearly independent or linearly 
dependent. 


1. S= {t, 4t — 1} 


2. S = (t, el] 

8. S = (e 8€, e*t) 

4. S = [cos2t, sin 2t} 
5. S = {t}, 3? 

6. S = {t-2, t? Int] 
7. S= (t, |ti} 

8. S= (t, t — Itl} 


In Exercises 9-12, show that y = cyy1(t) + coy» (t) 
is a general solution of the given differential 
equation by first showing that y = ciy1(t) + 
c2y» (t) satisfies the differential equation and then 
that (yi1(£), y2(t)) is a linearly independent set of 
functions. 


9. y = cel Foe 'y'-y-0 
10. y=cye! + cote, y" +24 +y =0 
11. y = ct 17? +o, t > 0,22y' — 3t — 3y = 0 
12. y = c1 cos 3t + c2 sin3t, y" + 9y = 0 
In Exercises 13-17, use the given solution on the 
indicated interval to find the solution to the IVP. 
13. y” — y' — 2y = 0, yO) = —1, y' (0) = —5, 
y = c1e™ + c2e%, -00 < t < oo 
14. y" + 9y = 0, y0) = 1, y'(0) = —3, 
y = c1 cos 3t + c? sin 3t, —oo < t < oo 
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15. 
16. 
17. 


18. 


19. 


3r" — 5ty — 3y = 0, y(1) = 1, y (1) = 17/8, 

y = cyt 1 + c9t9,0 < t < oo 

Py" +7ty — 7y = 0, y(1) = 2, y (1)  —22, 

y = ct +c9t,0 «t «oo 

y” + y = 2cost, yO) = 1, y'(0) = 1, 

y = c1 cost + cosint + tsint, —oo < t < oo 

Use the Wronskian to show that if y1 and y2 

are solutions of the first-order equation 

y' + p(t)y = 0, then yı and y» are linearly 

dependent. 

Consider the hyperbolic trigonometric 

functions cosh t = (e + e7^)/2 and 

sinh t = (e! — e~')/2. Show that 

(a) d/dt (cosh t) = sinh t 

(b) d/dt (sinh t) = cosh t 

(c) cosh? t — sinh? t = 1 

(d) cosh t and sinh t are linearly 
independent functions. 


In Exercises 20-23, show that S is a fundamental 
set of solutions for the given equation by show- 
ing that each function in S is a solution of the 
equation and then that the functions in S are 
linearly independent. 


20. 
21. 
22. 


23. 
24. 


S = (e^ 85, e) y" + 10y' + 24y = 0 

S = (cos 4t, sin 4t}, y” + 16y = 0 

S = (e^?! cos 3t, e~* sin 31), 

y" + 6y' + 18y =0 

S = (tlt, fy’ + ty —y=0 

Let ay” + by’ + cy = 0 be a second-order 

linear homogeneous equation with constant 

real coefficients and let mı and mz be the 

solutions of the equation am? + bm +c = 0. 

(a) If mı 4 mz and both mı and mz are real, 
show that {e”1", e™2t} is a fundamental 
set of solutions of ay” + by’ + cy = 0. 

(b) If mı = m» = m, show that (e"*, te” Visa 
fundamental set of solutions of 
ay" + by + cy = 0. 

(c) If mı2 =a + Bi, B £0, show that 
{e' cos Bt, e*! sin Bt} is a fundamental 
set of solutions of ay" + by’ + cy = 0. 


In Exercises 25-33, (a) use reduction of order 
with the solution y1(t) to find a second linearly 
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independent solution of the given differential 
equation. (b) What is a general solution of the 
differential equation? (c) What is a fundamental 
set of solutions of the differential equation? (d) If 
initial conditions are specified, solve the IVP. 


25. yi(t) = e, y" — 5y + 6y = 0 
26. yi(t) = e^, y" + 6y + 8y = 0 
27. yi(t) = e”, y” — Ay + 4y = 0, yO) = 0, 
y'(0)=1 
28. y1(t) = e^, y” + 10y + 25y = 0 
29. yi(t) = cos3t, y” + 9y = 0, y(0) = 1, 
y (0) = —4 
30. y4(t) = sin7t, y" + 49y = 0 
31. yi(t) = 175, Py" + 4ty — 4y 50 
32. y(t) = €?, Py" + 6ty + 6y =0 
t 
33. (D = E Py’ ty + (P - 1)y 0 
34. y(t) = £1, Py + 3ty +y =0 


35. Find integer constants a, b, and c for which 
the greatest common factor of a, b, and c is 
one so that S = {e~*/2, el/3) is a fundamental 
set of solutions for ay" + by’ + cy = 0. 

36. Find constants a and b so that 
S = (t-V?, t1/?) is a fundamental set of 
solutions for fy" + aty’ + by = 0. 

37. Find constants a and b so that 
S = {e-' cos2t, e^! sin 2t} is a fundamental 
set of solutions for y" + ay' + by = 0. 

38. If 9 (t) is a solution of y' + p(t)y = q(t), what 
is a solution of y” + p'()y + p(y' = q'(t? 

39. Suppose the f (t) is a solution to the 
equation y” + p(t)y' + q(t)y = 0. Show that 


f (t) and the solution f (t) f a ol SpOdtdt 


obtained by reduction of order are linearly 
independent. Hint: Use the Wronskian. 

40. Show that a general solution of y” — k?y = 0 
is y = c1 cosh kt + c? sinh kt (see Exercise 19 
for a reminder of the definitions of cosh t 
and sinh t). 

41. (Abel's Formula) Suppose that 14 (f) and y»(t) 
are two linearly independent solutions of 
y” + p(y + q(y = 0 on an open interval I, 
where p(t) and q(t) are continuous on I. 


4.2 SOLUTIONS OF SECOND-ORDER LINEAR HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS 


Then, the Wronskian of y; and y? is 
W(tyi, y2D = Ce- / Pd, Prove Abel's 
formula using the following steps. Begin 
with the system 


yi t pOwi qvi =0, 
y» + py, + q(Dyo = 0. 


(a) Multiply the first equation by —y2 and 
the second equation by y1. Add the 
resulting equations to obtain 

Qays — Vy + POY — vy») = 0. 

(b) Show that 

d/dt (W (tri, y2})) = yiy2 — y¡y2- (c) Use 
the results in (a) and (b) to obtain the 
first-order equation dW/dt + p(t)W = 0. 
Solve this equation for W. 


Niels Henrik Abel (1802, Norway-1829, Norway): 
Although Abel’s parents were probably dead- 
beats, he overcame the obstacle to become a 
famous mathematician at a young age. He is more 
famous for his contributions to algebra than his 
contributions to differential equations. In 1824, 
he proved that the general equation p(x) = 0, 
where p(x) = anx" + a5 1X" 1 4... E ax + ap is 
a polynomial of degree n > 5, is not solvable by 
algebraic methods. 


42. Can the Wronskian be zero at only one 
value of t on I? Hint: Use Abel's formula. 
43. (a) Find conditions on the constants c, c2, 


c3, and c4 so that y(t) =c1+c> tan (c3 + c4 In f) 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
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is a solution of the nonlinear second-order 
equation ty” — 2yy' = 0. (b) Is the Principle 
of Superposition valid for this equation? 
Explain. 

Find a general solution of 

At^y" + Aty + (36? — 1)y = 0 given that 

y = t- 1? cos 3t is one solution. 

Given that y = t^! sin 4t is a solution of 

ty” + 2y' + 16ty = 0, find and graph the 
solution of the equation that satisfies 

y (7/8) = 0 and y (1/8) = 32. 

Find a general solution of 

y” + by’ + c(y = 0 given that y = t? sint 
is one solution. 

Given that y = t? cost is a solution of 

y" + by’ + c(t)y = 0, find and graph the 
solution(s), if any, that satisfy the boundary 
conditions y(z) = y(27) = 0. 

Show that if y1 and y» are linearly 
independent solutions of 

y" + py’ + q(Dy = 0 then y + y2 and 

yı — y» are also linearly independent 
solutions of y” + p(t)y' + q(t)y = 0. 

If S = {fi (5, fo()) is a set of differentiable 
functions on an interval I and W(S) 40 on 
I, determine p(t) and q(t) so that S is a 
fundamental set of solutions for 

y” + py’ + qby = 0. 

Find p(t) and q(t) so that 

y = cı tant + c2 sect, —1/2 < t < n/2,1sa 
general solution of y” + p(t)y' + q(t)y = 0. 


4.2 SOLUTIONS OF 
SECOND-ORDER LINEAR 
HOMOGENEOUS EQUATIONS 


WITH CONSTANT COEFFICIENTS 


to 


Two DISTINCT REAL Roors 
REPEATED ROOTS 
COMPLEX CONJUGATE ROOTS 


In Section 4.1, we learned the theory related 
solving second-order linear homogeneous 


equations. Here, we restrict our attention to 
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second-order linear homogeneous equations 
with constant coefficients, 


ay" + by' + cy — 0, 


where a +Æ 0, b, and c are constant, and we try 
to solve the equation by assuming that y = e” 
is a solution for some value(s) of r. We try to 
find r by substituting the function y — e" into 
the differential equation and assume that it is a 
solution. With y' = re” and y" = 12e'*, we obtain 
arze™ + bret + ce” = 0, or et (ar? + br +c) = 0. 
Therefore, we solve the characteristic equation 


ar? +br+c=0 


to determine r (because e”? > 0 for all values of t). 
The roots of the characteristic equation are 


r= x (-b + ve? = 4ac) 
so the roots of the characteristic equation depend 
on the values of a, b, and c. There are three possi- 
bilities: two distinct real roots when b? — 4ac > 0, 
one repeated real root when D? — 4ac = 0, and 
two complex conjugate roots when b? — 4ac < 0. 
We now consider each case. 


(4.5) 


Two Distinct Real Roots 


Suppose that the characteristic equation of a 
linear homogeneous differential equation with 
constant coefficients has two real roots r1 and r2, 
where ri Æ 12, so two solutions to the differ- 
ential equation are y1(f) = e"! and yo(t) = e^. 
We show that these solutions are linearly inde- 
pendent by computing the Wronskian: 
ent ent 
ryt 


Wty, y2) = 


= roe itt 2 rie 1 *7t 


rot 


rye re 


= (ro — ret", 


These functions are linearly independent 
because W({y1, y2)) ZZ O since n -ri z 0 
and eU1772! > 0. Therefore, a fundamental 
set of solutions for the differential equation is 
S = {ele} and a general solution of the 
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second-order linear differential equation with 
constant coefficients is y(t) = c141(t) + coy2(t) = 
cie"! + cze". 

Theorem 17 (Distinct Real Roots). If r1 z r2 
are real solutions of ar? + br + c — 0, then a general 
solution of ay" - by --cy = 0 is y(t) = cie! +cze"*. 


EXAMPLE 4.2.1 
Solve y" + 3y/ — 4y = 0. 


Solution 


The characteristic equation for this differential 
equation is 1?-3r—4 = (r--4)(r—1) = 0, with roots 
rı = —4 and r2 = 1. Therefore, a fundamental 
set of solutions for the equation is S = (e, e!) 
and a general solution of the differential equation 
is y(t) = cre + cnet. 


Next, suppose that the characteristic equation 
of the differential equation (4.5) has a repeated 
root r = 2 = 1 = 1. In other words, 
b* — 4ac = 0 in the quadratic formula so that 
the root is r = —b/(2a) or (r + b/(2a))* is a 
factor in the characteristic equation. Because r = 
11,2 = —b/(2a) is repeated, we only obtain one 
solution of the differential equation from the 
characteristic equation, y1(f) = e = e Ha), 
We use this solution to obtain a second linearly 
independent solution through reduction of order 
with the formula 


1 
E — f p(bdt 
yo) = y1(t) J FOZ dt, 


where p(t) appears in the normal (or standard) 
form of the equation y” --p(t)y' 4-q(t)y = 0. In this 
case, the differential equation is ay" +by'’+cy = 0. 
Dividing by a yields y” + (b/a)y' + (c/a)y = 0, so 
p(t) = b/a. Returning to the reduction of order 
formula, we find that 


1 
H= aid | — f p(bdt 
dies TOA 


1 
— e-bt/Qa) 
dt =e / Jen E 


—bt/(2a) 
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dt = e P/Q0 J dt = te t/a). 


Therefore, a fundamental set of solutions for the 
differential equation is S = (e/*, te") and a gen- 
eral solution is y(f) = ce" + cote"! = ce "H/C 4 
cote bt/ 2a) 

Theorem 18 (Repeated Root). If r = r1 = r2 
are real repeated solutions of ar? + br + c = 0, then 
a general solution of ay" + by' + cy = 0 is y(t) = 
ce + cte". 


EXAMPLE 4.2.2 
Solve y" + 2y + y = 0. 


Solution 


The characteristic equation for this differential 
equation isr?+2r+1 = (r+1)* = 0 with roots rı = 
r2 = —1. Therefore, a fundamental set of solutions 
is S = {e™, te ^) and a general solution is y(t) = 
cje ^ + cote 


Complex Conjugate Roots 


Suppose that the characteristic equation of a 
linear homogeneous differential equation with 
constant coefficients has the complex conjugate 
roots rı = a+ fi and r = a — fi where o and 6 
(8 > 0) are real numbers and i = /—1. 

To construct a real-valued general solution, 
we use Euler's formula, 

e = cos 0 +isinó, 
which can be obtained through the use of the 
Maclaurin series: 


EE 
-ÉIP-e, 
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oo k 
o ED ng 
cost = 3 Qh! 
_ 12, 14 16 
eie eae at r 
and 
oo k 
CY oky 
t= 
sin DoT 
k=0 
1 
—+_ 43 = 45 Z ave. 
=t 3i! + zp zt + 


Note: Often, we denote the roots as r12 = a + fi. 


Leonhard Euler (1707-1783): Euler and Daniel 
Bernoulli worked together at St. Petersburg. Not 
only was Euler the most prolific mathematician 
of all time (his unpublished works continued to 
be published for 50 years after his death), he was 
prolific in other ways as well: he and his wife 
Katharina Gsell had 13 children. 


We derive Euler's formula using these Maclaurin 
series and substitution: 


= 1 1 
ið _ ¿yk _ : -0X2 
e” = gi =1+ G0) + 568) 

k=0 

1 r 3 1 à 4 1 i 5 

+ 340) + 69) + 5,40) Toe 
1 
3 


=IR= 79 — ¡0 


:93 
ju Eg 
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1 
¿95 6 YA 
+ gii "rd 7i? +: 
Lio lao das 
=(1 210 Tort Ae + ) 


la 5 1y 
+i(6 50+ 30 AO es) 


— cos 0 + isin 0. 


Using the properties of sine (sine is an odd 
function so sin(—x) — — sin x) and cosine (cosine 
is an even function so cos(—x) — cos x), Euler's 
formula also implies that e = cos — isin0. 
The roots of the characteristic equation are r12 = 
ax Bi, so 


yı = e** £t — e (cos Bt+isin ft) and 


y2 = e*t = e% (cos Bt — isin Bt) 


are both solutions to the differential equation. By 
the Principle of Superposition, any linear combi- 
nation of yı and y» is also a solution. For exam- 
ple, zı = Ly ty) = e“! cos Bt and z; = => (41 
y?) = e" sin Bt are both solutions. You should 
verify that S = {e” cos Bt, e^! sin Bt) is linearly 
independent. This means that yy = e"'cosft 
and y? = e” sin ft are linearly independent 
solutions of ay” + by' + cy = 0 so a fundamen- 
tal set of solutions for ay" + by’ + cy = 0 is 
S = (e*' cos Bt, e”! sin Bt) and a general solution 
of ay” + by + cy = Oisy = e*'(cicos Bt + 
co Sin Bt). 

Theorem 19 (Complex Conjugate Roots). If 
11,2 = a c fi, where o and B (B > 0) are real 
numbers, are solutions of ar? + br +c = 0, then 
a general solution of ay" + by + cy = 0 is y = 
e^ (c1 cos Bt + c» sin Bt). 


In Exercise 48 of Section 4.1, we show that if y1 
and y» are linearly independent solutions of y” + 
py + q(y = 0, then y1 + y2 and y] — y» are 
also linearly independent solutions of y" +p(t)y' + 
q(t)y =0. 


EXAMPLE 4.2.3 
Solve  y”+4y'+20y=0, 


y(0)=-1. 


y(0)=3, and 


Solution 


The characteristic equation is 1? + 4r + 20 = 0 
with roots 


na 5 (4+ V - 4x) 


= 5 (244741) 


1 
= 5 (4+ 8i) = 2 4i, 


Therefore, in our earlier notation, a =  —2 
and 6 = 4, so that a fundamental set of 
solutions for the differential equation is S = 
(e?! cos 4t, e? sin 4t} and a general solution of 
the differential equation is y = e"? (cı cos4t + 
c2 sin 4t) because the solutions of the characteristic 
equation are complex conjugates. To find the 
solution for which y(0) = 3 and y'(0) = —1, we 
first calculate 


y 22e?! [(—cy + 2c?) cos 4t + (—2c1 — cz) sin 4t] 


with the product rule and then evaluate both 


y(0) = cı and y'(0) = 2(2c2 — c1) obtaining the 
system of equations 


C1 E 
2(2c, e) =-—1. 


Substituting cq = 3 into the second equation 
results in cp = 5/4. Thus, the solution of y” + 4y' + 
20y = 0 for which y(0) = 3 and y'(0) = —1 is 
Heec (3 cos 4t + 2 sin 4t), which is graphed in 
Figure 4.3. 


0o In Example 4.2.3, evaluate lim; y(t). 
Does this limit depend on the initial con- 
ditions? Does this result agree with the graph in 
Figure 4.4? 


FIGURE 4.3 Graph of y = e 


EXERCISES 4.2 
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r4 (3 cos 4t + 3 sin at). Note that y is not identically the zero function but converges to the 


zero function quickly so it appears that y and the zero function are identical in the plot as t increases, even though the function 
oscillates forever. 


The theorems stated here can be summarized 


as follows: 


Solving Second-Order Equations with 
Constant Coefficients 


Let ay" + by' + cy = 0 be a linear homoge- 


neous second-order equation with constant real 
coefficients and let r; and r»? be the solutions of 
the characteristic equation ar? + br +c = 0. 


1. 


If r4 # r2 and both rı and r7 are real, a 
general solution of ay” + by’ + cy = 0 is 

y = cye"! + coe?! a fundamental set of 
solutions for the equation is S = {e"’, e”2"}. 


. If r1 = r2, where 1; is real, a general solution 


of ay" + by + cy = 0 is y = cie"! + cote; 
a fundamental set of solutions for the 
equation is S = {e"', te^!]. 


. fr; = œ + i£, B > 0,and m; =m, —a-—if,a 


general solution of ay” + by’ + cy = 0 is 

y = e?! (c cos Bt + c2 sin Bt); a fundamental 
set of solutions for the equation is 

S = {e% cos Bt, e*! sin Bt). 


D EXERCISES 4.2 


In Exercises 1-15, find a general solution of 


each equation. 


1. 


eee jd 
PUNEO 


y” 20 


y” — 4y' — 12y = 0 
! y+y=0 
. y" +3y' — 4y =0 
. y" + By + 12y =0 
. 6y" +5y' +y =0 
. 8" +6y' +y -0 
. 4y" + 9y =0 
. y+ 16y =0 
. y" +8y=0 
. y" +7y=0 


. 4y" +21y' + 5y =0 
. 7y" +4y' — 3y = 0 
. Ay" + 4y’+y=0 

15. 


y” — 6y'+9y=0 


In Exercises 16-31, solve the IVP. Graph the solu- 
tion on an appropriate interval. 
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16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 


y" —y =0, y(0) =3, y'(0) =2 
3y" — y' =0,y(0) = 0, y'(0) =7 
y” +y' — 12y =0, y(0) =0, y'(0) =7 
y" — 7y' + 12y =0, yO) = 8, y'(0) = — 
2y" — 7y' — 4y = 0, y(0) =0, y'(0) 21 
y” — 7y' + 10y = 0, y(0) =1, y'(0) =5 
y" +36y = 0, yO) =2, y (0) = — 
y” + 100y = 0, y(0) = 1, y'(0) = 10 
y" — 2y +y=0, y(0) =4,y'(0) =0 
y" +4y' + 4y =0, y(0) =1,y'(0) =3 
y" + 2y' + 5y =0, y(0) =1, y'(0) =0 
y" + 4y' + 20y = 0, y(0) = 2, y'(0) 20 
V +y-—y=0, y(0) =1,y'(0) =0 
V +y+y=0, y(0) =1,y'(0) =0 
y'—y +y=0, y(0) =0, y'(0) =1 
y'—-y —y=0, y(0) =0, y'(0) =1 
(Operator Notation) Assume that y is a 
function of t, y = y(t) and that “prime” 
denotes differentiation with respect to t, 
' = d/dt. We define the differential operator D 
by D = d/dt. With this £d 
2 3 
D?= $ ae $ = € mD = i = i 5 $- de; 
and so on. Then, in operator notation the 
second-order linear homogeneous equation 
with constant coefficients, 


ay” + by’ + cy = 0, a 40, becomes 


Sy rl (y) + c(y) 2 0 


aD?^(y) + bD(y) + c(y) = 0 
(aD? + bD + c)(y) — 0. 


Observe that the characteristic equation for 
ay" + by + cy = 0 is ar? + br +c = 0. Write 
two or three sentences that describe the 
relationship between the second-order 
linear homogeneous equation using 
operator notation, (aD? + bD + c)(y) = 0, 
and the characteristic equation for the 
second-order linear homogeneous equation, 
ar? 4 br t c — 0. 
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In Exercises 33-35, the differential equation is 
given to you in factored operator notation. Use 
Exercise 32 to help you solve the differential 
equation. Plot the solution that satisfies the ini- 
tial conditions y(0) = 1 and y'(0) = 1. 


33. 6y" + 5y +1 =0, (8D - 1)QD + 1)(y) 20 

34. 9y" + 6y +y =0, GD 1? (y) 20 

85. y” + 4y + 20y = 0, 
(D — (22 + 4) (D — (22 — 4) (y) = 0 

36. Find conditions on a and b so that the real 
part of the solutions of 1? + ar + b = 0 is 
negative. If these conditions are satisfied 
what can you say about all solutions ¢ (t) of 
y" 4- ay + by = 0 as lim; œ ¢ (0? 

37. Use the substitution t = e* to solve 


(a) 32y" — 2ty' + 2y = 0, t > 0 and 

(b) ty” — ty’ + y — 0,t > 0. Hint: Show that 
dy 1d dy 41 (a d 

ift=e', J= Za and d zz (S - 8. 


38. (Diabetes) Under certain circumstances,! the 
equation 


y” +2ay' + by =0, 


where y(t) = Y(t) — Yo is the difference 
between the concentration of glucose (Y (t)) 
in the bloodstream at time t hours after a 
glucose injection and Yo is the ideal 
concentration of glucose in the bloodstream, 
can help determine whether an individual 
has diabetes or not. Braun notices that if 
2x / /b < 4, the patient is unlikely to have 
diabetes while 27 /Vb > 4 indicates at least 
mild diabetes in some patients. Assume that 
y(0) = 12 and y'(0) = 0. Solve this equation 
if for a patient it is determined that b = 4 
and then solve this equation for a patient if 
itis determined that b — 1. Plot the solution 
in each case. Is either patient likely to have 
diabetes? Explain. 

39. Show that a general solution of the 
differential equation ay" + 2by' + cy = 0, 
where b? — ac > 0, can be written as 


IM. Braun, Differential Equations and Their Applications, second ed., Springer-Verlag, New York, 1978. 


40. 


41. 


42. 


43. 


44. 
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ü 


/p? — 
y =e Pi E cosh (==) 


/p2 

+ co sinh (EE 
a 

Express the solution to each differential 
equation in terms of the hyperbolic 
trigonometric function (see Exercise 39). 
(a) y" +6y + 2y =0 
(b) y" — 5y + 6y =0 
(c) y” — 6y' — 16y =0 
(d) y" — 16y =0 
Show that the boundary-value problem 
y" +2y' + 5y = 0, y(0) = 0, y(7/2) = 0 has 
infinitely many solutions, the boundary 
value y” + 2y' + 5y = 0, y(0) = 0, y(1/4) =0 
has no nontrivial solutions, and that the 
boundary-value problem y” + 2y' + 5y — 0, 
y(0) = 1, y(1/4) = 0 has one nontrivial 
solution. 
Use factoring to solve each of the following 
nonlinear equations. For which equations, if 
any, is the Principle of Superposition valid? 


Explain 
(a) (y? — hi + 4y? =0 
(b) (y? — 2y"y y^ =0 


Find Dind on a and b, if possible, so 
that the solution to the IVP 

y" + 4y' + 3y = 0, yO) = a, y (0) = b has (a) 
neither local maxima nor local minima, (b) 
exactly one local maximum, and (c) exactly 
one local minimum on the interval [0, oo). 
(a) Show that the roots of the characteristic 

equation of x" + a1x' + aox = 0 are 


Y12 = I (- ü1 ae Jat — 200). 


(b) Graph ay = ig and 41 — 0, using the 
horizontal axis to represent aj and the 
vertical axis to represent a1. Randomly 
generate three points on the dim = at 


three points in the region ag < and 


Hale 


at, 
three points in the region ag > i 
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(c) Write the second-order homogeneous 
equation x" + a,x’ + aox = 0 as a system 
by letting y = x’ = dx/dt. 

(d) For each pair of points obtained in (b), 
graph the phase plane associated with 
the system for —1 < x < land 
—1 < y < 1. If possible, compare your 
results with your classmates and note 
similarities and differences between 
your results. 

(e) How does the phase plane associated 
with the system change as the roots of 
the characteristic equation change? 

45. (a) Is it possible for y = cıt cost + cot sint to 
be a general solution of ay" + by’ + cy = 0, 
where a, b, and c are constants? (b) Find p(t) 
and q(t) so that y = cıt cost + czt sin t is a 
general solution of y” + py’ + q(t)y = 0. 

46. If yp is a particular solution of 
y" +a Oy + ag(y = f(t), what is a 
particular solution of 
y" t a by ay" ag (y t ao(t)y = f? 


4.3 SOLVING SECOND-ORDER 
LINEAR EQUATIONS: 
UNDETERMINED COEFFICIENTS 


e Basic THEORY 
e METHOD OF UNDETERMINED COEFFICIENTS 


Basic Theory 


We now turn our attention to the second-order 
linear m equation 


d^i 

at po Le qby=fo (46) 
that has seris "iid equation 

d? 

AE + po Z4 q(t)y — 0. (4.7) 


From the previous MN we know that a gen- 
eral solution of Equation (4.7) is yh = c1y1 + 
coy2, where S = [y1, y2} is a fundamental set of 
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solutions of Equation (4.7): the elements of S are 
both solutions of the homogeneous equation and 
both elements of S are linearly independent. 

A particular solution of a differential equation 
is a specific function that does not contain arbi- 
trary constants that is a solution of the differen- 
tial equation. 


EXAMPLE 4.3.1 

Verify that yp(t) = 2 sint is a particular solu- 
tion of y” — 4y' = —3sint. 
Solution 

First we compute Yp ( = 2 cost and 00) = 
- sin t. Substituting into y” — 4y results in 


3 9 
Yp — Wp = 5 sint — 4 x 5 sint = —3sint. 
We conclude that yp(t) = 2 sint is a particular 
solution of y” — 4y' = —3sint because yp satisfies 
the equation y” — 4y' = —3sint and contains no 


arbitrary constants. 


Show that yp(t) = te? (15—10e*! +3e sin f) 
is also a particular solution of y” — 4y = 
—3sint. 


Suppose that y is the general solution of Equa- 
tion (4.6), yp is a particular solution of Equa- 
tion (4.6), and y; is the general solution of Equa- 
tion (4.7). Then, 


(y — yp)" + POY — yp t- q(DQy — vp) 
=y" *poy +qby - (yo py, ap) 
=f(t) -f =0, 


which shows us that y — yp is a solution of 
the corresponding homogeneous equation (4.7). 
Thus, 


y—Vyp-—Vn Or Y=Yh typ. 
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That is, a general solution of the nonhomoge- 
neous second-order linear equation y” + p(t)y' + 
q(Dy = fŒ isy = yn + yp, where yp is a 
particular solution of y” + p(y’ + q(y = f(t) 
and y is a general solution of the corresponding 
homogeneous equation, y” + p(t)y' + q(t)y = 0. 


EXAMPLE 4.3.2 

Show that yy = 3 — 3 + 3t is a partic- 
ular solution of y” + 2y + 2y = f? and that 
Vn = et(c¡cost + casint) is a general solu- 
tion of the corresponding homogeneous equation 
y” + 2y' + 2y = 0. What is a general solution of 
y! +2y +2y = 1? 
Solution 


We first show that yp = Le = d ES 2t isa 


particular solution of y”+2y +2y = f°. Calculating 
yp = 38 — 8t 3, y =3t— 3, and y; + 2y, + 2yp 
gives us 


Yp + 2y, + 2yp = (Bt — 3) 
Fo 3 
SAS 2 
+2(5 31+3) 


1 
2| -8 
e 


JL Sy AS P9 — eu ac ay es t9 


305008 
t P= 3t 
TEEN d 


The corresponding homogeneous equation of y” + 
2y +2y = P is y" +2y 4-2y = 0 with characteristic 
equation 7? + 2r +2 = 0 with roots 112 = —1 + i. 
Thus, a general solution of the corresponding ho- 
mogeneous equation y” + 2y' + 2y = 0 is yn = 
e^! (c1 cost + co sin t) so that a general solution of 
the nonhomogeneous equation y” +2y'+2y = f? is 
3 3 


1 
y = Vn typ = e!(cy cos t+cp sint) P — att z“ 


0 Ify1(t) and y»(t) are solutions of y" +2y' + 
ay B, is yı (t) + yo (t) also a solution? 
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Generally to solve the nonhomogeneous 
equation, we begin by solving the corresponding 
homogeneous equation to find y, and then 
find a particular solution, yp, of the nonho- 
mogeneous equation. Then, a general solution 
of the nonhomogeneous equation is the sum 
of the general solution to the corresponding 
homogeneous equation and a particular solution 
of the nonhomogeneous equation: y = yn + yp. 


Method of Undetermined Coefficients 


We now turn our attention to determining 
how to find a particular solution, yp, of the non- 
homogeneous equation 

ay” + by + cy — f (0, 


where a, b, and c are constants and the forcing 
function, f (£), is a linear combination of functions 
of the form 


Lid ects 

ppt qu eu 

cos Bt, sin Bt, t cos Bt, t sin Bt, 

P cos Bt, t? sin Bt,... 

or 

e*! cos Bt e”! sin Bt, te“ cos Bt, te“ sin Bt, 

Pe"! cos Bt, Pe”! sin Bt,.... (4.8) 
After determining the general solution, yy, of 
the corresponding homogeneous equation, the 
Method of Undetermined Coefficients can be used 
to determine a particular solution, yp, of the 
nonhomogeneous equation ay" + by' + cy = 


f (D. A general solution of the nonhomogeneous 
equation is then given by y = yn + yp. 


Outline of the Method of 
Undetermined Coefficients to Solve 


ay” + by + cy = f), 


where f(t) is a linear combination of the func- 
tions in Equation (4.8). 
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1. Solve the corresponding homogeneous 
equation for yq (t). 

2. Determine the form of a particular solution 
Yp(t) (see Determining the Form of yp (t) next). 

3. Determine the unknown coefficients in yp(t) 
by substituting yp (f) into the 
nonhomogeneous equation and equating 
the coefficients of like terms. 

4. Form a general solution with 


y(t) = yn) + yp. 


Determining the Form of Yp (t) (Step 2) 


Suppose that f(t) = bi fi(t) + bofo(t) +--+ + 
bifi(t), where bj, bo, ..., bj are constants and each 
fi®,i = 1,2, ..., j, is a function of the form t”, 
tert tett cos Bt, or te% sin Bt. 


1. If f;(t) = t”, the associated set of functions is 
Keno eure. 


2. If f,(t) = te, the associated set of functions 
is 


Pa le", te?t, Pert E pel . 


3. If fi(t) = tett cos Bt or fj (t) = te% sin Bt, the 
associated set of functions is 


F = {e% cos Bt, te”! cos Bt, t^e?! cos pt, ..., 
t" e*t cos Bt, 
e% sin Bt, te?! sin Bt, ^e! sin Bt,..., 
te% sin Bt). 


For each function f;(t) in f(t), determine the as- 
sociated set of functions F;. If any of the func- 
tions in F; appears in the general solution to 
the corresponding homogeneous equation, yq (t), 
multiply each function in F; by t to obtain a 
new set t'F;, where r is the smallest positive 
integer so that each function in t’F; is not a so- 
lution of the corresponding homogeneous equa- 
tion. A particular solution is obtained by taking 
the linear combination of all functions in the 
associated sets where repeated functions should 
appear only once in the particular solution. 
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The Method of Undetermined Coefficients works 
because linear combinations of the functions and 
their derivatives stated in Step 2 are the forcing 
functions, f (t), in Equation (4.8). 


EXAMPLE 4.3.3 


For each of the following functions, determine 
the associated set(s) of functions: (a) f(f) = t*, (b) 
fi) = Be, (c) f(t) = Pe cos 4t, and (d) f(t) = 
sin 2t + te. 


Solution 
(a) Using (1), we have F = (t^, £5, £?, t, 1}. (b) In 


this case we use (2): F = (3e-?!, He, te-2t, et]. 


(c) According to (3), 
E = [£e cos At, Pe sin At, te^! cos At, 


te^! sin4t, e! cos 4t, e*t sin4t] . 


(d) Using (2) and (3), we have two associated sets: 
Fy = {cos2t, sin2t} and F = (Pe?! te”, e”). 


In general, do not allow the associated sets to 
overlap. For example, if f(t) = 7te™ + 4e™ — 3ef, 
the associated set for 7te™* is F4 = {te™*, e7*). The 
associated set for 4e™* is Fj; = {e7}. Because 
the associated set for 4e”* is contained in the 
associated set for 7te™*, the associated set for the 
two terms is the union (or "larger") of the two 
associated sets: F1 = {te', e~'}. The associated set 
for —3e! is Fz = (el). Thus, for f (t) = 7te^! --4e^! — 
3e! we have two associated sets: F1 = (tet, et) 
and F> = {ef}. 


EXAMPLE 4.3.4 

Solve the nonhomogeneous equations (a) y” + 
5y + 6y = 2e, (b) y” + 5y' + 6y = 22 + 3t, (o) 
y" +5y’ +6y = 3e, and (d) y" +5y' +6y = 4 cost. 


In other words, no element of F is an element 
of S. 


Solution 


For all four equations, the corresponding ho- 
mogeneous equation is y" + 5y' + 6y = 0, which 
has general solution yy = cie?! + coe~*!. (Why?) 
A fundamental set of solutions for the correspond- 
ing homogeneous equation is S = (e7?, e~%}. 
(a) Now, we determine the form of yp. Because 
f(t) = 2e!, the associated setis F = {ef}. Notice that 
e is not a solution to the homogeneous equation, 
so we take yp to be the linear combination of the 
functions in F. Therefore, we assume that a par- 
ticular solution of the nonhomogeneous equation 
has the form yp — Ae, where A is a constant to 
be determined. Substituting yp into the left-hand 
side of y” + 5y' + 6y = 2e! and setting the result 
equal to 2e! gives us 


Ae! + 5Ae! + 64e! = 12Ae! = 2e*. 


Equating the coefficients of e! then gives us 12A = 
2 so A = 1/6. A particular solution of the non- 
homogeneous equation is yp — cel, so a general 
solution of y” + 5y' + 6y = 2e! is 
-2t EO 
Y = Yh t Yp =e ~ toe ` + E 
(b) Here, we see that f (t) is a linear combination 
of the functions given in Equation (4.8): f(f) = 
ay fi (t) + a2 fo(t) = 28 + 3t. The set of functions 
associated with fı (t) = 2? is F1 = (£2, t, 1) and 
that associated with f(t) = 3t is F2 = (t, 1). First, 
notice that none of these functions are solutions 
of the corresponding homogeneous equation. Fur- 
ther, notice that F; and F> have (two) elements 
in common (t and 1). If we take the linear com- 
bination of the functions F = Fy U Fo = Fy, the 
set consisting of #2, t, and 1, then we look for a 
particular solution of the form 


yp = AP + Bt 4 C, 
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where A, B, and C are constants to be determined. 

Substitution of yp and the derivatives Yp = 
2At + B and y; = 2A into the nonhomogeneous 
equation y” + 5y' + 6y = 2£? + 3t yields 


yo + 5y, + 6yp = 6AP + (10A + 6B)t 
+ QA + 5B + 6C) 
—2P + 3t. 


Equating coefficients of the linearly independent 
terms (t°, t, and 1) then yields, 6A = 2, 10A 4- 6B = 
3, and 2A -- 5B + 6C = 0. This system of equations 
has the solution A — 1/3, B = —1/18, and C = 
—7/108, so yp — i? - bt- IE A general solution 
of the nonhomogeneous equation is 

NE NE 


=} —3t 
E = -t = . 
Y=Vh+Yp=C1e ~ toe ` + 3 18 108 


(c) In this case, we see that f(f) — 3e? with 
associated set F = {e~2/}. However, because e”?! 
is a solution to the corresponding homogeneous 
equation, we must multiply each element of F by 
t where r is the smallest positive integer so that 
no function in t'F is a solution to the corresponding 
homogeneous equation. We multiply by t! — t to 
obtain tF = (te^?!) because te? is not a solution 
of y” + 5y + 6y = 0. Differentiating yp = Ate"?! 
twice and substituting into the nonhomogeneous 
equation yields: 


yo ys + 6yp =— 440% + AAte 2 
455 (4e? = 2Ate 7) 
+ 6Ate 7” 
ce lg 


Thus, A = 3 so yp = 31e?! and a general solution 
of the nonhomogeneous equation is 


y — Yn t Jp = cie 7 + me* + 3te ?*. 


(d) In this case, we see that f(f) — 4cost, so 
the associated set is F = (cost, sint]. Because 
neither of these functions is a solution of the cor- 
responding homogeneous equation, we take the 
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particular solution to be the linear combination 
Vp — Acost -- Bsint. We determine A and B by 
differentiating yp twice and substituting into the 
nonhomogeneous equation 


Yp + 5Yp + 6yp = —A cost — Bsint 
+ 5(B cost — Asin t) + 6(Acost+ Bsint) 
= (5A + 5B) cos t + (—5A + 5B) sin t 
= 4cost. 


Hence, 5A+5B = 4 and —5A4-5B = 0, so A = B = 
2/5. Therefore, yp = 2 cos t + 2 sint and a general 
solution of the nonhomogeneous equation is 


2 2 
Y = Yh + Yp = cje” T ce SE 5 cost + 5 sint. 


EXAMPLE 4.3.5 


Determine the form of a particular solution 
to each of the following nonhomogeneous 
equations: (a) 4y” + 4y' + y = t, (b) 4y” + 4y' +y = 
Be and (c) 4y" + 4y +y = Pet +P +1. 


Solution 


For all three equations, the corresponding ho- 
mogeneous equation is 4y” 4-4 4-y = 0, which has 
characteristic equation 47? +4r +1 = (2r--1)? = 0 
so 1,2 = —1/2 has multiplicity two. Therefore, 
two linearly independent solutions to the corre- 
sponding homogeneous equation are y; = e^! 
and y2 = te!/?; a fundamental set of solutions 
is S = (e7!?, te-*?); and a general solution of 
the corresponding homogeneous equation is y, — 
c1e t? + cote-!/?. 


(a) For f(t) = t, the associated set is F = (t, 1). 
Because no function in F is a solution to the 
corresponding homogeneous equation, we 
assume that a particular solution has the 
form yp = At + B, where A and B are 
constants to be determined. 

(b) For f(t) = £?^e-'7, the associated set is 
F = {Pe/2, te-t/2. e-t/?). Because F contains 
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(c 


<~ 
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solutions to the corresponding homogeneous 
equation, we multiply each function in F by 
t where r is the smallest positive integer so 
that no function in t'F is a solution to the 
corresponding homogeneous equation. In 
this case, we multiply by ? to obtain 

PF = {tte ™/2, Be-t/? 26-12) Therefore, we 
assume that a particular solution has the 
form yp = Atte! + Be! + CPe7t/2, 

At first glance, it appears as though 
fO0=A0+£0+80 = Pe + t+ 1 has 
three associated sets. The set of functions 
associated with fı (f) = Pe? is 

F1 = (Be, 2e-t/2. te7t/2, e-t/?Y. the set of 
functions associated with f(f) = f? is 

Fo =(P?, t, 1), and the set of functions 
associated with f3(f) = 1 is F3 = {1}. But, 
because the set of functions associated with 
the function f3(t) = 1 is contained in the set 
of functions associated with the function 

fe (t) = £ ("the larger set”), we need only 
consider the two associated sets 


Fi ={Pe 2, Pe-t/2 tg-t/2. gt and 


Fo = (£5, t, 1). 


We see that F4 contains solutions of the 
corresponding homogeneous equation so we 
multiply F1 by t' where r is the smallest 
positive integer so that no function in t"F, is a 
solution to the corresponding homogeneous 
equation. In this case, we multiply by f? to 
obtain 

PF 2 (Pe 2 tfe /2 Be u2, Pe Hy We 
see that Fy does not contain any solutions to 
the corresponding homogeneous equation. 
Therefore, we assume that a particular 
solution has the form 


yp = APA + Bite? + Ce? + Dre? 
TA ee 


terms contributed by PF, 
+ EÉ+Ft+G 
——— 


terms contributed by Fo 


To solve an IVP, first determine a general 
solution and then use the initial conditions 
to solve for the unknown constants in the 
general solution. 


EXAMPLE 4.3.6 


Solve 9y" --6y +37y = 36te-t/? + 18e7!/? cos 2t, 
y(0) = 0, y'(0) — 1. 


Solution 


The corresponding homogeneous equation 
9y" + 6y + 37y = 0 has characteristic equation 
97? + 6r + 37 = 0 with solutions fa = -i az 2X. 
Therefore, a general solution of the corresponding 
homogeneous equation is yn = c1e™*/ cos 2t + 
coe !/? sin 2t. 

Looking at the two terms in the forcing 
function, the set of functions associated with 
RD = 361€? is F4 = {te PB, e-U3). No 
function in F is a solution to the corresponding 
homogeneous equation. The set of functions 
associated with fo(f) = 18e-'/? cos2t is Fo = 
{e—/5 cos2t, e-*/? sin 2}. Fy contains functions 
that are solutions to the corresponding homoge- 
neous equation so we multiply F by t to obtain 
HF; = (te-t/? cos2t, te-*/? sin2t). Therefore, we 
assume that a particular solution has the form 


yp = Ate" + Be 1? 


terms contributed by F4 
+ Cte/3 cos 2t + Diet sin 2t. 
———— a E 
terms contributed by tF> 


Differentiating yp twice gives us 
1 1 
AM —t/3 a es eps 
Yp = cas F (4 5B) e 
1 ET 
+ See te ^" cos 2t 


1 
zt (2c = 3D) te! sin 2t + Ce”! cos 2t 


+ Dei sin 2t 


and 


EXERCISES 4.3 


4 
+ (-Fc- 5D) te !/5 cos 2t 
+ (3c = 5) te-!/? sin 2t 
2 -t/3 
+ me s E e cos 2t 


p 
+ (-ac = 5D) et? sin 2t. 


Substituting yp and its derivatives into the non- 
homogeneous equation and simplifying the result 
leads to 


Oy), + 6y, + 37yp = 36Ate '? + 36Be 1? 
+ 36De-!? cos 2t — 36Ce-'? sin 2t = 36te-'/? 
+ 18e-*/? cos 2t. 


Equating coefficients, 36A — 36, 36B — 0, 36D — 
18, and -36C = 0soA — 1, B — 0, D = 1/2, 
and C = 0 resulting in yp = te-'/? + 3e-!/5 sin 2t. 
A general solution of the nonhomogeneous equa- 
tion is then 


—t/3 —t/3 


Y = Vh + yp = cie ^ cos 2t + coe sin 2t 
1 
co ES EA sin 2t. 
To solve the IVP, we compute y”, 
1 
y =- 250 +e + te? cos 2t 
1 
== feo? STU. 
¿e sin 
1 E 
ar mcd +2c> | e cos 2t 
ee eee 
+ | —2c1 — 32 e sin 2f 
and then apply the initial conditions 
1 
y(0)=c1=0 and y(0-21— 30 t 2c2 = 1 


to see that c} = c? = 0. Therefore, the solution 
to the IVP is y = te™t/3 + Je”! sin 2t, which is 
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plotted in Figure 4.4(c). Keep in mind that usu- 
ally two initial values are required for a second- 
order initial value to have a unique solution, as 
illustrated in Figure 4.4(a) and (b). 


EXAMPLE 4.3.7 


Y If w > 0 is constant, solve y” + y = cos ot, 
y(0) =0, y'(0) =1. 


Solution 


A general solution of the corresponding homo- 
geneous equation y” + y = 0 is yn = c¡cost + 
co sint. We see that if œ 4 1, we use Undeter- 
mined Coefficients to find a particular solution of 
the nonhomogeneous equation of the form yp = 
A cos ot + Bsin ot, while if o = 1 we use Un- 
determined Coefficients to find a particular solu- 
tion of the nonhomogeneous equation of the form 
Yp = At cos ot + Bt sin ot. Solving for a particular 
solution, forming a general solution, and applying 
the initial conditions yields the solution 


(cos t — cos ot) + sint, if w z 1 
_Ja?-1 

Jc 

ESE ifw=1 


Notice that the behavior of the solution changes 
dramatically when œ = 1: if 0 < w < 10r 
w > 1, the solution is periodic and bounded 
(Why?), but if co = 1, the solution is unbounded 
(see Figure 4.5). 


D EXERCISES 4.3 


For each function in Exercises 1-12, determine 


the associated set(s) of functions. 


1. f(t) 22t4-5 
2. f( = 3— 82 
3. f(t) 2 78 +2 
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FIGURE 4.4 (a) Plots of some solutions satisfying y'(0) = 1. (b) Plots of some solutions satisfying y(0) = 0. (c) Plot of the 
solution satisfying y(0) = 0 and y'(0) = 1. 
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FIGURE 4.5 From left to right, w = 0, 1/4, 1/2, 3/4, 1, 5/4, 3/2, 7/4, and 2. Notice that the solution is bounded unless w = 1. 
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4. f(t) = —2te f 
5. f(t) 24e t — 20 + t 
6. f (t) = 4t — 82e t 
7. f (t) = 6sin2t + 3e * 
8. f (t) = 2tsint 
9. f (t) = 2sin3t + 4sin 2t — 8 cos 2t 
10. f(t) = 2tesint — 7? +9 
11. f(t) =e"! cos2t+1 
12. f(t) = te” sint + cos 4t + 31? — 8e 


In Exercises 13-24, determine the form of a par- 
ticular solution for the given nonhomogeneous 
equation. (Do not solve for the unknown coeffi- 
cients.) 


13. y" +y = 8e” 

14. y” — 4! + 3y =-e* 
15. y” — 4y' + 3y = 2e% 
16. y" — y =2t-4 

17. y" -2y +y = Ê 

18. y” +2y' 2 3 — 4t 

19. y" + y = cos2t 

20. y" + 4y = 4cost — sint 
21. y" + 4y = cos2t + t 

22. y” +4y = 3te* 

23. y" = 31^ — 2t 

24. y" — Ay + 13y = 2te 7! sin3t 


In Exercises 25-45, find a general solution of each 
equation. 


25. y" +y —2y = —1 

26. 5y" + y' — 4y = —3 

27. y" — 2y/ - 8y = 32t 

28. 16y" — 8y' — 15y = 75t 
29. y” + 2y' + 26y = —338t 
30. y” +3y' — 4y = -328? 

31. 8y" + 6y + y = 5P? 

32. y" — 6y' + 8y = —2561% 
33. y" — 2y' = 52sin3t 

34. y” — 6y' + 13y = 25 sin 2t 
35. y” — 9y = 54t sin 2t 

36. y" — 5y' + 6y = —78 cos 3t 
37. y" + Ay! + 4y = -3212 cos 2t 
38. y” — y/ — 20y = —2e! 

39. y” — 4y' — 5y = —648t? e! 
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40. y" —7y' + 12y = —2Pe* 

41. y” + Ay = 80% — 4e* 

42. y" DE 8y/ = g = eat 

43. y" + 4y' = —24t — 6 — Ate 5 + e 
44. y'—3 ! —q2 3 

45. y" = t el + sint 


In Exercises 46-58, solve the IVP 


46. y” + 3y' = 18, y(0) = 0, y (0) 23 
47. y" — y = 4y(0) =0, y'(0) — 0 
48. y" — 4y = 32t, yO) = 0, y'(0) =6 
49. y" + 2y' — 3y = —2, (0) = 2/3, y (0) = 8 
50. y" + y' — 6y = 3t, y(0) = 23/12, y (0) = —3/2 
51. y" + 8y' + 16y = 4, yO) = 5/4, y'(0) = 0 
52. y" +7y' + 10y = te™, yO) = —15/48, 
y'(0) = 9/16 
53. y” + 6y' + 25y = —1,y(0) = -1/25, y'(0) 27 
54. y” — 3y' = —e* — 2t, y(0) = 0, y (0) = 8/9 
55. y" — y' = —3t —41%e*%, y(0) = —7/2, y'(0) =0 
56. y" — 2y' = 217, y(0) = 8, y (0) = 3/2 
57. y" + 4y' = —24t — 6 — 4te  +e*, y(0) = 
0, y(0) 20 
58. y” — 3y' =e — e y(0) = 1, y/(0) =1 


In Exercises 59-61, the forcing function is piece- 
wise defined. Solve each IVP and graph the so- 
lution on an appropriate interval. 


59. y" +9y = f(t), yO) = y'(0) — 0, 


2t 0x t «m 
where f (t) = ise 
60. y” + 9x7y = f(b, yO) =0, y'(0) — 0, 
2t 0x t «x 
where f(t) = 4 2(t— n), m € t «2x 
0, t> 2x 


61. y" + 4y = f(t), yO) =0, y'(0) 2 2, 

00<t<x 

10,7 <t<2x 

0,t> 37 

62. The method of undetermined coefficients 
can be used to solve first-order linear 
equations with constant coefficients if the 
forcing function is of the form given by 


where f (t) = 
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63. 


64. 


65. 


66. 


67. 


Equation (4.8). Use this method to solve the 
following problems. 


(a) y — 4y = £ 
(b) y/ + y = cos2t, y(0) = 0 
(c) y -y= ett 


(d) y + 4y =e, y(0) = 1 
(e) y' + 4y = tet 


(a) Suppose that yı and y» are solutions of 
ay" + by’ + cy = f (t), where a + 0, b, and 
c are positive constants. Show that 


lim (y1(t) — y2) = 0. 


(b) Is the result of (a) true if b = 0? 

(c) Suppose that f(t) = k where k is a 
constant. Show that lim; oo y(t) = k/c 
for every solution y(t) of 
ay" + by + cy =k. 

(d) Determine the solution of 
ay” + by’ + cy = k and use the solution to 
calculate lim;., 0 y(t). 

(e) Determine the solution of y” = k and 
calculate lim;., oo y(t). 

Let yp — 2 sint. Show that if y(f) is any 

solution of y" — 4y = —3sint then 

y(t) — yp(t) is a solution of y" — 4y — 0. 

Explain why there are constants c, and c» so 

that y(t) — yp(t) = cie? + coe? and, thus, 

y(t) = cie? + ce? + yp(t). 

Show that if y1 is a solution of 

y" +py + q(y = fi(t) and yo is a solution 

of y” + py + q(Dy = fo (D, then yı + y2 isa 

solution of y” + py’ + q(y ^ fitt) + fot). 

Generalize this result. 

(a) Find conditions on o so that 

Yp(t) = A cos wt + B sin ot, where A and B 

are constants to be determined, is a 

particular solution of y” + y = cos ot. 

(b) For the value(s) of w obtained in (a), 

show that every solution of the 

nonhomogeneous equation y” + y = cos wt 
is bounded (and periodic). 

(a) Find conditions on o so that 

Yp(t) = t(A cos ot + B sin wt), where A and B 

are constants to be determined, is a 
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particular solution of y” + 4y — sin ot. (b) 

For the value(s) of w obtained in (a), show 

that every solution of the nonhomogeneous 

equation y” + 4y = sin wt is unbounded. 
68. Show that the solution to the IVP 


y' +y-2y=f(b, y(0)=0, 


is 


y(0-a 


y(t) = Lg — 1 e^t + se ra 
3 3 3 Jo 


1 f ' 
aie f f coe? dx 
3 0 


(as long as the integrals can be evaluated). 

(a) Use the Fundamental Theorem of 
Calculus to verify this result. 

(b) If possible, find a function f (t) and a 
value of a so that (i) the solution is 
periodic, (ii) the limit of the solution as t 
approaches infinity is 0, and (iii) the 
limit of the solution as t approaches 
infinity does not exist. Confirm your 
results graphically. 

69. How does the solution to the IVP 

x" + 9x = sinct, x(0) = 0, x'(0) = 0 change 

as c assumes values from 0 to 6? 

70. (a) Show that the boundary-value problem 
4y" + 4y' + 37y = cos 3t, y(0) = y(r) has 
infinitely many solutions. Confirm your 
results graphically. 

(b) If possible, find conditions on y(0) and 
y (7) so that the solution to the 
boundary-value problem is unique. 


4.4 SOLVING SECOND-ORDER 
LINEAR EQUATIONS: VARIATION 
OF PARAMETERS 


In Section 4.3 we learned that to solve 


y" - py 4 q(Dy =f (4.9) 


we need a general solution of the corresponding 
homogeneous equation 


Y  p(Dy 4 q(y — 0, (4.10) 
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Vn = C1Y1 + c2yo, where S = (yi, yo) is a 
fundamental set of solutions for the corre- 
sponding homogeneous equation (4.10), and a 
particular solution, yp, of the nonhomogeneous 
equation (4.9). 

In the special case when the coefficients are 
constants and the forcing function f (t) has the 
form given by Equation (4.8), the method of 
undetermined coefficients can be used to find 
a particular solution of the nonhomogeneous 
equation (4.9). 

When undetermined coefficients is not prac- 
tical to use to find a particular solution of Equa- 
tion (4.9), such as when the coefficient functions 
are not constant or when f(t) does not have the 
form given by Equation (4.8), we can "vary" the 
parameters c, and c? in much the same way as 
we did in Section 2.3 to find a particular solution 
of Equation (4.9). However, instead of "varying" 
one parameter as we did in Section 2.3 for the 
first-order linear nonhomogeneous equation, for 
the second-order linear nonhomogeneous equa- 
tion we now vary two parameters. 

Starting with the second-order linear nonho- 
mogeneous equation, a» (t)y" 4- a1(t)y' + ao(t)y = 
g(t), we begin by dividing by a(t) to write 
it in the standard (or normal) form given by 
Equation (4.9). Let yn = c1y1 + C242 be a general 
solution of the corresponding homogeneous 
equation, where S = [y1, y2) is a fundamental set 
of solutions for the corresponding homogeneous 
equation (4.10). We now assume that a particular 
solution has a form similar to the general 
solution by "varying" the parameters cı and 
c» and let 


Yp (E) = umu Oy H) + ux(t)ya(t). (4.11) 


Remember that for the second-order linear ho- 
mogeneous equation y” + a (t)y' + ao(t)y = 0, 
a fundamental set of solutions, 5 = (yi, y2}, is a 
set of two linearly independent solutions. Then, a 
general solution of y” +41 (y +ao (t)y = 0 is given 
by yn = ci + C242. 
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We determine the functions uy = u(t) and 
4? = u»(t) by requiring that their derivatives, 
uy’ and uy’, satisfy a linear system of equations 
with a unique nontrivial solution. Integrating 
will then yield nonconstant 1; and uz. A partic- 
ular solution of Equation (4.9) will then be given 
by yp = 4141 + u2y2. 

For convenience, in the following calculations 
we omit the arguments of Vp, U1, U2, Y1, and y». 
Differentiating yp, we obtain 


Yp) = 111 way + uy + way, 
which is simplified to 
Yp = UY, + UY), 
with the assumption that 


yi + you, =0, (4.12) 
which is our first equation for determining u1 and 
15. The assumption in Equation (4.12) is made 
to eliminate the derivatives of uq and u», uy’ 
and uy’, from yp, which will simplify the process 
of finding uy” and wy’ for us. Using our sim- 
plified expression for yp, the second derivative 
of yp is 


yp = uy +11 Y] + Mays + uy». 


At this point, assuming that yu, + yu = 0 
would lead to concluding that us” = 0 and 
uy’ = 0 so that uz and u» would be constant 
functions, which would not give us a particular 
solution of the nonhomogeneous equation (4.9). 
(Why?) Substitution of yp, yp, and yj into 
the nonhomogeneous equation (4.9) then 
yields 


Hint: Every linear combination of solutions to a 
linear homogeneous equation is a solution. 
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yo py + q(yp = 1 (yt + pi + qvi) 
+u (y5 + pyh + q(Dya) + vus + ypu) 


= yu t yy, =f, 
where we have used the fact that both y; + 
py, +qOy1 = 0 and y, + py, + qOy2 = 0 
because yi and y» are solutions of the corre- 
sponding homogeneous equation (4.10). There- 
fore, our second equation for determining u1' and 
Uy! is 


yu + ypu, = f). (4.13) 


Combining Equations (4.12) and (4.13) gives us 
the linear system in 4, and u,, 


yin + You, =0, 
y u +y u =f, 


which is written in matrix form as E Dy ) ') 
y, Ya 


= ( PA In linear algebra, we learn that 


this system has a unique solution if and only 
f n y2 


/ 
1 22 


W(S) = f ; 2 , is the Wronskian of the set 


S = {y1, val, WO). We stated in Section 4.1 
that W(S) z 0 if the functions y; and y» in 
the set S are linearly independent. Because 
S = {y1, y2} represents a fundamental set of 
solutions of the corresponding homogeneous 
equation, W(S) 4 0. Hence, this system has a 
unique solution that can be found by Cramer's 
rule to be 


# 0. Notice that the determinant, 


f = 1 0 D| 
u(t) = W(S) ko yo nfo 
and 

/ = 1 yı (t) 0 
ut) = W(S) Y (t) TU =a! (tf (t). 


Note: If you are not familiar with Cramer’s rule, 
these formulas can be found with elimination. 


The functions u1(t) and w(t) are then 
found by integrating u1’ (t) (ui (H) = f w’ (Hdt) 
and u»'(t) (uo(t =  fuz'(tidt) and a 
particular solution of the nonhomogeneous 
equation (4.9) is given by yp = u1y1 + u»y2. 


EXAMPLE 4.4.1 
Solve y" — 2y + y = e'Int, t > 0. 


Solution 


The corresponding homogeneous equation, 
y” — 2y + y = 0, has characteristic equation 
e d.e (r-1*=0s0 yn =01,€ e +0) de 

ES po 
and a fundamental set of solutions for the 
corresponding homogeneous equation is S = 
(el, te^]. Now, we compute 


2t 2t 


tet 
W(S) = |* | = te” et -te =e 


e! tel +e! 


Through the use of integration by parts, 
uj(t) = Pare x e'Intdt = - f tintat 


1» 2 
= —t -4 Int 
4 2 


and 


wi) = f axe x e Int dt 


= Jintar= tint—t. 


Then, a particular solution of the nonhomoge- 
neous equation is 


Yp = uti) + u2(t)y2 (t) 
te be f Le 
(i: > int)e + (flint — t) te 
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Combining the general solution of the corre- 
sponding homogeneous equation with the par- 
ticular solution of the nonhomogeneous equation 
gives us a general solution of the nonhomoge- 
neous equation, 


1 3 
Y = Vntyp = cie tente!+ Pe Int- Pe”, t>0. 


To solve an IVP, first determine a general 
solution and then use the initial conditions 
to solve for the unknown constants in the 
general solution. 


EXAMPLE 4.4.2 


Solve y” + 4j = sec2t, yO) = 1, y'(0) = 1, 
—m/4 « t < n/A. 


Solution 


The characteristic equation of the correspond- 
ing homogeneous equation, y” + 4y = 0, is 1? + 
4 = 0 with the complex conjugate roots r12 = +2i 
so a general solution of the corresponding homo- 
geneous equation is yn = ci Cos: 2t +02 sin: 2t and 

o Ya 
the fundamental set of solutions S = (cos 2t, sin 2t} 


cos 2t sin 2t 
W(S) = = 2. Then, 
MO IDEA con 2 x 
1| 0 sin2t il 
=- = —- tan2t d 
n 2 |sec2t nee zb in 
D um 1| cos2t © T 
2 2|-2sin2f sec2t 2 


so u1 = 1 In(cos2#) and uz = 1t. Then, a partic- 
ular solution of the nonhomogeneous equation is 
given by yp = 11y1--u2y2, which simplifies to yp = 
i cos 2t In cos 2t + itsin 2t, and a general solution 
of the nonhomogeneous equation is given by y — 
Vh + Vp = C1 COS 2t + c? sin 2t + a cos 2t In cos 2t + 
d sin 2t. 

To solve the IVP, we first differentiate to obtain 
y = -—2c1sin2t + 2c? cos2t — sin2tIncos2t + 
t cos 2t. Application of the initial conditions yields 


[y(0) = c1 = 1, y'(0) = 2c? = 1] so the solution to 
the IVP is y = cos 2t + l sin2t+ 1 cos 2t In cos 2t + 
Jtsin 2t. Figure 4.6 shows the graph of the solu- 
tion of y” + 4y — sec2t, y(0) — 1, y'(0) = c for 
various values of c. 


Variation of parameters can be used to find 
a particular solution of the linear nonhomoge- 
neous equations that were solved in the pre- 
ceding section by using the method of undeter- 
mined coefficients to find a particular solution 
of the linear nonhomogeneous equation. From 
a practical point of view, in cases when both 
methods can be used to find a particular solution 
of a linear nonhomogeneous equation, usually 
undetermined coefficients will be easier to im- 
plement. 


t 


/150/5/0.25. + 0.25 0,9 075 


ost 


at 
FIGURE 4.6 Plots of y” + 4j = sec2t, y(0) = 1, y'(0) — 


c for various values of c. Which is the plot of the solution 
satisfying y'(0) = 1? 
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EXAMPLE 4.4.3 


Solve the IVP y" + 4y = sin 2t, y(0) = 0, y' (0) = 
1 using variation of parameters. 


Solution 


The corresponding homogeneous equation is 
y” +4y = 0, with general solution y, = c1 cos 2t + 
co sin 2t, fundamental set S = {cos2t, sin 2t}, and 
Wronskian W(S) — 2. Through the use of the 
trigonometric identity sin? 0 — 4 (1 — cos 20) with 
0 — 2t and standard techniques of integration, 
we obtain 

u(t) = -5 f sitas = M — 

and 


1 1 
u»(t) — 2 I cos 2t sin 2t dt = n cos? 2t. 
Simplifying and using the identity sin20 = 


2sin@cos@ with 6 = 2t leads to the particular 
solution 


Yp) = ul (Ey (E) + ua (yx (t) 


1 1 
(-y + 16 sinar) cos 2t 


1 
R cos? 2t x sin 2t 


1 2 

aS 16 sin 2f cos 2t x cos2t 
il 

E cos? 2t x sin2t 


1 
= —-—tcos2t 
1 cos 


and, thus, a general solution of the nonhomoge- 
neous equation is 


1 
Y = Vn + Vp = €1 COS 2t + c? sin 2t — q ecos 2t. 
To solve the IVP, we first compute 
j : rem 1 
y —2c2cos2t — 2c1 sin 2t + p! sin 2t — 1 cos 2t. 


We then evaluate y(0) = cy = 0 and y'(0) = 2c? — 
1/4 = 1. Hence, cy = 0and c; = 5/8 so the solution 


5 1 
to the IVP is y = 3 sin2t — gi cos De 
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Figure 4.7 shows the graph of y = c1 cos 2t + 

C? sin 2t — cos 2t for various values of cı and 
c2. Identify the graphs of the solutions that satisfy the 
initial conditions (a) y(0) = 0 and y'(0) = 1 and (b) 
y(0) = O and y' (0) = —1. 


Note: If we had used the method of undetermined 
coefficients, we should not expect a particular 
solution of the same form as that obtained 
through variation of parameters until we simplify 
uy (1 (t) + u2 (t)y2 (t). (Why?) 


An advantage that the method of variation 
of parameters has over the method of unde- 
termined coefficients is particular solutions of 
nonhomogeneous equations with nonconstant 
coefficients can be considered. 


EXAMPLE 4.4.4 


A general solution of y” + ty’ = 0, t > 0, 
is yn = c1 + c2lnt. Solve the nonhomogeneous 
equation ty” + ty = 2^, t > 0. 


Solution 


In this case, a fundamental set of solutions of 
the corresponding homogeneous equation is S = 
1 Int 
uum 
Recall that we divided the second-order equation 
amy” +a(0y + ao(f)y = g(t) by the coefficient 
function of y”, a»(t), to place it in the standard 
form y" + p(y’ + q(t)y = f (t) before deriving the 
formulas for u and u2. Doing so for this equation, 
dividing by a2(t) = gives us y” + ly = 2 
so p(t) = tl and f(t) = 2. Therefore, using 
integration by parts we obtain 


{y1, yo} = {1, Int}, so W(S) = =. 


u(t) = -2 f 1 mtat = -2 f tintat 


1 
nee 
t3 


EXERCISES 4.4 
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FIGURE 4.7 (a) Various solutions satisfying y (0) = 1. (b) Various solutions satisfying y(0) = 0. 
,_ _ yf) y _ YO 
u(t) = 2 J 1/t'dt=2 l tdi — P, Toss ey SU ET Way 


5. Integrate to obtain 1 and wp. 
soyp(t) = u (yi (+12 (ya (f) = (-e Int+ 1 2) x 6. A particular solution of a» (ty" + a» (by 
1+# x Int = 1g, and a general solution to the Fay = gU) ONE by Yp = uyi t did 
peek 7. A general solution of a» (t)y" + a2(t)y 
nonhomogeneous equation is Sd 
; -rag(t)y = g(t) is given by y = yn + yp. 
yt) = ys (D + yp) =c eolnt o SP, t 0. 


Integration by Parts: f udv = uv — f vdu. 


D EXERCISES 4.4 


In Exercises 1-38, solve each differential equ- 
ation using variation of parameters. If an equation 
can be solved using undetermined coefficients, do so. 
If both methods can be used to find yp, which method 
is easier when both can be used? 


Summary of Variation of Parameters 
for Second-Order Equations 

Given the second-order equation az(t)y” + 
a5 (Dy + ay = gb. 


1. Divide by a»(t) to rewrite the equation in 
standard form, y” + p(y’ + q(Dy = f(t). 

2. Find a general solution, yh = c1y1 + c2y?, and 
fundamental set of solutions, S = {y1, y2}, of 


1. y" +4y=1 

2. y" +16y' =t 

3. y” — 7y + 10y = e** 
4. y" + 16y = 2 cos 4t 


3. Let W(S) = 


the corresponding homogeneous equation 
y" + py’ + qby = 0. 

yı Y2 
Y V 


5. 
6. 
7. 
8. 


y" + Ay + 20y = 2te 7! 

y" + iy = sec(t/2) + csc(t/2), 0 < t « x 
y" + 16y = csc4t, 0 < t < 7/4 

y" + 16y = cot4t, 0 < t < 1/4 
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9. y" + 2y' + 50y = e™ csc7t 
10. y" + 6y' + 25y = e^? (sec4t + csc 4t) 
11. y” — 2y' + 26y = e'(secbt + csc 5t) 
12. y" +12y + 37y =e esct, t > 0 
13. y" — 6y' + 34y = e* tan 5t 
14. y" — 10y' + 34y = e?! cot 3t, t > 0 
15. y” — 12y' + 37y =e" sect 
16. y” — 8y + 17y = e* sect 
17. y” — 9y = (1 + 571 
18. y” — 25y = (1 — e5571 
19. y” — y = 2sinh t 
20. y” —2y'+y=t le, t>0 
21. y" — Ay + Ay =t 2%e*,t>0 
22. y" +8y +16y = tte“, t>0 
23. y" +6y + 9y = tle? t>0 
24. y" + 6y'+9y — e? Int, t - 0 
25. y” + 3y' + 2y = cos (e!) 
26. y” + Ay c Ay se? /1-2,-1«tx1 
27. y" — 2y' +y = e/1-2,-1«tx1 
28. y” — 10y' + 25y = e?! In 2t, t > 0 
29. y" — Ay + 4y = e” tan d t 
30. y” + 8y + 16y et (1 + ê)! 
31. 4y" + y = sec(t/2) + csc(t/2), 0 < t < x 
32. y" +9y = tan? 3t, —1/6 < t < n/6 
33. y" + 9y = sec 3t, —1/6 < t < 1/6 
34. y” + 9y = tan 3t, —1/6 < t < 1/6 
35. y” + 4y = tan 2t, =n /4 < t < 7/4 
36. y” + 16y = tan 2t, —1/A < t < 1/4 
37. y" + 4y = tant, -1/2 < t < n/2 
38. y” + 9y = sec 3t tan 3t, —1/6 < t < 1/6 
39. y" + 4y = sec 2t tan 2t, —7 /4 < t < 7/4 


In Exercises 40-45, solve the IVP. 


40. y" + 9y = 5 csc 3t, y(1/4) = 42, y (2/4) — 0, 
0ct«n/3 

41. y” + 4y = sec? 2t, y(0) = 0, y (0) 21 

42. y” — 16y = 16te*, y(0) = 0, y'(0) = 0 

43. y" +y = tan? t, y(0) = 0, y'(0) = 1, 
—n/2«t«mJ[2 

44. y” + 4y = sec2t + tan2t, y(0) = 1, y'(0) = 0, 
—m/4<t<a/4 

45. y" + 9y = csc 3t, y(1/12) = 0, y (1/12) = 1, 
0ct«/6 

46. Find a particular solution of 
y” + 4y' + 3y = 65cos2t by (a) the method 
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of undetermined coefficients; and (b) the 
method of variation of parameters. Which 
method is more easily applied to solve the 
problem? 

47. Show that the solution of the IVP 
y" +a (y + ao(y =f), y(to) = yo, 

y (to) = Yo can be written as 

y(t) = u(t) + v(t) where u = u(t) is the 
solution of y” + a1(t)y' + ag(t)y = 0, 
y(to) = yo, y (to) = yy and v = v(t) is the 
solution of y” + a1 (t)y' + ag(t)y = f(b, 
y(to) = 0, y'(to) = 0. 

48. Let yı and y» be two linearly independent 
solutions of the second-order linear 
differential equation a» (t)y" + a1(Hy'+ 
ag(t)y = 0. What is a general solution of 
a» (D)y" + ai (y + ag(tyy = g(t)? (Hint: In 
order to apply the variation of parameters 
formulas, the lead coefficient must be 1. 
Divide by a(t) and then apply the variation 
of parameters formula, being careful with 
notation.) 


Green's Functions 


Suppose that we are trying to solve the 
IVP y" + p(Dy +q0y = fb, yo) = 0, 
y'(to) = 0. Based on the method of variation 
of parameters, we write a particular solution 
to this equation as y = tu1(Dy1(D + u»(t)yx(t, 
where u(t) = i — no YO (x)dx and u(t) = 
Je wo! (x)f(x)dx; yı and yı are linearly 
independent solutions of y” + p(t)y' + q(t)y = 0. 
Here, W(S) represents the Wronskian of yı and 
y1 as a function of x. Therefore, 


y(t) = umyt)  ux(t)yx(t) 


t 1 

= —yı (t) Í wa 0 eodx 
F.g 

+1Y2(t) / way e eod: 


t 1 
= J Ww (AO = nova CO) fede 
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Thus, we can solve the nonhomogeneous prob- 
lem using an integral involving the function f (t). 
The function 


Git, x) = Sa 


wa; ORO - n yo) 


is called the Green's function. 


49. 


50. 


51. 


52. 


53. 


Show that u4(f) = i — maya cof (x)dx and 
u(t) = In wis; A Gf GOdx indicate that 
u1 (tp) = 0 and u»(tg) = 0. Recall that the 
method of variation of parameters is based 
on the two equations y(t) = u1 (t)y1 (t)+ 
u»(t)y»(t) and y'(t) = uj (yi(t) + ws (yx) 
(because we assume that uy, + u»y, = 0). 
Show that y(to) = y'(to) = 0, so that the 
solution obtained with the Green’s function 
satisfies the IVP. 

Suppose that we wish to solve 
y" + 4y = f(t), yO) = 0, y'(0) = 0. In this 
case, yu (f) = c1 cos 2t + c» sin 2t, so 
y(t) = 5 Js (sin 2t cos 2x — cos2t sin 2x) 
feodx = 5 1s sin 2(t — x) sin x dx. Therefore, 
G(t,x) = 1 sin2(t — x). For the IVP, 
y" +4y = sint, y(0) = 0, y'(0) = 0, the 
solution is y(t) = 5 IM sin 2(t — x) 
sin x dx = i sint — 1 sin 2t. 
Use the Green's function obtained above to 
solve y” + 4y = sin ot, y(0) =0, y'(0) = 0 for 
(a) o = 3, (b) w = 2.5, (c) w = 2.1, and (d) 
œ = 2. What happens to the solution as 
w => 2? 
Use a Green's function to solve 
y" +k’y = f(t), k > 0a positive constant, 
y0) = 0, y'(0) — 0. 
If we use the solution in Exercise 51 to solve 
y" + k?y = sin ot, y(0) = 0, y' (0) = 0, what 
value of w leads to the behavior seen in 
Exercise 50 (d)? 
Use a Green's function to solve 
y" — k?y = f(t), k > 0a positive constant, 
y(0) — 0, y (0) — 0. 


54. 


55. 


56. 


57. 


58. 


59. 
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Use the solution in Exercise 53 to solve the 
IVP y" — 4y = f (t), yO) = 0, y'(0) = 0 for (a) 
fO — 1, (b) fH =e, (c) ft) = e”, (d) 

f(t) = cost, (e) f (t) = e7” cost, and (f) 

f(t) = e?! cos t. What type of function f(t) (if 
any) yields a periodic solution to 

this IVP? 

Given that y = c1t^! + cot! Int is a general 
solution to Ey + 3ty' + y =0, t > 0, use 
variation of parameters to solve 

ty" +3ty +y S Int, t > 0. 

Given that y = c1 sin(2 Inf) + c? cos(2In t) is 
a general solution to 2y” + ty’ + 4y — 0, 

t > 0, use variation of parameters to solve 
Py! + ty +4y=t,t>0. 

Given that y = c1f$ +cat! is a general 
solution to ty” — 4ty’ — 6y = 0, t > 0, use 
variation of parameters to solve 

Py" — 4ty' — 6y = 2Int, t > 0. 

Consider the IVP 4y” + 4y +y=e"!2, 

y(0) — a, y'(0) =b. 

(a) Show that regardless of the choices of a 
and b, the limit as t > oo of every 
solution of the IVP is 0. 

(b) Find conditions on a and b, if possible, 
so that y(t) has (i) no local minima or 
maxima; (ii) exactly one local minimum 
or local maximum; and (iii) two distinct 
local minima and maxima. 

(c) If possible, find a and b so that y(t) has 
local extrema if t = 1 and t = 3. Graph 
y(t) on the interval [0, 5]. 

(d) If possible, find a and b so that y(t) has 
exactly one local extremum at t = 3. 
Graph y(t) on the interval [0, 6]. 

(e) Is it possible to determine a and b so 
that y(t) has local extrema if t = tọ and 
t = ty (to Æ tı, both arbitrary)? Support 
your conclusion with several randomly 
generated values of tg and t. 

Solve the equation 


d? dy y? 
7 SN [9 2. 
e E dg (3) | 2t(1 + ty 0 
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60. 


61. 


62. 


63. 


64. 


by making the substitution y = e", 

Graph the solution for various values of the 
constants. 

(a) Show that the solution to the IVP 

y" +4y = f(b, y(0) — 0, y (0) = 2is 


t 
y(t) 2 sin2t+ ; sin2t | feo 
0 


1 
cos 2x dx — 2 cos 2t 


t 
Í f(x)sin2x dx 
0 


(as long as the integrals can be evaluated). 
(b) Show that if f (t) is constant, the resulting 
solution is periodic and find its period. 
Confirm your result with a graph. (c) If f(t) 
is periodic, is the resulting solution 
periodic? As in (b), confirm your result with 
a graph. 

One solution of y" — 4ty' + (? + 6)y = 0 is 
y = f cost. (a) Solve 

Py" —4ty + (Ê +6)y = P + 2t. (b) Find the 
solutions, if any, that satisfy the initial 
conditions y(0) = 0 and y'(0) = 1. (c) Does 
the result found in (b) contradict the 
existence and uniqueness theorem? Explain. 
One solution of ty” + 2y' + ty = 0, t > 0,is 
y = t cost. (a) Solve ty" + 2y' + ty = —t. 
(b) Find the solutions, if any, that satisfy the 
initial conditions y(z) = —1 and 

y'Gr) = —1/z. (c) Does the result found in 
(b) contradict the existence and uniqueness 
theorem? Explain. 

One solution of 41%y” + 4ty'+ 

(161? — 1)y = 0, t > 0, is y = 1? sin 2t. 

(a) Solve 4?y” + 4ty' + (16? — Dy = 1629/2. 
(b) Find the solutions, if any, that satisfy the 
boundary conditions y(z) = y(3x/2) = 0. 
(c) Under what conditions, if any, do 
infinitely many solutions satisfy the 
boundary conditions y(t) = y/(27) = 0? 

A fundamental set of solutions for 

(nt — ly” — ty +y 2 0is S = (t, Int}. 
Use this information to solve 


4. HIGHER ORDER EQUATIONS 


nt — 1" — tj +y = -$0 + Inbt712, 
y(1) — 0, y (1) =0. 

65. A fundamental set of solutions for 
(sint — t cos t)y” — tsinty' + sin ty = 0 is 
S — (t, sint]. (a) Use this information to 
solve (sint — t cost)y" — tsin ty’ + sin ty = t 
for 0 < t < x9. (b) Find xo. (xo is the largest 
value so that the solution exists on the 
interval 0 < x < xp.) (c) Find conditions on c 
and d so that y(0) 2 c and y'(0) 2 d hasa 
solution. (d) Find the solution of the 
differential equation that satisfies the initial 
conditions y(7/4) = 0 and y' (7/4) = 0. 


4.5 SOLVING HIGHER ORDER 
LINEAR HOMOGENEOUS 
EQUATIONS 


* Basic THEORY 
* CONSTANT COEFFICIENTS 


Basic Theory 


The ideas presented for second-order linear 
homogeneous equations in Sections 4.1 and 4.2 
can be extended to those of order 3 or higher. 
We begin with the general form of an nth-order 
linear equation. 

Definition 8 (nth-order Ordinary Linear Dif- 
ferential Equation). An ordinary differential equa- 
tion of the form 


as (Dy + av Oy Yo + 
+ a (y H + aby = g(D, (4.14) 


where an(t) 4 0, is called an nth-order ordinary 
linear differential equation. If g(t) is identically 
the zero function, the equation is said to be homo- 
geneous; if g(t) is not the zero function, the equation 
is said to be nonhomogeneous; and if the functions 
ait), i = 0, 1, 2, ..., n are constants, the equation 
is said to have constant coefficients. An nth-order 
equation accompanied by the conditions 
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y(to) = yo, Y (to) = Yb, -.., y" P (tg) = yg? 
where Yo, yo, .. + uu are constants is called an 


nth-order initial-value problem. 

On the basis of this definition, the equation 
y" — 8y" — 3y — cost is a third-order linear 
nonhomogeneous equation with constant coef- 
ficients, while y? — ty = 0 is a fourth-order 
linear homogeneous equation. We assume that 
the coefficient functions an (t), . . ., ao (t) and g(t) in 
Equation (4.14) are continuous on an open inter- 
val I. Therefore, if we also assume that an (t) 4 0 
for all t in I, we can divide by a,(t) to place 
the differential equation (4.14) in standard (or 
normal) form, 


yO + pu A (Oy D (0) piv (o 
+ poy =f (4.15) 


where p;(t) = a;(t)/as(t), i = 0, 1,..., n — 1 and 
FO — g(D/as(D. 

In Sections 4.1 and 4.2, we discussed that we 
needed two linearly independent solutions to 
solve a second-order linear homogeneous differ- 
ential equation. Then, we gave a definition for 
the linear dependence or linear independence 
of a set of two functions. We now define this 
concept for a set of 1 functions because we need 
to understand this property to solve higher order 
linear equations. 

Definition 9 (Linearly Dependent and 
Linearly Independent Sets of Functions). Let 
S = fi), ROLO, -.-fr—1(b), fa (D) be a set of 
n functions. S is linearly dependent on an interval 
I if there are constants c1, C2, C3, . . ., Cg 1, Cn, Not all 
zero, so that 


c1 fi (0) co fo (t) + cafa)  --- 
EE Cn—1fn-1 (t) T Cnfn (t) =0 
for every value of t in the interval I containing to. 


S is linearly independent if S is not linearly 
dependent. 
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Thus, 5 = (fi (D, ROBO, -rfa (D, fn} 


is linearly independent if 


afit) + c2 fo (t) + cafa (t) + --- 
+Cu-1fm-1() c Cnfn(b) =0 


implies that c; = c? = +- + = Cn = 0. 


EXAMPLE 4.5.1 


Classify the sets of functions as linearly inde- 
pendent or linearly dependent. (a) 5 = (t, 3t — 
6, 1}, (D) S = {cos2t, sin2t, sintcost), and (c) 
S—(,t, 2) 


Solution 


Here, we must find constants c1, c2, and c3 such 
that 


C1t-- co (3t — 6) -- c3 x 1 = (c1 +3c2)t+ (c3 — 602) = 0, 


Equating each of the coefficients to zero leads to 
the system of equations {c1 +3c2 = 0, c3—6c2 = 0). 
This system has infinitely many solutions of the 
form (c1 = —3c2, c3 = 6c, C2 arbitrary}. With the 
choice cq = —3, c) = 1, and c3 = 6, the equation 
is satisfied. Therefore, the set S — (t, 3t — 6, 1) is 
linearly dependent. (b) For this set of functions, 
we apply the identity sin 20 = 2sin0 cos0. Doing 
so, we consider the equation 


C1 COS 2f + cp sin 2t + c3 sin t cos t = c4 cos 2t 
+ 2c» sint cos t + c3 sin t cos t = 0. 
The choices of c1 = 0, c? = 1, and cz = —2 lead 
to a solution of this equation. At least one of these 
constants is not zero, so the set of functions S — 
{cos 2t, sin 2t, sin t cos t} is linearly dependent. 

(c) For the set S = (1, t, 12), we consider the 
equation cy x 1+c2 x t+c3 x? = 0. Differentiating 
twice gives us the system of equations 

Cy + cot + cat? = 0 
C2 + 2c3t = 0 
2c3 = (i, 
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Then, c3 = 0, so c? = 0, and, consequently, 
c1 = 0. The only constants that satisfy the equation 
are cq = c? = c3 = 0, so the set is linearly 
independent. 


We also extend the Principle of Superposition 
to include more than two functions. 

Theorem 20 (Principle of Superposition). 

If fib, PE, ..., fm(t) are solutions of the 

linear homogeneous differential equation y(t) + 
Pai Dy" Y(t) +» + py (D + poy = 0 
on the interval I, and if c, co, ..., Cm are arbitrary 
constants, then y = afit) + cofe(t) + > -Cmfm( 
is also a solution of this differential equation on I. 

Another way to express Theorem 20 is to 
say that every linear combination of solutions 
to y? (t) + pray" PO +- + piOy O + 
po(Hy(t) = 0 is also a solution to this differential 
equation. 


EXAMPLE 4.5.2 


Show that y1(f) = e™, y(t) = cost, and 
y3(t) = sint are solutions of the third-order linear 
homogeneous differential equation y” +y” + y + 
y = 0. Use the Principle of Superposition to find 
another solution to this differential equation. 


Solution 

For y1 (f) = e™, we have y, (f) = -e yf) = 
e”! and y (t) 2 —e *. 

Then, Y -y| +y} +y1 = —e™ + e™ — e~ + 
e? = 0, so y] satisfies the differential equation. 
In a similar manner, we can show that y; and 
y3 are solutions of the differential equation. (We 
leave this to the reader.) Therefore by the Principle 
of Superposition, any linear combination of these 
three functions, y(t) = c1e™ + co cos t + c3 sin f, is 
also a solution of the differential equation. 


4. HIGHER ORDER EQUATIONS 


As with first-order and second-order IVPs, we 
can state an existence and uniqueness theorem 
for an IVP involving a higher order linear ordi- 
nary differential equation. 

Theorem 21 (Existence and Uniqueness). Sup- 
pose that py 4 (t), ..., po(t), and f (t) are continuous 
functions on an open interval I that contains t = to, 
Then, the IVP 


YPE + pui (y PO +- E pi Oy (D 
+ poy) — f (t) 


y(to) =yo, V (to) = yo, -..; 


has a unique solution on I. 

The proof of this theorem is well beyond the 
scope of this text but can be found in advanced 
differential equations texts.? 

At this point, we need to discuss why we 
can write every solution of the differential equa- 
tion y? + py 1 (Dy "P (0 + ---  piDy (D + 
po(t)y(t) = 0 as a linear combination of solutions 
if we have 7 linearly independent solutions of 
the nth-order equation. (We call this a general 
solution of the differential equation.) Before mov- 
ing on, we must define the Wronskian of a set of 
n functions. This definition is particularly useful 
because determining whether a set of functions 
is linearly independent or dependent becomes 
more difficult as the number of functions in the 
set under consideration increases. 

Definition 10 (Wronskian). Let S = (fi(t), fo), 
fa (D, ..., fu-1(D, fu (D) be a set of n functions for 
which each is differentiable at least n — 1 times. The 
Wronskian of S, denoted by 


WS) = WHA, AO, BO, .. 
is the determinant 


AO 
RO 


y Dto) E up 


fn, fa (D), 


fe 
f; 


full) 
fall) 
W(S) = . 


a (b) e (t) e qu 9 (b) 


?For example, see Chapter 3 of C. Corduneanu, Principles of Differential and Integral Equations, Chelsea Publishing 


Company, 1971. 
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Although most computer algebra systems can 
quickly find and simplify the Wronskian of a set 
of functions, the following example illustrates 
how to compute the Wronskian for a set of three 
functions by hand. 


EXAMPLE 4.5.3 

Compute the Wronskian for each of the follow- 
ing sets of functions. (a) S = (t, 3t — 6, 1); (b) 
S — (1, t, 2). 


Show that three functions contained in S — 

(t, 3t—6, 1) are solutions of y" = O and that 
the three function in S — (1, t, t} are solutions of 
y” = 0. 


Solution 


In linear algebra, we learn that we can compute 
a determinant by expanding along any row or 
column. So, for example, we compute a 3 x 3 
determinant with 


a a2 43 
bo b bi b b 
h e lane Al- 1 53 b b2 
C2 63 C1 C3 cy C2 
(Ej (by (ele) 
t 3t-6 1 
(a) W(S) = |1 3 0|. We can carry out the 
0 0 0 


step given above for computing a 3 x 3 
determinant or by expanding along the third 
row to see that W(S) — 0. 

(b) Because the third row of the Wronskian 
matrix contains the most 0's, we compute the 
Wronskian by expanding along the third row, 


1t Ê e 
W(S)=|0 1 2t =| [=o 
00 2 


In addition, we could have observed that all 
nonzero entries lie on the diagonal or above, 
so the determinant is the product of the 
entries on the diagonal. 
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Note: This approach also works if the nonzero en- 
tries lie on the diagonal or below. Matrices having 
these properties are called upper triangular and 
lower triangular, respectively. 


In part (a) of Example 4.5.3, we found that 
W(S) = 0. Recall that we concluded that the 
functions in S = (t, 3t — 6, 1} are linearly depen- 
dent because 3t — 6 = 3 x t—6 x 1, which means 
that one of the functions in the set can be written 
as a linear combination of other members of the 
set. This is no coincidence. The Wronskian of 
a set of linearly dependent functions is identi- 
cally zero when the functions are solutions to the 
same linear homogeneous differential equation 
(for these three functions, y" = 0), whereas the 
Wronskian of a set of linearly independent func- 
tions is not equal to zero for at least one value 
when they are. In part (b), we found that W(S) — 
2 z 0 and that the functions in S are solutions 
to a linear homogeneous differential equation 
(for these three functions, y" = 0). Therefore, 
the functions are linearly independent as we 
discussed earlier. 

Theorem 22 (Wronskian of Solutions). 
Consider the nth-order linear homogeneous equation 
y? (t) + pra®y" PO +--+p0y0 + 
po(Dy(t) = 0, where ps 4(t), ..., pot) are con- 
tinuous functions on an open interval I. Suppose that 
Vi (D, Y2 (D, .. ., yn (t) are solutions of this differential 
equation on I. If y(t), yo(b), ..., Yn(b) are linearly 
dependent, then W((yi(t), y2(D, ...,yn()) = 0 on 
I. If yi), ya(b), ..., Ynt) are linearly independent, 
then W((y1(D, y2(D, ...,yn(D)) z 0 for all values 
of t on I. 

We omit the proof of this theorem here. We 
leave it as part of the section exercises regarding 
Abel's formula. 


EXAMPLE 4.5.4 


The functions y1 — isi y = tt, y3 = t, and 
ya = tint are solutions of tty® +96 y” + 1182" — 
4ty'+4y = 0. Show that these solutions are linearly 
independent on the interval t > 0. 
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Solution 


Notice that we have assumed that t > 0, so we 
can divide each term by t^ to place the differential 
equation in normal (or standard) form, 


yo E 9r ly" ae 11t we — At 2 Jt At ay = 0, 


for use with Theorem 22. (Note that we assumed 
t > 0 so that the coefficient functions in the 
differential equation are continuous.) Then, if S = 
(£75, 17, t, tInt}, we expand along the third col- 
umn and use a computer algebra system to check 
the algebra to find that 


fed l o iht 

H> e q 1+Int a 
W— "ages 2-9 y ri|-990 

SQ’ dg ==? 


so W(S) Æ 0 for t > 0. Therefore, the functions are 
linearly independent on the interval t > 0. 


Theorem 23 (General Solution). Consider the 
nth-order linear homogeneous equation y? (t) + 
Pai (Dy " D O +--+ pry’ + poy) = 0, 
where py—1(t), . . ., po(t) are continuous functions on 
an open interval I. Suppose that 4 (t), ya(t), ...,yn(t) 
are solutions of this differential equation on I. If yi (t), 
yo(t), ..., yn (D) are linearly dependent solutions of 
this differential equation, there are constants cy, c», 
. ==, Cn 80 that y(t) = ciyi (t) +C2Y2(t) t cnyn (t) 
for all t in I. 

Theorem 23 tells us that if we have n linearly 
independent solutions of an nth-order linear ho- 
mogeneous equation, then we have all solutions, 
called a general solution, given by the linear com- 
bination of the solutions. In addition, if the n 
differentiable functions, S = (yi, y», ..., Yn}, are 
solutions of the differential equation, we call the 
set a fundamental set of solutions, and we note 
that a fundamental set of solutions for y? (t) + 
pui (Dy YO) +- +p OY O + poby® = 0 
must contain n linearly independent solutions. 


4. HIGHER ORDER EQUATIONS 


(In other words, the number of functions in the 
fundamental set of solutions equals the order 
of the linear homogeneous differential equation, 
and these functions must be linearly indepen- 
dent.) 

The proof of this theorem follows the same 
steps as those used in the proof of the case for 
second-order equations discussed in Section 4.2 
in the proof of Theorem 16. To illustrate the 
similarities between the second-order case and 
the general situation, we briefly outline the proof 
here, leaving the details for you to fill in. 


One such set is the set of functions S = 

[y1, Y2, ..., Yn}, where each y; satisfies the 
differential equation and yı satisfies yi(fo) = 1, 
y, (to) = 0, .. ., y" (to) = 0, yo satisfies y» (to) = 0, 
y, (to) = 1,..., y"—) (to) = 0, and so on. Briefly 
explain why. 


Begin with a set of n functions, S = 
ly Y2, ---, Yn}, that are solutions of the differ- 
ential equation, jy? (f) + py 1 (y 7D (f) 4- 
pi(Dy'(t) + poy) = 0, for which W(S) z 0 
on an interval I containing t = ty. Now let 
Y represent any solution of the differential 
equation. Then, on I 


YO + p, 300Y9 7D (0 +... 


+ pi) Y A + pot) Y) —0 


and evaluated at f = tg, we want to find cy, c5, 
..., Cn SO that 


Y(to) = c1y1(to) + coy2(to) +--+ + cnyn(to) 
Y'(to) = cry} (to) + cayo (to) +--+ + cy, (to) 
YOD bo) = ay (tg) + cays? (to) + > 


+ceny" (to). 
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In matrix form, Ax — b, this linear system is 
written as 

yi(to) y2(to) Yn (to) c 

y do) vato) 


Yh (o) C2 


uw lus y$ PN ue lis Cn 
—— 


A x 
Y(to) 


Y'(to) 
= (4.16) 


— 


y- (t 0) 
— a 
b 
Notice that the determinant of the coefficient 
matrix is W(S(tg)) 4 0 so Equation (4.16) has a 
unique solution and using Cramer's Rule, cj is 
given by 


Cj = W(Sug» Wi;(S(to)), 

where W;(S(to)) is the determinant of the matrix 
obtained by replacing the ¡th column of the 
Wronskian matrix, W(S(tg)), with the vector 
Y (to) 

Y' (to) 


YD (ty) 


EXAMPLE 4.5.5 


Given that the four functions in Example 4.5.4 
are solutions of t4y +9 y” +11 y" — Aty +4y = 
0, determine a general solution of tty® + 913" + 
11£2y" — 4ty' + 4y = 0. 


0 Find the solution of the differential equation 
that satisfies the initial conditions y(1) — 0, 
y (0) 2 1, y" (1) = 0, and y" (1) = 0. 
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Solution 


We showed in Example 4.5.4 that the four func- 
tions y1 = p pl Ya = t and y4 = 
t In tare linearly independent. Therefore, because 
we have four linearly independent solutions of 
this fourth-order linear homogeneous differential 
equation, we can write a general solution as the 
linear combination 


Y = C1Y1 + coy» + c3y3 + C4Y4 
pret = 
= cyt t +cat + ct + catlnt. 


The set S = (17%, t-1, t, tln t} is a fundamental set 
of solutions for this differential equation. 


Constant Coefficients 


Theorem 23 tells us that we need n linearly 
independent solutions (a fundamental set of so- 
lutions) of the nth-order linear homogeneous 
equation to form a general solution. When the 
coefficient functions are constant, we may be 
able to find a fundamental set and form a general 
solution of the equation. 

Suppose that we wish to solve 


any O Fani" OA Hay (0 +aoy@) = 0, 
(4.17) 


where 45, An—1, ..., 41, ag are real constants with 
an # 0. rollowing the same procedure we used to 
solve ay" --by -cy = 0, we assume that y = e” is a 
solution, and we substitute this function into the 
differential equation to determine the value(s) 
of r that lead to solutions. Differentiating, we 
find that y - ret, y" = rel, y" = 2 pelt 
and continuing we see that the kth derivative 
is y = rte”. Substitution into the linear ho- 
mogeneous equation with constant coefficients 
(Equation 4.17) gives us 


dur e. + d, art te +--+ are" + age =0 
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or 
e't (anr" JE Ani +- +ar + ao) = 0, 
so the characteristic equation is 


ant” + ay ral + Eeg + ar + a = 0 (4.18) 


because e”! 2 0 for all values of t. 


Distinct Real Roots 


Suppose that the characteristic equation (4.18) 
has the roots 11, r2, ..., "m and they are distinct 
so that no two listed here are the same. Then, m 
linearly independent solutions of Equation (4.17) 
are yı =e! y2 =e 2, ..., Ym = ent, 

Theorem 24. If the numbers r1, 12, . . ., fm are real 
distinct solutions of the characteristic equation (4.18), 
m linearly independent solutions of Equation (4.17) 


are y1 = e", yo =e! ..., Ym = ent 


EXAMPLE 4.5.6 
Solve y" — y' = 0, y(0) =0, y' (0) = —2, y" (0) 2 2. 


Solution 


In this case, the characteristic equation is 7° — 


r — r(14- 1)(r — 1) = 0. The three distinct roots are 


rı = 0,r? = —1, and r3 = 1 with correspond- 
ing linearly independent solutions yı = ef, 
yo = e-l*', and y3 = el*!, respectively. Thus, 


S = (1, el, e!) is a fundamental set of solutions 
for this third-order linear homogeneous equation, 
y” — y' = 0. Therefore a general solution is the 
linear combination of these function, y = c1 + 
coe! + caet. 

To solve the IVP, we apply the initial condi- 
tions: y/ = coe! — cae! and y” = oe! + cet. 
Then, y(0) = cy + c2 + c3, y (0) = c2 — c3, and 
y” (0) = cz + cs, so we obtain the linear system of 
three equations and three unknowns: 


cı 4-02 24-03 —0 
co — C3 = —2 


C2 +¢3 = 2. 
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Adding the last two equations indicates that c; = 
0. Substitution of this value into either of the last 
two equations gives c3 — 2. Then, substitution of 
€? = 0 and c3 = 2 into the first equation gives 
us c; — —2. Therefore, the unique solution to this 
IVP is y = —2 + 0 x e + 2 x e = —2 + 2e (see 
Figure 4.8). 


Repeated Real Roots 


When solving second-order equations in 
Section 4.2, we encountered equations in 
which the root of the characteristic equation 
was repeated. For example, the characteristic 
equation for y" — 2y' + y = 0 is? -2r +1 =0 
or (r — 1)? = 0. In this case, we say that the 
root r = 1 has multiplicity two, and we found a 
general solution to be y(t) = c1ef + cate’. As we 
increase the order of the differential equation, 
we can have roots of multiplicity greater than 
two, so we present the following theorem. 

Theorem 25. Suppose that the root r = ri of 
the characteristic equation (4.18), has multiplicity k. 
(That is, (r — Y is a factor of the characteristic 
equation but (r — rj is not.) Then, k linearly 
independent solutions of Equation (4.17) associated 
with r = r4 are y, = ef, y; = teh, yz = Pel, ..., 
Yk = lent, 

For example, applying this theorem to a 
second-order linear homogeneous equation with 
constant coefficients with k = 2 and r = —1, 
we obtain y = cje! + cate”? as we found in 
Example 4.2.2 in Section 4.2. 


EXAMPLE 4.5.7 
Solve 2y® — 7y® — 4y® =0. 
Solution 
The characteristic equation is 
21-774 = (2r —7r—4) = r'(2r+1)(r—4) = 0 


Therefore, the roots are r = 0 (of multiplicity 
k = 4), r = —1/2 (of multiplicity k = 1), and 
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(b) 


(c) 


FIGURE 4.8 (a) Various solutions of the differential equation satisfying y(0) — 0. (b) Various solutions of the differential 
equation satisfying y(0) = 0 and y'(0) = —2. (c) The solution of the differential equation satisfying y(0) = 0, y'(0) = —2, and 


y^ (0) = 2. 


TABLE 4.1 Linearly Independent Solutions of 
240 2 Ty = Ay =0 


Root Multiplicity ^ Corresponding Solution(s) 
r=0 k=4 n=ly=ty=* y =P 
r=-12 k=1 ys =e? 

r=4 k=1 yo =e" 


r = 4 (of multiplicity k = 1). Then, the four linearly 
independent solutions corresponding to r = 0 are 
y = e0xt =1, Y = te0xt = t, ys = 2 e0xt = (2, 
and y4 = fe! = £. Notice that the number 
of solutions associated with r = 0 equals the 
multiplicity of r = 0. 

The solution associated with r = —1/2 is ys = 
e™/2 and that associated with r = 4 is yg = e* (see 
Table 4.1). We form a general solution of 2j — 
7,0? — 4y = 0 by taking the linear combination 
of the six (linearly independent) solutions. The 
general solution is 


y = c1 + cot + c3£? + cat? ee? + cee“. 


Note that in Example 4.5.7, a fundamental 
set of solutions for the differential equation is 
(1, t, t, B, e 1/2, e). The number of solutions 
in a fundamental set equals the order of the 
differential equation. Therefore, to form a general 


solution of an nth-order linear homogeneous differen- 
tial equation, we take the linear combination of the n 
functions in a fundamental set. 


Complex Conjugate Roots 


Theorem 26 (Complex Conjugate Roots). Sup- 
pose that ry = a + Bi and n = a — Bi (a 
and B > O are real) are roots of the characteristic 
equation (4.18) with multiplicity k. Then, 2k linearly 
independent solutions of Equation (4.17) associated 
with r12 = a + Bi are yy = e” cost, y? = 
e*! sin Bt, y3 = te"! cos Bt, y4 = te% sin Bt, ..., 
Vak-1 = tett cos Bt, yzk = tte% sin Bt. 


EXAMPLE 4.5.8 
Solve y% — y — 0. 


Solution 


In this case, the characteristic equation is 


í-12(0-1(0-21 2 (0-0D(-D(? 1 20, 


so the roots are rı = 1, % = —1, 13 = i, and 
r4 = —i. The solutions corresponding to the roots 
ri = land r = —1 are yı = el and y? = e^, 


respectively, while the solutions corresponding to 
the complex conjugate pair r34 = +i (where a = 
0 and B. = 1) are y = eÜ* cost = cost and 
ya = eÜ*'sin t = sin t (see Table 4.2). Therefore, 
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TABLE 4.2 Linearly Independent Solutions of 
A NT i 4 y0 
a general solution of the equation is the linear y y 
combination of these four functions given by 


Root Multiplicity Corresponding Solution(s) 
y = cel + coe ! + c3 cos t + ca sint. n-1 je] y =e! 

ro =-1 k=1 y2 = e™ 

134 = ci k=1,k=1 y3 = cost, y4 = sint 


We summarize the following rules for find- 
ing a general solution of an nth-order linear ho- 0 Figure 4.9 shows the graph of y " cie coe t 
mogeneous equation with constant coefficients c3 cost -+ c4 sin t for various values of c1, C2, C3, 


because of the many situations that are encoun- a HORE SEALS TOL IEA a =a 
tered. c4 = 0; (b) cy = cz = 0; and (c) c3 = c4 = 0 


asados g 


AAA 


uale f ala g 


(m) j (n) (0) i (p) 
FIGURE 4.9  (a)-(d) in row 1, (e)-(h) in row 2, (i)-(1) in row 3, and (m)-(p) in row 4. 


EXERCISES 4.5 


Determining a General Solution of a 
Higher Order Equation 


1. Let r be a real root of the characteristic 
equation of an nth-order homogeneous linear 
differential equation with real constant 
coefficients. Then, e” is the solution 
associated with the root r. 

If r is a root of multiplicity k where k > 2 
of the characteristic equation, then the k 
solutions associated with r are 


e, te", Pelt, T pk-lert 


2. Suppose that r and 7 represent the complex 
conjugate pair r12 = o + fi. Then the two 
solutions associated with these two roots are 


e" cos Bt and e% cos t. 


If the values r12 = a + fi are each a root of 

multiplicity k of the characteristic equation, 
then the other solutions associated with this 
pair are 


te“! cos Bt, te?! sin Bt, t2e*! cos Bt, t2e?' sin Bt, 


L., flet cos Bt, tte” sin Bt 


A general solution to the nth-order linear ho- 
mogeneous differential equation with constant 
coefficients is the linear combination of the so- 
lutions obtained for all values of r. 

Note that if r1, ro, ..., rj are the roots of the 
characteristic equation of multiplicity ky, kz, .. ., 
kj, respectively, then kı + k2 +- -- + kj =n, where 
n is the order of the differential equation. 


EXAMPLE 4.5.9 


Determine a general solution of the eighth- 
order homogeneous linear differential equation 
with constant coefficients if the roots and corre- 
sponding multiplicities of the characteristic equa- 
tion are 71,2 eS 2; 13,4 = DA Bi ik = DY 
r5 = =5, k= lle and 6,78 = 2 de E 
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Solution 

The solutions that correspond to the complex 
conjugate pair 112 = 2 +3i are y1 = e? cos 3t 
and y2 = e? sin3t. These roots are repeated so 
the two other solutions corresponding to the pair 
are y3 = te? cos3t and y4 = te?! sin3t. For the 
single root r5 = —5, the corresponding solution 
is ys = e7*, Finally, the root of multiplicity three 


1678 = 2 yields the three solutions yg = ef, 


y; = te”, and yg = Pe”. A fundamental set of 
solutions for the equation is 


S= Es cos 3t, e? sin 3t, te” cos Si, te?! sin St 
e, et ug Pet] 
Therefore, a general solution is 
y =(c1 + cot)e? cos 3t + (c3 + cat)e?! sin 3t 
+ cse + (cg + czt + cgt?)e. (4.19) 


Note that the characteristic equation for the 
corresponding eighth-order homogeneous linear 
differential equation with constant coefficients is 


[r- Q+3)1%r - (2-30) +5)0 2) =A 
— 9r! + 321% + 50? — 939r* + 420777 
— 101307? + 12948r — 6760 — 0. 
Hence, 
y® — 9y + 329 +4 599 — 930y + 4207y” 
+ 10130y” + 12948y/ — 6760y = 0 


is a linear homogeneous differential equation with 
general solution given by Equation (4.19). 


D EXERCISES 4.5 


In Exercises 1-6, calculate the Wronskian of 
the indicated set of function. Classify each set 
of functions as linearly independent or linearly 
dependent. 
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.S = (82, t, 2t — 2?) 

. S = (cos2t, sin 2t, 1} 
S= fe, e, te?!) 

S= (et, e^t, e74) 

. S= {1, t, Ê, B, ty 
eG (0% e^t, e, te?!) 


DIRNE 


In Exercises 7-12, given the list of roots and mul- 
tiplicities of the characteristic equation, form a 
general solution. What is the order of the corre- 
sponding differential equation? 


7. r= —2,k = 3;r=2,k=1 
8. r=1,k=2;r = —10,k=2 
9. r=0,k =2;r = 3i, k = 1,r = —3i,k = 1 

10. r=4,k=3;r=1+i,k=1;r=1—i,k=1 

11. r = —3 + 4i, k = 2; r = —3 — 4i, k = 2; 
r= —5, k = 1;r = —1/3,k = 1 

12. r = i/2, k = 3; r = —i/2, k = 3;r = —1,k = 2 

13. Can (1, t, t, 2t — 8} be a fundamental set of 
solutions for a fourth-order linear 
homogeneous differential equation with 
real constant coefficients? 

14. Can [e*, el, cost, sint, cos 2t} be a 
fundamental set of solutions for a 
fifth-order linear homogeneous differential 
equation with real constant coefficients? 

15. Can (e?!, e'/4, et cost, e™ sin t} bea 
fundamental set of solutions for a 
fifth-order linear homogeneous differential 
equation with real constant coefficients? 

16. Can {e%, e'/4, et, tet, Bet bea 
fundamental set of solutions for a 
fourth-order linear homogeneous 
differential equation with real constant 
coefficients? 


In Exercises 17-39, find a general solution of each 
equation. (A computer algebra system may be 
useful in solving some of the equations.) 


17. y" =0 
18. y? =0 
19. y" — 10y" + 25y' = 0 
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20. 8y” + y" =0 
21. y + 16y" «0 

22. y » 2y" _ y E 2y =0 

23. 3y" — Ay" — 5y' + 2y =0 

24. 6y" — 5y' —2y' +y - 0 

25. y” — 5y' + 2y =0 

26. 4y” — 15y' + My = 0 

27. y + y — Q 

28. y® — 9" =0 

29. y® — 16y =0 

30. y% — 6y” — y" + 54y' — 72y = 0 
31. ya + 7y" + 6y" Ls 82y E 32y =0 
32. y ¿E 2y" = 2y" His 8y =0 

33. y + 4y =0 

34. y +4y% =0 

35. yo iE 3y TE 3y” + y =0 

36. y? + 2y” +y=0 

87. y + 8y" + 16y = 0 

38. y + 3y + 3y" y =0 

39. y + 12y + 48y" + 64y = 0 


In Exercises 40-50, solve the IVP. Graph the solu- 
tion on an appropriate interval. 


40. y" — 2y” = 0, y0) = 1, y'(0) = 2, y’(0) =0 
41. y" Syz 0, y(0) =0, y'(0) =0, y” (0) =3 
42. y® + 16y” = 0, y(0) =0, 
y (0) = 1, y" (0) = 0, y” (0) = 1 
43. y — 8y" + 16y = 0, y(0) = 0, y' (0) = 0, 
y" (0) "- 8, y” (0) =0 
44. 24y" — 26y" + 9y' — y = 0, y(0) = 0, 
y'(0) = 1, y") =0 
45. y® — 5y" + 4y =0, yO) = —1, 
y'(0) = 3, y” 0) = —7 y” (0) = 15 
46. y% — 16y = 0, y0) = 1, y (0) = 2, y” (0) = 4, 
y" (0) = —24 
47. 8y% + 4y + 66y” — 41y" — 37y' — 0, 
y(0) = 4, ¥ (0) = —14, y" (0) = —14, 
y" (0) = 139, y (0) = —29/4 
48. 2y9 + 7y(9 + 17y" + 17" + 5y' = 0, 
y(0) = —3, y'(0) = 15/2, y" (0) = 17/4, 
y" (0) = —385/8, y (0) = 1217/16 
49. 9 + 8y% = 0, yO) = 8, y'(0) — 4, 
y” (0) = 0, y” (0) = 48, y® (0) = 0 


50. 


51. 


52. 


EXERCISES 4.5 


yO — 3y + 3y" — y = 0, y(0) = 16, 

y (0) = 0, y") = 0, y" (0) = 0, y^ (0) — 0, 
y® (0) 2 0 

Suppose that the roots r1, r2, and r3 of the 
characteristic equation of a third-order 
linear homogeneous differential equation 
with constant coefficients are real and 
distinct, and consider a general solution 

y = cye"! + coe?! + c3e"3*. Show that the 
functions e"!!, e2*, and e”! are linearly 
independent using the following steps: (a) 
Assume that the functions are linearly 
dependent. Then, there are constants c1, c2, 
and c3 (not all zero) such that 

cie"! + coe?! + cae?! = 0. (b) Multiply this 
equation by e"! to obtain 

cy + c; e 27 70f Hs czes" =0. 

(c) Differentiate this equation with respect 
to t to obtain co (ro — ri )eU2-70f 4. 

C3 (ra — ri)eU377)! = 0. (d) Multiply this 
equation by e7 "2D! and differentiate the 
resulting equation to obtain 

c3(r3 — r2) (r2 — ri)e 3772! = 0. This indicates 
that c3 = 0. (e) Follow similar steps to show 
that cy = c? = 0, which contradicts the 
assumption. (f) How could you apply a 
similar argument to show that the functions 
ent ent, ..., el! are linearly independent if 
the n roots r1, r2, .. ., ry are real and 
distinct? 

(Operator Notation) The nth-order derivative 
of a function y — y(t) is given in operator 
notation by D"y = d”y/dt”. Then, the left 
side of the nth-order linear homogeneous 
differential equation with constant 
coefficients (Equation 4.17) can be 
expressed as 


anD"y + as 1D" ly +... + a4 Dy + acy 
or 


(an D" Hara ao) Y, 


53. 


54. 


55. 
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where p(D) = anD” + dig 4 DOO eet 
a1D + ay is called an nth-order linear 
differential operator with constant 
coefficients. Therefore, the differential 
equation can be written as p(D)y = 0. 

For example, we can write y” + 2y'— 

8y = 0 as (D? — 2D — 8)y = 0 or in either 

of the forms (D + 2)(D — 4)y = 0 or 

(D — 4)(D + 2)y = 0. Write each of the 
following equations in differential operator 
notation. 

(a) y” +y +7y=0 

(b) y” + 16y =0 

(c) y” + 8y —y = 0 

(d) 16y% + y =0 

Consider the linear differential operator 
p(D) = QD — 1). When we apply p(D) to the 
function f (t) = t, we obtain (2D — 1)(£2) 
—2D(?^)— P =2 x 2t — P = 4t — t?. Apply 
the given differential operator to the given 
function. 

(a) p(D) = 3D,f(t) =t 

(b) p(D) = 1 - D,f(t) =t 

(0 p(D) =D? f(t) =P 

(d) p(D) = (D? +1), f(t) = cost 

The linear differential operator p(D) is 

said to annihilate a function f (t) if p(D) 
(F) = 0 for all t. In fact, if P1 = p1(D) 
annihilates f (t) and if P? = p2 (D) is another 
linear differential operator, then 

PıP2 = P2P) annihilates f (t). For example, 
(D — 1) annihilates e! because 

(D — 1)(e') = e — e! = 0. Therefore, if we 
apply another linear differential 

operator such as D, we have 

D(D — D(e!) = D(e! — et) = D(0) = 0. Show 
that (D — 1)D(e^) = 0. In terms of 
differential equations, this means that a 
solution to an equation like 

(D — Dy = y — y = 0 is also a solution to the 
equation D(D — 1)y = y" — y' =0. 
(Repeated Roots) Suppose that the 


characteristic equation 7" + ds 31r 
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56. 


57. 


ecc ard ag = 0 has two distinct roots, 
rı, of multiplicity one and r2 of multiplicity 
k = n — 1. Then, the characteristic equation 
can be written as (r — r4)(r — ra = 0. 
Similarly, the differential equation can be 
written in differential operator notation as 
(D — r)(D — ry — 0. Therefore, every 
solution of (D — my = O is also a solution 
of (D — r)(D — ro)ky = 0 (see Exercise 54). 
To find solutions of (D — y — 0, assume 
that y = v(t)e”?. (a) Use the product rule to 
show that (D — r2) (v(t)e"2*) = (Do)e^ so 
that, by induction, (D — r2)* (oHe) = 
(D*o)e*t for any function v(t). (b) Therefore, 
a solution of (D — roy = 0 must satisfy 
(D*o)et = 0 or D*o = 0. Solve D*v = 0 

(or v® = 0) to find v(t) and to conclude 
that the portion of the solution 
corresponding to r — r? is y — v(t)e 
= (cy + cot p cyt het. 

Let y1 and y» be linearly independent 
solutions of y” + p2(t)y” + pi(t)y 

-Fpo(t)y = 0. Derive a “reduction of order 
formula” for a third linearly independent 
solution of y” + poy” + p1(Dy'+ 

po(t)y = 0. If you are given n — 1 linearly 
independent solutions of an 

nth-order linear homogeneous equation, 
how do you generalize your result to 
determine an nth linearly independent 
solution? 

(Abel's Formula for Higher Order Equations) 
Consider the nth-order linear homogeneous 
equation y? + p, 4 ("7D 4... 4 

po(t)y = 0 with n linearly independent 
solutions 11, y2, ..., Yn on an interval I. We 
can show that the Wronskian of these n 
solutions satisfies the same identity as that 
presented in Exercises 4.1. We do this for the 
third-order differential equation, 

y" + po(Dy" + pi(Oy' + po(Dy = 0, with 
linearly independent solutions y1, y2, and y3 
on an interval I. 


rot 
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(a) Show that 

n Y2 ys 

V, Ya Ys|- 

1 ¥2 Ya 

(b) Use the differential equation to solve for 
V1, V5, and yz . Substitute these values 
to obtain dW/dt + p2(t)W = 0. 

(c) Solve this differential equation to find 
that W({y1, yo, y3}) = Ce- / P2 at, 

(d) Indicate how to generalize this result to 
the nth-order linear homogeneous 
equation. 


d 
3i (W(Uy1, yz y3})) = 


In Exercises 58 and 59 show that S is a fundamen- 
tal set of solutions for the given equation. 


58. 


59. 


60. 


61. 


62. 


63. 


S = (e, e" sint, e7% cost}; 
y" + 9y" + 16y' Fun 26y = 0 
S = (e et e cos3t, e * sin 3t}; 
y + 12y" + 60y" + 124y' + 75y = 0 
Is it possible to choose values of c1, c5, ..., 
c7, not all zero, so that 
f (b) = evt 7? + 057 + ct 92 + cgt" + 
c5t!/* + cgt?/? + czt?/? is the zero function? 
Use the symbolic manipulation capabilities 
of a computer algebra system to help you 
prove the following theorem. Suppose that 
f(t) is a differentiable function on an 
interval I and that f(t) 4 0 for all t in I. (a) 
Prove that f (t) and tf (t) are linearly 
independent on I. (b) Prove that f), tf (t), 
and ??f(t) are linearly independent on I. (c) 
Generalize your result. 
Find a general solution of 
(a) y" + 2y" + 5y' — 26y = 0 
(b) 0.9" + 18.78y' — 0.2987y = 0 
(c) 8.9/9 — 2.5y" + 32.0y' + 0.773y = 0 
Graph the solution for various initial 
conditions. 
Solve each of the following IVPs. Verify that 
your result satisfies the initial conditions by 
graphing it on an appropriate interval. 
(a) y” + 3y" + 2y' + 6y = 0, y(0) = 0, 

y(0) 2 1, y"(0) =-1 
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(b) y — 8y” + 30y" — 56y' + 49y = 0, 
yO) = 1, y'(0) = 2, y" (0) = —1, 
y" (0) =-1 
(c) 0.31y” + 11.2y” — 9.8y' + 5.3y = 0, 
y(0) = —1,y'(0) = —1,y”(0) =0 
64. Use a computer algebra system to find a 


general solution of y — paty = 0. Show that 
the result you obtain is equivalent to 
y = Ae "y Bey Csin y + D cos =, 

Find conditions on A, B, C, and D (if 
possible) so that y has (a) neither local 
maxima nor local minima; (b) exactly one 
local maximum; and (c) exactly one local 
minimum on the interval [0, oo). 

65. Show that if yo 4 0 the initial 
boundary-value problem 
4.02063y"' — 0.224975)" -- 4.486 —2.48493y = 
0, y(0) = 0, y'(0) = yo, y(4) = 0 has a unique 
solution. 

66. Let 5 = [y1, yo, ya) bea set of differentiable 
functions for which W(S) 4 0 on an interval 
I. Determine formulas for p2, pı, and po so 
that S is a fundamental set for 
y" + poy’ + pi (Dy' + po(Dy = 0. Indicate 
how to generalize your result for an 
nth-order linear homogeneous 
equation. 

67. Solve 2yy" + y? = (y’)?. Is the Principle of 
Superposition valid for this nonlinear 
equation? Explain. 


4.6 SOLVING HIGHER 
ORDER LINEAR EQUATIONS: 
UNDETERMINED COEFFICIENTS 
AND VARIATION OF PARAMETERS 


* GENERAL SOLUTION OF A NONHOMOGENEOUS 
EQUATION 

e UNDETERMINED COEFFICIENTS 

e VARIATION OF PARAMETERS 
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General Solution of a Nonhomogeneous 
Equation 


The methods discussed in Sections 4.3 and 
4.4 for solving second-order linear nonhomo- 
geneous equations can be extended to solving 
higher order equations. 

Definition 11 (Particular Solution). A particu- 
lar solution, yp(t), of the nonhomogeneous differen- 
tial equation an (£)y? a, .4 (y P +- - +a, (Dy + 
ao(f)y = g(t) is a specific function that contains 
no arbitrary constants and satisfies the differential 
equation. 

Suppose that yp is a particular solution of the 
nonhomogeneous equation 


anty cas (yP -+a (y +a0 (Hy = gb) 
(4.20) 
and S = {fu fo, ..., fa} is a fundamental set 


of solutions of the corresponding homogeneous 
equation 


ay (£y? + a (Oy 7D +- - -+a (£)y/ -ag(t)y = 0 
(4.21) 
so that 


Vn = cfi + cofo (t) + -e 4 nfn) 


is a general solution of the corresponding homo- 
geneous equation (4.21). Now let y — y(t) be 
any solution of the nth-order linear nonhomoge- 
neous equation (4.20). Then, 


(4.22) 


as(£)(y — yp + au 10 — yp) +--+ 
aby — yp) + aot)(y — yp) 
= (esty +an ay) + e a (Dy +a0(0y) 
= (anys? + an (Dy D + 
ay (Dy + ay yp) 
= g(t) — g(t) = 0. 


Thus, y — yp is a solution of the corresponding 
homogeneous equation (4.21). So there are c1, 
Ca, ..., Cn SO that 
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y — yp = afit + c2fo(t) H ---  cufu(t) 

y —oafit) - cofo(t) +--+ cufa(t) +yp or 

This is yp. 

Y = Vn + Vp: 
This means that every solution to the nonho- 
mogeneous equation (4.20) can be written as 
the sum of a general solution, yp, to the corre- 
sponding homogeneous equation (4.21) and a 
particular solution, yp, of the nonhomogeneous 
equation (4.20). These observations lead us to the 
following definition. 

Definition 12 (General Solution of a Non- 
homogeneous Equation) A general solution 
of the nth-order linear nonhomogeneous dif- 
ferential equation (4.20) is y = ynt) + vp(t, 
where yp(t) is a general solution of the corre- 
sponding homogeneous equation (4.21) and yp(t) 
is a particular solution of the nonhomogeneous 
equation (4.20). 


EXAMPLE 4.6.1 


A fundamental set of solutions for Py” + ty — 
yeso us Diss = lm rmi inn anda 
particular solution of Py” + ty — y = 3 — Int, 
t > 0isyp = Int. 

Use this information to solve the IVP By” + 
ty -y 23— Int, y) 20, y (1) = 0, y" (1) =1. 


Solution 


From the given information, a general solution 
of the corresponding homogeneous equation of 
Py" + ty —y = 3— lnt is yn = cit + cotlnt + 
cat (In £)?. Therefore, a general solution of the non- 
homogeneous equation is y = yp + yp = cit + 
cot Int + cat(In t)? + In t (see Figure 4.10(a)). 

To solve the IVP we first compute 


y = c1 0 4 E + colt + 2c3 Int + c3 (In? 


and 


y" = -t 2 cot 1 De 1 Degi Tint. 
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Then, 


yd) =a =0 
y (1) ep um ==> 
y'() =c2 +2c3 —2 


so c1 = 0, Co = —1, and c4 = 3/2. Therefore, the 
solution to the IVP is y = —t 1n t + St(n H2 Int 
(see Figure 4.10(b)). 


Undetermined Coefficients 


In the special case that the corresponding ho- 
mogeneous equation has constant coefficients 
and the forcing function is a linear combination 
of functions of the form 


(M NS ERR 
ett tevt Pert 
cos Bt, sin Bt, t cos Bt, t sin Bt, 


P cos Bt, t sin Bt,... 


(4.23) 


or 
e% cos Bt, e% sin Bt, te“ cos Bt, te“ sin Bt, 
Pe"! cos Bt, Pe% sin Bt, ..., 


then the method of undetermined coefficients 
can be used to determine the form of a particular 
solution of the nonhomogeneous equation in the 
same way as that discussed in Section 4.2. 


EXAMPLE 4.6.2 
Solve y? + 4y” = 48t — 6 — 10e™. 


Solution 


The corresponding homogeneous equation is 
y® + 4y” = 0, which has characteristic equation 
P+4P = P +A = 0sorjs = 0 has 
multiplicity three and r45 = +2i each have 
multiplicity one. Thus, a fundamental set for 
the corresponding homogeneous equation is 
S= { 1, t, #2, cos2t, sin 2t) and a general solution 
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(a) 


(b) 


FIGURE 4.10 (a) Plots of various solutions of Ëy” + ty’ — y = 3 — Int. (b) Plot of the solution of y" + ty — y = 3 — Int 
that satisfies the initial conditions y(1) = 0, y' (1) = 0, and y" (1) = 1. 


of the corresponding homogeneous equation is 
Yh = Cy + Cot + caf? + c4 cos 2t + c5 sin 2t. 

For the forcing function, f (f) = 48t — 6 — 10e f 
we have two associated sets: 


Fı=fe*} and Fa {t, 1}, 


corresponding to the terms —10e™ and 48t — 6, 
respectively, in the forcing function. Note that no 
element of Fı is a solution of the correspond- 
ing homogeneous equation. On the other hand, 
functions in F» are solutions to the corresponding 
homogeneous equation. So, following the outline 
in Section 42, we multiply Fp by t” where n is 
the smallest positive integer so that no function 
in f" F» is a solution of the corresponding homoge- 
neous equation. In this case, we multiply F? by f° 
to obtain PF) = (t*, ©}. 

Thus, we assume that a particular solution to 
the nonhomogeneous equation has the form yp — 
At^ + BP + Ce. Differentiating we have, 


Yp = 4AP + 3BÉ — Ce, 
yis 12A? + 6Bt + Ce t, 


Yp = 24A + Cor and ys = —Ce™. 


Substituting into the nonhomogeneous equation, 
simplifying the result, and equating coefficients 
gives us 


24B + 96At — 5Ce™' = 48t — 6 — 10e *, 
so 24B = —6, 96A = 48, and —5C = —10. Thus, 
A = 1/2, B = —1/4, and C = 2 so a particular 
solution of the nonhomogeneous equation is yp = 
144 — 143 - 
jf — P + 2e™. 

A general solution of the nonhomogeneous 

equation is then given by 

Y =Yh + Yp =C1 + Cot + caf? + c4 cos 2t 


1 1 
cssin 2t + -H — = + 2e™. 
T c5 + 2 5 + 


What is the form ofa particular solution of y+ 
4y'" = t cos 21? 


To solve an IVP, first determine a general 
solution and then use the initial conditions to 
solve for the unknown constants in the general 
solution. 
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EXAMPLE 4.6.3 
Solve the IVP 


286 577 
4y"! +4y"+65y' = e™t/3 (-= cos 2t + >7 sin2t) , 


y(0) = 4/3, y/(0) = —5/2, y” (0) = —173/12. 


Solution 


The corresponding homogeneous equation is 
4y" + 4y" + 65y' = 0 with characteristic equation 
Ar? +41? + 65r = r(4r? + 4r +65) = 0 so rı = 0 and 
using the quadratic formula to solve 417+4r+65 = 
0 gives us r23 = -i + 4i. Thus, a fundamental set 
of solutions for the corresponding homogeneous 
equation is S = (1, e cos4t, e? sin4t) and 
a general solution of the corresponding homo- 
geneous equation is yh = cy + e^! (c; cos 4t + 
c3 Sin 4t). 

The associated set of functions for the forcing 
function 


286 577 
(t) =e" (- = 608 2t + > sin21) 


is F = [e7!? cos2t, e~'/> sin 2t}. No function in F 
is a solution of the corresponding homogeneous 
equation so we assume that a particular solution 
of the nonhomogeneous equation has the form 
Yp = Ae"! cos2t + Be~'/ sin2t, where A and B 
are constants to be determined. Differentiating yp 
three times gives us 


1 
Vp = (- gor 25) et cos 2t 
1 
+ (2 = 35) et sin2t, 


4 
Vp = (- E 35) e^! cos 2t 


9 
4 35 " 
+ (3^ — >) e !/ sin 2f, 
and 
107 po E 
Yp = (A — 35) e cos 2t 
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Substituting yp and its derivatives into the non- 
homogeneous equation and simplifying the result 
gives us 


When algebra becomes unusually cumber- 
some, we usually use a computer algebra 
system to assist in checking our calculations. 


7 2 
4 + Ay, + 65yp = ( 7 A+ E) e *? cos 2f 


-y 3 
286 577 
“Ta LL e 3 sin2t 
dt ( E = Je sin 
286 577 
= -F cos 2t + 7 sin2t) : 


Equating coefficients gives us the system 


577 286 286 
a 
286 577 577 
347277 
which has solution A = 0 and B = —1. Thus, 
Yp = —e™/? sin2t and a general solution of the 
nonhomogeneous equation is y = yg + yp = 
cy + e I"? (c5 cos4t + c3sin4t — e! sin2t (see 


Figure 4.11(a)). 
To solve the IVP, we first differentiate y twice 
resulting in 
/ 1 —t/2 
y= = 502 + 403 e "4 cos 4t 
1 =P poo -t/3 
+ | 4co — 38 e sin 4t — 2e cos 2t 


1 
ES pe sin 2t 


63 
y= (Le + scs) e“! cos 4t 
63 4 
E (se, = a) ei sin At + cs cos 2t 


4 qe sin 2t. 
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Evaluating at t = 0 gives us the system of 


equations 
4 
y(0) = ca t0 =; 
1 5 
y0) = -2 27% tio = E 
22 191 173 
7 esum) A, T M CS dei 
y (0) = 3 gee 61c3 D" 


which has solution c1 = 1/3, cz = 1, and c3 = 0 
so the solution to the IVP is y — i + ef? cos 4t — 
e“! sin 2t (see Figure 4.11(b)). 


What is the form of a particular solution of 
Ay” + 4y" + 65y' = £ + te^? cos 2t? 


Variation of Parameters 


A particular solution of higher order non- 
homogeneous equations can be found through 
variation of parameters as well. Constructing a 
particular solution for higher order linear non- 
homogeneous equations is done in much the 
same way as for second-order equations. 
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We illustrate the concept for third and fourth- 
order equations. The third-order linear equation 
in standard form is 


d? d? 
ran 


dt? dt? 


d 
taf) B -ao(Dy — f(f) (4.24) 


with corresponding homogeneous equation 


dy d^y dy 
== D—— DÍ Dy=0. (425 
qe FROG t 403, + aby (4.25) 
Let S = [yi ya, ya] be a fundamental set for 
Equation (4.25) and let yp = C1Y1 + C2Y2 + C3Y3 
be a general solution of Equation (4.25). To find 
a particular solution we assume that yp = u1y1 + 
1212 + ua3y3 where 14, U2 and uz are functions to 
be determined with the assumptions that y¡u, + 
You, + yaus = 0 and yu + yw, + Vsus = 0, sub- 
stituting yp into the nonhomogeneous equations 
leads to yu --y5u5 -y3us = f (t) so we determine 
uj, uy and uz by using Cramer’s rule to solve the 
system 

yis + Y2tl + ysus = 0 

y Uy o Yous + ys3us = 0 (4.26) 


fhe gf PA 


yin + you + ysus = f (t). 


(a) 


(b) 


FIGURE 4.11 (a) Various solutions of the nonhomogeneous equation. (b) The solution of the nonhomogeneous equation 
that satisfies the initial conditions y(0) = 4/3, y' (0) = —5/2, and y” (0) = —173/12. 
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To use Cramer's rule, we first write system (4.26) 
in matrix form 


Y y2 ya (My 0 
Y ys Ya u, | = 0 |. (4.27) 
Yi V5 Vs) NIS fq 


Observe that the coefficient matrix is the 
Wronskian matrix soit has nonzero determinant, 


9 y? ys 
W(S) = Y y Ys # 0. Therefore, using 
Vi Y2 Và 
Cramer's rule, the A of system (4.27) is 
TENE A 
47 wg) ju AAN 
(€) ya Ya 
1 yı 0 y 
= wg o Y 
yi fO y, 
X | 
and uy V, y . 
WO Y ya fO 


For the fourth-order equation, 


dy dy dy dy 
t t t by = f(t 
du TBO Ga ta +10 q, a f 
(4.28) 
we solve the linear system 
Vis + yas + atis + yauy = 0 
yi, aus + y3u3 + y4u4 = 0 
Viu + Y219 ysuS yu, =O  — (429) 


Vi eu + uS + iih = FO 
for Wu, Un, Ws, and uh- 
The pattern solving for u; continues for the 
nth-order linear equation. 
In general, if we are given the nonhomoge- 
neous equation 


y + a, Oy DF E a (Dy! + ag(Dy = fA) 


(4.30) 
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and fundamental set of solutions S = (y1, Y2, ..., 
Yn} of the corresponding homogeneous equation 


y + as Oy x + (Oy! + ag (y = 0, 

(4.31) 
we generalize the method for second-order 
equations (see Section 4.4) to find u(t), u»(t), 


., Un(t) such that 


Yp = u1 (t)y1 + u2(t)y2 +--+ + Unlt)Yyn (4.32) 


is a particular solution of the nonhomogeneous 
equation (4.30). 

Assuming that a particular solution of the 
nonhomogeneous equation (4.30), has the form 
given by Equation (4.32) where u1 (t), u»(t), ..., 
ugs (t) are functions of t to be determined and that 


(m—1) (m—1) 


Lec Dao 
(4.33) 


u! 1091 + Us (Dy> 


form =1,2,...,n—1,then 


-+ Un (y 8? 
(4.34) 


y = ux yf + ux (Oy? + 


form —1,2,...,n— 1. 

Computing the nth derivative of yp using the 
assumptions and consequences given in Equa- 
tions (4.33) and (4.34) gives us 


YP = uy (yy? +1 (Dy ++ ny? 


+ ut ye? + de 


E ul oy. 
(4.35) 


With the assumptions given by Equa- 
tion (4.33) and substitution of Equations (4.34) 
and (4.35) into the nonhomogeneous equa- 
tion (4.30), and simplifying the results, we obtain 
the system of n equations 

yu) Hyu +: cya =0 

yu) yy ce yu =0 

yuQ) cy) ces vu =0 


Pad euo + n 
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written in matrix form as 


yı Y YB `` Yn | E 
/ / / uus af Uy 0 
n Y Y Vn k 
ms 1) a= 1) Qi- 1. (n—1) LE 0 
Yi Y? “Y "Yn ul, fO 
(4.36) 


that is linear in the variables uj, 4», ..., uj, and 
can be solved for uj, 4», ..., U, using Cramer’s 
rule. 

Let W(S) denote the Wronskian (i.e., the 
determinant of the Wronskian matrix) and 
Wm (ti, Y2 ---Yn)) denote the determinant of 
the matrix obtained by replacing the mth column 
of the Wronskian matrix, W, 


yu Y2 Y3 ` Yn 
"i Y Y 5s B Yn 
1 1 "m 1 
ye ) yt ) yo Y aat ) 
0 
0 
by the column vector : [. Then, by Cramer’s 
0 
f(t) 
rule, the solutions of system (4.36) are given by 
Ui i(t) = = Toe W; (y, yo, Val) (4.37) 
fori —1,2,...,n, and 


uit) = | ro" i (Ivi, Yo, ---Yn)) dt, 
(4.38) 


SO yp = uwu(Dyi + u»(f)yo +--+ + Unlt)Yyn is 
a particular solution of the nonhomogeneous 
equation (4.30). A general solution of the nonho- 
mogeneous equation is given by y = Yh + Yp, 
where y is a general solution of the correspond- 
ing homogeneous equation (4.31). 


EXAMPLE 4.6.4 


A fundamental set of solutions for ty" + 3y" = 
0, t > 0, is S = {1, t, 4-5 Solve ty” + 3y" ==% 
t>0. 


Solution 


From the given information, a general solution 
of the corresponding homogeneous equation is 
Hin = Gil sp Cote se cat. 

To use variation of parameters to find a par- 
ticular solution of the nonhomogeneous equation, 
we first write the equation in standard form by 


SEITE t lti T Int ply! = pS, 
dividing by t, resulting in y" + 3t ^y mue 
fo 
Then, 
1 pe 
W(S)=|0 1 —t2| = 2°. 
0 0 2-9 
Using Equation (4.37), 
1 © £g gp 
/ =) —4 —1 
uy === 1 -t 3x 2 =i 
WS) s 0 2 
so u = f tdt = Int. Next, 
1 Gg A 
1 il 
Dues ee A =F xt 2m 
(doner or 


SO Up = 2 t-?dt = -liri. Finally, 


Tes 1 
gu 01 0 |[2zPÜx-t?2-- 
3 
TIE 00 -r? s 
SO u3 = -ifdt- -1t. 


Then a particular solution of the nonhomoge- 
neous equation is 


Yp = u1y1 + u»yo + uaya 
OE 1 =i 
=Intx14 (= ) xt+(-31) xt 
=Int—1= Int. 


Note that term —1 is omitted (or dropped) from yp 
because y — —1 is a solution of the corresponding 
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homogeneous equation, represented by c1, 
so does not contribute to the solution of the 
nonhomogeneous equation; it does not need to 
be included in yp because it is included in yp. 

Thus, a general solution of the nonhomoge- 
neous equation is y = yh + yp = c1 + cot cat | + 
In t. 


To solve an IVP, first determine a general 
solution and then use the initial conditions to 
solve for the unknown constants in the general 
solution. 


EXAMPLE 4.6.5 


Solve y T9y'- sec? 3t, -x/6 < t < m/6, 
yO) = 0, y'(0) = 1, y" (0) = 0, y" (0) = —3. 


Solution 


The corresponding homogeneous equation 
is y? + 9y” = 0 with characteristic equation 
15-9? = r(e +9) = 0so 1,2 = 0 and 
734 = +3i. Thus, a fundamental set of solutions 
for the corresponding homogeneous equation 
is S = (1,t, cos3t, sin3t}; a general solution 
of the corresponding homogeneous equation is 
Yn = €1 + Cot + c3 cos3t + c4 sin 3t. 

To find a particular solution of the nonhomo- 
geneous equation, we first compute 


1t  cos3t sin 3t 
0 1 —3sin3t  3cos3t 
MS 0 0 —9cos3t —9sin3t 


0 0 27sin3t —27cos3t 
— 243 cos? 3t + 243 sin? 3t — 243. 


We now find u, using Equation (4.37). First, 


0 t cos3t sin 3t 
ae 1 | 0 1 —3sin3t 3cos3t 
1 243| 0 0 —9cos3t —9sin3t 


sec?3t 0 27sin3t —27 cos 3t 


1 1 
= 245 x —27tsec? 3t = -gisec 3t. 


SO u = —$ f tsec?3tdt = 


— a In(cos3f) — 
$ ttan 3t. Next, 


1 0 cos 3t sin 3t 
om Zi 0 0 —3sin3t 3cos3t 
2243/0 0  -—9cos8t —9sin3t 


0 sec?3t 27sin3t —27cos3t 


1 1 
= — (27 + 27tan? 3t) = 2 sec? 3t 

= + 27 tan at) g sec 3 
SO U2 = 5 f sec? 3tdt = 5; tan 3t, 

jg 0 sin 3t 

0 1 0 3 cos3t 
43 |0 0 0 —9sin 3t 

0 0 sec?3t —27 cos 3t 


1 
ub sec3t tan 3t 


SO U3 = 37 f sec3ttan 3tdt = d; sec3t and 


1t cos3t 0 
Y _ 1 (01 —3sin3t 0 eae 
^ 94310 0 —9cos3t 0 | 27 
0 0 27sin3t sec? 3t 
SO 44 = -4 In(sec3t + tan 3t). Then, a particu- 


lar solution of the nonhomogeneous equation is 
given by 


Yp = U1Y1 + U2Y2 + uaya + uya 


1 1 
=|-=1 Lt) — —t t 1 
( 81 n(cos 3t) 27 tan3t) x 
1 tan 3t x t+ 1 3t 3t 
SF 27 an 3t x apes X cos 
1 
— sp eect + tans x sin3t 


1 
= gz (1 + In Gec3t) — In(sec3t + tan 3) sin 34) 


1 
S (In (sec 3t) — In(sec3t + tan 3f) sin 3t) , 


where 1/81 is discarded from the particular so- 
lution because constant functions are solutions 
of the corresponding homogeneous equation so 
need not be included in a particular solution of the 
nonhomogeneous equation. 
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Thus, a general solution of the nonhomoge- 
neous equation is 


Y = Vh + Vp 
1 
= (1 + cot + c3 cos 3t + c4 sin 3t + = (In (Sec 3#) 
— In(sec 3t + tan 3t) sin 3t) , 


where we use properties of the natural logarithm: 
Incost = —Insect. Also, in the integrations we 
eliminated the absolute values in the logarithms 
because cos 3t and sec 3t are positive on the inter- 
val —z/6 < t < 7/6. 

To solve the IVP, we first differentiate three 
times, 


V. = €» + 3c4 cos3t — 3c3 sin 3t 


1 
=r In(sec3t + tan 3t) cos 3t 


y” = —9c3 cos 3t — 9c4 sin 3t 
1 1 
+ 9 In(sec3t + tan 3t) sin 3t — 9 
and 
y” = —27c4 cos3t + 27 sin 3t 


1 1 
== 3 In(sec3t + tan 3t) cos 3t + 3 tan 3t 


and then apply the initial conditions 


y(0) = C1 +03 —s() 
TO = c2 +3c4 =1 
y"(0) =-% —9c3 =0 
y"(0) = -274 = —8 


to see that cy = 1/81, c2 = 2/3, c3 = —1/81, and 
c4 = 1/9. Thus, the solution to the IVP is 


1 2 1 1 1 
J= + a gj 053 * g Sin3t + 8i (In (sec3f) 
— In(sec3t + tan 3t) sin 3t) , 


which is graphed in Figure 4.12(d) over the inter- 
val (—1/6, 7/6). 
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e) EXERCISES 4.6 


In Exercises 1-10, use the method of unde- 


termined coefficients to solve each nonhomoge- 
neous equation. 


m 
e 


In 
of 


eq 


In 


WPONaUP WNP 


y" E y” = et 
. 9 —16y=1 
yo B y® =1 


y? +9y” =1 

y = 9y" — 9e3t 

. y" + 10y" + 34y' + 40y = te + 2e?! cost 
- y" + 6y" + ly’ a 6y = 2e-3t EI te 

. y® — 6y" + 13y" — 24y' + 36y = 108t 

. y" + 6y" — 14y' — 104y = —111e* 

. y — 10y” + 38y" — 64y' + 40y = 15307! 


Exercises 11-15, use the method of variation 
parameters to solve each nonhomogeneous 
uation. 


. y" + 4y' = tan2t, —1/4 < t < x/A 

. y" + 4y' = sec2ttan2t, —7/4 < t < 7/4 
. y® +4y" = sec? 2t, —1/4 < t < 7/4 
yO + 4y" = tan? 2t, —n/A < t < n/A 

. y" +9y' = sec? 3t, —1/6 < t < n/6 


Exercises 16-25, use any method to solve each 


nonhomogeneous equation. 


16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 


y" -- y' 2 —secttant, —x/2 < t< x2 
y" + 4y' = sec2t, —1/4 < t < n/A 

y" -2y"2—-t?-2t lt» 0 

y" - 3y" + 3y' -y= let, t>0 

y" a 4y" Aan ly’ + 30y — ett 

y" Y 3y” a 10y = 24y = est 

y" — 13y' + 12y = cost 

y" + 3y" + 2y — cost 

yO + yo — —24 

yO +y" = tan? t, 1/2 < t < 2/2 
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0.4L 


o2L 


(a) 


FIGURE 4.12 (From left to right) (a) Various solutions of the nonhomogeneous equation that satisfy y(0) = 0. (b) Various 
solutions that satisfy y(0) = 0 and y'(0) = 1. (c) Various solutions that satisfy y(0) = 0, y' (0) = 1, and y" (0) = 0. (d) The solution 


that satisfies y(0) = 0, y'(0) = 1, y” (0) = 0, and y"(0) = —3. 


In Exercises 26-30, use any method to solve each 


IVP. 


26. y” m y" = 38, y(0) = 0, y (0) = 0, y" (0) =0 


27. (9 +y" =se? t, -m/2 < t < 7/2, 
yO) = y" (0) = y"(0) =0, y'(0) =1 
28. y” + y' = sect, —1/2 < t < 1/2, 
y(0) = y'(0) =0, y”(0) 21 
29. y"" + y" = cost, yO) = 0, y'(0) = 0, 
y” (0) 2 iP y" (0) =0 
30. y" + y” = t, y(0) = 0, y (0) p 0, y" (0) — 1, 
y" (0) = 0 


31. A fundamental set of solutions for 


Pinty” — ty" +y —0,t » 0,is 
S = (1, £, t Int). Use this information to 
solve t? Int y" — ty" + y — 1. 


. Afundamental set of solutions for 


(P - ty" -- 2 — Py" - ( -2)y 20,t» 0, 
is S = (1, el, Inf). Use this information to 
solve (t? + Hy” + (2 — By" — (t -- 2) 
—--2-t. 


. Afundamental set of solutions for 


2Py" +y" + ty — y =0,t > 0, is 
S = (t, tlnt, Vf). Use this information to 
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solve 2y” + Py" + ty’ — y = -38, y (1) =0, 
y (1)=1 y") =0. 

34. A fundamental set of solutions for 
ty® +2y" =0,t > 0,is S = (1, t, tInt, t£}. 
Use this information to solve 
ty +24" = $9172, y0) 20, y (1) =0, 

y" (1) — 1, y" (1) = 0. 

85. Show that if y; is a solution of y? + a, 4 (f) 
yD +.. ai (fy +a0(by = fi (t) and ya is 
a solution of y? + a, 4(tyV 7D +--+ 
ar(t)y' + ao(t)y = f2(t), then y1 + y2 is a 
solution of y” + a, 1 (Dy 7D +--+ 
a1 (y. + ao(t)y =f1(t) + fo. 

36. If 9 (f) is a solution of any + a, 4,07 D 
--- a9" + ay + agy = f (t), what is a 
solution of a4 *D + a, 14D +--+ 
azy" $ ay" 4 agy’ = f'(t)? 
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e SECOND-ORDER CAUCHY-EULER EQUATIONS 

* NONHOMOGENEOUS CAUCHY-EULER 
EQUATIONS 

* HiGHER ORDER CAUCHY-EULER EQUATIONS 


In previous sections, we solved linear 
differential equations with constant coefficients. 
Generally, solving an arbitrary linear differential 
equation is a formidable task, particularly when 
the coefficients are not constants. However, we 
are able to solve certain equations with variable 
coefficients using techniques similar to those 
discussed previously. We begin by considering 
differential equations of the form 


aux y 9 ay iy y : -Haaxy +a0y =2(0, 
where Ag, 41, ..., An are constants, called Cauchy- 


Euler equations. (Notice that in Cauchy-Euler 
equations, the order of each derivative in 
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the equation equals the power of x in the 
corresponding coefficient.) Euler observed that 
equations of this type are reduced to linear 
equations with constant coefficients with the 


substitution x = e. 


Many mathematical terms are named after 
Augustin Louis Cauchy (1789-1857), including 
the Cauchy integral theorem and Cauchy-Rieman 
equations (complex analysis), Cauchy sequence 
(first year calculus), and the Cauchy-Kovalevskaya 
existence theorem (partial differential equations). 
Legend is that Cauchy was known for never 
admitting a mathematical or personal mistake, 
even when he had made one. 


Definition 13 (Cauchy-Euler Equation). A 
Cauchy-Euler differential equation is a differen- 
tial equation of the form 


anx"y® e qr ty Os y 3X +aoy = 9(Xx), 
(4.39) 


where ag, 41, ..., Ay are constants. 


Second-Order Cauchy-Euler Equations 


Consider the second-order homogeneous 
Cauchy-Euler equation 


3x^y" —2xy +2y=0, x>0. 


Here, the solution y is a function of x. We assume 
that x > 0 because we are guaranteed solutions 


3C.B. Boyer, A History of Mathematics. Princeton University Press, 1985, p. 496. 
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where the coefficient functions in y" — 2x-!y + 


2x y — 0 are continuous. (Similarly, we can 
solve the equation for x « 0.) 

Suppose that a solution of this differential 
equation is of the form y = x’ for some con- 
stant(s) r. Substitution of y = x’ with derivatives 
y = x land y” = r(r — 1x7? into this 
differential equation yields 


3x? x rr — Dx? — 2x x rx! 2x! 20 
3r(r — Da? — 2r! +2x" 20 
[Brr — 1) 2 2r + 2]x" 20 


(s? —4r 4 2) x’ =0. 


We are seeking a nontrivial solution, so we 
solve the quadratic equation 3r? — 5r + 2 = 0, the 
auxiliary equation for the Cauchy-Euler equation. 
Factoring gives us (3r — 2)(r — 1) — 0, so the roots 
are ry = 2/3 and r2 = 1. Therefore, two solutions 
of this equation are y; = x?? and y2 = x. These 
two functions are linearly independent because 
they are not constant multiples of one another, so 
a general solution is y = c1c?/? + cox. 

This approach works nicely if the roots of the 
auxiliary equation are real and distinct. How- 
ever, if we obtain a repeated root or complex con- 
jugate roots, additional work is required to de- 
termine a general solution (see Exercises 43-45). 
Therefore, we refer back to Euler's idea by using 
the substitution x = e. 

In doing this, the chain rule must be used to 
transform the derivatives with respect to x into 
derivatives with respect tot. If x = e,t = Inx,so 
dt/dx = 1/x, 


dy dydt  1dy 
dx dtdx xdt 


(4.40) 
and 

dy dí1dyV 1d/dy dt, d 11 dy 
dx?  dxWXxdt/  xdt\dt) dx dx\x/dt 


|. 1dy 1dy 1(dwy dy 
xd? x2dt xVdP dt 


(4.41) 
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Substitution of these derivatives into a 
second-order Cauchy-Euler equation yields a 
second-order linear differential equation with 
constant coefficients. 


EXAMPLE 4.7.1 
Solve x2y” — xy +y=0,x > 0. 


Solution 


Substituting the derivatives given in Equa- 
tions (4.40) and (4.41), we have 


1[dy dy 1 dy 
D 
m E dt qp 
dy dy dy 
gu qe quier 
d'y ,dy 
ag 7a 9-7? 


Graphs of the solutions corresponding to 

various values of cq and c» are shown in 
Figure 4.13. Regardless of the choice of cı and 
c2, calculate lim, ,y+(c1x + coxIn x). Why is a 
right-hand limit necessary? Are the solutions in 
Figure 4.13 bounded as x — oo? 


This equation has constant coefficients, so so- 
lutions are of the form y = e". In this case, the 
characteristic equation is 1? — 2r + 1 = (r — 1? 
with repeated root r12 = 1. Therefore, a general 
solution of this equation is y(t) = cre! + cote’. Re- 
turning to the original variable, x = e! (or t = In x), 
we have y(x) = cx + c2xln x. In Figure 4.13, we 
graph the solution for several values of c1 and c2. 


EXAMPLE 4.7.2 
Solve x2" — 5xy' +10y = 0, y(1) = 1, y (1) = 0. 


Solution 


After substituting the appropriate derivatives, 
we obtain the equation 
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FIGURE 4.13 Plots of various solutions of 32y" —xy' +y = 
0,x » 0. 


The characteristic equation is 1? — 6r +10 = 0 with 
complex conjugate roots 11,2 = 5 (6 + /36 — 40) = 
3 + i. A general solution of the transformed 
differential equation is y(t) = e% (c1 cos t--c» sin t). 
We can transform the initial conditions as well. If 
x = 1 as indicated in the two initial conditions, 
then f = In1 = 0. Therefore, in terms of f, the 
initial conditions are y(0) = 1 and y'(0) = 0, and 
the transformed IVP is 


D 
dy. EET 


d? “dt dis. 


y (0) — 0. 


Then, y(0) = cı = 1. With 
y (€) = 8e? (c1 cos +c2 sin t)+e% (—c1 sin t+c3 cos f), 


we find that y'(0) = 3c + c? = 0, so c? = —3c1 = 
—3. Therefore, y(t) = e? (cos t — 3sin t). In terms of 
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x, this solution is y(x) — x3 (cos(In x) — 3sin(In x)) 
because e! = (ef? = x? and t = lnx, which is 
graphed in Figure 4.14. 


0 What is limy_,9+ y(x)? 


The examples illustrate the following theorem 
for solving second-order homogeneous Cauchy- 
Euler equations. 

Theorem 27 (Solving Second-Order Homo- 
geneous Cauchy-Euler Equations). Consider the 
second-order homogeneous Cauchy-Euler equation 
ax?y" + bxy' + cy = 0, x > 0. With the substitution 
x — el, this equation is transformed into the second 
order linear homogeneous differential equation with 
constant coefficients, a d^y/dt? + (b -a)dy/dt--cy = 
O. Let rı and ro be solutions of the auxiliary 
equation ar? + (b — ar - c — 0. 


1. If r1 4 ro are real, a general solution of the 
Cauchy-Euler equation is y(x) = cix! + cox"2. 

2. If r4, r2 are real and rı = ro, a general solution is 
y(x) = ex"! + cox" In x. 

3. If r1 2 r2 =0 + Bi, B > O, a general solution is 
y(x) = x*(c1 cos(8 In x) + c2 sin(8 In x)). 


Nonhomogeneous Cauchy-Euler 
Equations 


Just as we encountered in nonhomogeneous 
linear differential equations with constant 
coefficients, the methods of variation of pa- 
rameters and undetermined coefficients can 
be used to solve nonhomogeneous Cauchy- 
Euler equations. The following two examples 
illustrate two different approaches to solving 
nonhomogeneous Cauchy-Euler equations: (1) 
solving the transformed equation with the 
method of undetermined coefficients, and (2) 
solving the equation in its original form using 
variation of parameters. 
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30r 


20 E 


E: X 


(a) 


EXAMPLE 4.7.3 
Solve x?y" — 3xy + 13y = 4 + 3x, x > 0. 


Solution 


After substitution of the appropriate deriva- 
tives and functions of t, we obtain the differential 
equation 


2 
X^ x S (E i) Suede UP 
x 


df? dt x dt 
d'y dy 
E fe edi 4 
d? dt ap Hy = 4 =p 3e. 


The characteristic equation of the correspond- 
ing homogeneous equation is 1? — 4r + 13 = 0, 
which has complex conjugate roots 112 = 2+ 
3i and general solution ypt) = e? (c1 cos 3t + 
C2 sin 3t). Using the method of undetermined co- 
efficients to find a particular solution of the non- 
homogeneous equation y” — 4y' + 13y = 4 + 3e*, 
we assume that a particular solution has the form 
Yp = A + Bé. The derivatives of this function are 
yp = Be! and m = Be’; thus, substitution into 
nonhomogeneous equation y” —4y' --13y = 4+3€e* 
yields 


Be! — ABe! -- 13A +13Be! = 10Be! + 13A = 4+3e!. 


-30 
(b) 


FIGURE 4.14 (a) Plots of various solutions of x?y" — 5xy' + 10y = 0, x > 0. (b) Plot of the solution of the IVP. 


Therefore, B = 3/10 and A = 4/13 so yp = 4/13 + 
3e'/10. A general solution in the variable t is given 
by 


4 3 
y(t) = e? ta cos 3t + cp sin 3t) + 13 + mul 


Returning to the original variable x = e 
(ort — In x), we have 


4 3 
y(x) =x 2(c1 cos(3 In x) + c sin(3Inx)) ies cur 10* 


When solving nonhomogeneous Cauchy- 
Euler equations, the method of undetermined 
coefficients should be used only when the 
equation is transformed to a constant coefficient 
equation. On the other hand, the method of 
variation of parameters can be used with the 
original equation in standard form or with the 
transformed equation. 


Remember that to use the variation of parameters 
formulas to find a particular solution of a nonho- 
mogeneous linear equation, the equation must be 
in standard form. 
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EXAMPLE 4.7.4 
Solve x2y" +4xy +2y = Inx,y(1) =2, y (1) = 0. 


Solution 


We begin by determining a solution of 
the corresponding homogeneous equation 
xy" +4xy +2y = 0, which is transformed into 
d^y/df? + 3dy/dt + 2y = 0 with characteristic 
equation r+ 3r+2 = (r+1)(r+2) = 0. Therefore, 
yn(t) = cet + coe, so yy (x) = ex d + cox ?. 
Assuming that yp (x) = um a)y (x) + uy) = 
ux! + ux ?, we find using variation of 
parameters (see Section 4.4) with the equation 
y! c Ax ly + 2x-2y = x>? Inx that 


u(x) = — x *Inx=Inx and 


—x-4 


u(x) = = 


Then u(x) = fInxdx = xInx — x and up(x) = 
— f xInxdx = 12 — 3x7 Inx, So 
yp() = umy + uy = (xInx — x) x} 
1 1 
+ Ge — zena) ee 
3 


1 
= -]Ànx--. 
2 4 


We used integration by parts to evaluate these 
integrals with dv = Inxdx. 


A general solution of the nonhomogeneous equa- 
tion is then 

3 —5 , il 3 
Y) = ynCO + ypx) = cx c cox + 5 ling — T 
where y' = —cx ? — 20919 + Ix. 

Applying the initial conditions, we find that 
y(1) = co + c2 — 3/4 = 2 and y (1) = —c1 — 2e? + 
1/2 = 0. Solving the, system for cı and c? shows 
that cy = 5 and c? = —9/4, so the solution to the 
IVP is 


9 
yG) = yn GO + Yp@) = 5x — 1x + 5 Inx 


We graph this function in Figure 4.15(b). Notice 
that the solution becomes unbounded as x > 0*. 


Higher Order Cauchy-Euler Equations 


Solutions of higher order homogeneous 
Cauchy-Euler equations are determined in the 
same manner as solutions of higher order ho- 
mogeneous differential equations with constant 
coefficients. 


EXAMPLE 4.7.5 
Solve 222y" — 4x2y" — 20xy' = 0, x > 0. 


Solution 


For this problem, if we assume that y = x" 
for x > 0, we have the derivatives y” = me 
y” = rr- 1x’ , and y" = rr -—1(r-— 
2)x'73. Substitution into the differential equation 
and simplification yields (2? — 10? — 12r) x" = 
0. Because x” 4 0, we must solve 


2 — 10 — 12r = 2r(r +: D(r — 6) 20 


for r. Hence, ri = 0, r2 = —1, and r3 = 6, anda 
general solution is y = cy + cox~! + cax$. 


0 Find and classify all relative extrema of 
y(x) on the interval (1,4) if y satisfies the 
boundary conditions y(1) = y(4) = 0 (see Fig- 
ure 4.16(a)). Find the solution that satisfies y(1) = 
y(4) = 0 and y' (1) = 2 (see Figure 4.16(b)). 


If a root r of the auxiliary equation is repeated 
m times, the m linearly independent solutions 
that correspond to r are x", x' lnx, x"(n xy, A 
x' (Inx)! because in the transformed variable 


t, the corresponding solutions are e”. te”, ..., 
pn-lert 
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y y 
107 10% 
7.5 Ẹ 7.5 F 

ja st 
2.56 2.5 È 
F x XxX 
-2.5 F -2.5 F 
-5 F -5 F 
ER -7.5 Ẹ 
-10 È -10 È 
(a) (b) 


FIGURE 4.15 (a) Plots of various solutions of the nonhomogeneous equation. (b) Plot of the solution of the nonhomoge- 
neous equation that satisfies the initial conditions. 


(b) 


FIGURE 4.16 (a) Plots of various solutions of the differential equation that satisfy y(1) — y(4) = 0. (b) Plot of the solution 
of the differential equation that satisfies y(1) = y(4) = 0 and y'(1) = 2. 


EXAMPLE 4.7.6 3? + 3r — 1) = 0, where 1? — 372 + 3r-1 = 

Solve x?y" + xy — y = 0, x > 0. (r — 1 = 0, so the roots of the auxiliary 

equation are 1123 = 1. One solution to the 

e differential equation is y1 = xl = x, a second is 
Solution 


y» = xInx, and a third is y3 = x(In x)?. Therefore, 


As in the previous example, we substitute a general solution of the differential equation is 
y = x" into the equation. This gives us x"(1* — y = cx + coxInx + ax (n x. 


EXERCISES 4.7 


D EXERCISES 4.7 


In Exercises 1-20, find a general solution of the 


Cauchy-Euler equation. (Assume x > 0.) 


In 


. x?y" — 
. Ax*y” + 8xy' +y =0 


. Ax^y" — 8xy' + 5y = 0 


. 2x^y" — Tay +7y =0 
. y" +17y=0 


9x?y" — 9xy' + 10y =0 


. 2z2y" — 2xy' + 20y = 0 


2y" — 5xy' + 10y = 0 


4x2y" E y- 0 

xy" — 5xy' +9y=0 
. Xy" + 7xy +9y = 0 
xy" + 22x*y" + 124xy' + 140y = 0 
. xy" — 4x?y" — 46xy! + 100y = 0 
| xy" + 2z2y" — Axy! + 4y =0 
y" +4 y" + 6xy +4y =0 
y" +2xy' — 2y =0 
e gy + Bx" — 2xy' — 2y 20 
y + 6x2y" + 7xy +y =0 


y Ayo + 6x^y"" + 7xy" + y =0 


Exercises 21-30, solve the nonhomogeneous 


Cauchy-Euler equation. (Assume x > 0.) 


21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


x?y" + 5xy' + 4y = x 
y” — 5xy' +9y = x) 
ahy" E xy +y= x 


xy! + xy gr. 4y —x? 

x?y" + 2xy' — 6y = 2x 

y" + xy — 16y = Inx 

x^y" + xy + 4y «8 

y" + xy! + 36y = x? 

xy TE ax?y" _ 11xy + 16y = x3 
xy" ES 16x?y" i 70xy’ + 80y - x 13 


In Exercises 31-42, solve the IVP. 


81. 332y" 
. 2x2y" — 7xy' +7y=0,y(1) = -1,y 0) 51 
83. 
84. 


— 4xy' + 2y =0,y0) 22, y (1) 21 


xy" 
ay" 


Txy/-c-4y-0,y0)21,y (1) 20 
+ xy' + 2y =0, y(1) =0, y (1) = 2 


35 


36. 
37. 
38. 
39. 
40. 
41. 
42. 


43. 


44. 


45. 


46. 
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1 xy" + 10x2y" — 20xy' + 20y = 0, ya) = 0, 
VQ =-1, 0) =1 
xy" + 15x" + 54xy' + 42y =0, ya) =5, 


y(1)=0,y441)=0 

xy" — 2x*y" + 5xy' — 5y = 0, y(1) =0, 
y()=-1y'1)=0 

Ay" — 6x?y" + 17xy' — 17y = 0, y(1) = 2, 
y(1)=0,y"(1)=0 

2x/y" +3xy' -y = x ?,y(1) =0, y (1) =2 
y" + Axy + 2y = Inx, y(1) = 2, y (1) «0 
4x*y" +y = 2, y0) =1, y (0) =-1 

9x?y" +27xy' + 10y = xt, y(1) =0, 

y (1) =-1 

Suppose that a second-order Cauchy-Euler 
equation has solutions x" and x” where r4 
and r» are real and unequal. Calculate the 
Wronskian of these two solutions to show 
that they are linearly independent. 
Therefore, y = c1x"! + cox" is a general 
solution. 

(a) Show that the transformed equation for 
the Cauchy-Euler equation 

ax^y" + bxy + cy = Qis 

a d^y/df? + (b — a)dy/dt + cy = 0. (b) Show 
that if the characteristic equation for a 
transformed Cauchy-Euler equation has a 
repeated root, then this root is 

r = —(b — a)/ Qa). (c) Use reduction of order 
to show that a second solution to this 
equation is x In x. (d) Calculate the 
Wronskian of x” and x” In x to show that 
these two solutions are linearly 
independent. 

Suppose the roots of the characteristic 
equation for the transformed Cauchy-Euler 
equation are 11 2 = a + fi, so that two 
solutions are y; = x**P! and y; = x" Pi, Use 
Euler's formula and the Principle of 
Superposition to show that x“ cos(6 In x) 
and x“ sin(f In x) are solutions of the 
original equation. Hint: 


xfi = (ay? = cos(f In x) + isin(f In x). 


Consider the equation xy” + Axy’ + By = 0, 


x > 0, where A and B are constants. Solve 
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the equation for each of the following. 
Investigate lim, ,9« y(x) and lim;-00 y(x). 
(a) A=-1,B=2 
(b) A=4,B=2 
(c) A=1,B=1 

47. Use the results of Exercise 46 to show that 
solutions to x*y” + Axy' + By = 0, x > 0, (a) 
approach zero as x > 0* if A < 1and B > 0; 
(b) approach zero as x — oo if A > 1 and 
B > 0; (c) are bounded as x — 0* and 
x — ooif A — 1and B > 0. 

48. Show that if x = e and y = y(x), then 


3 1 3 2 
i (S ment). 


dió x dB “ar ^d 


In Exercises 49-52, use the substitution in Exer- 
cise 48 to solve the following equations. (Assume 
x 0.) 


49. x?y" + 3x2y" +37xy' = 0 

50. xy” + 3x2y" — 3xy' = 0 

51. xy" +xy4—y=0 

52. xy” + 3x^y" — 3xy' = —8 
(Other Substitutions) Euler was lucky and 
smart to discover that the substitution 
x = el transforms the Cauchy-Euler 
equation to an equation with constant 
coefficients. As you should suspect, other 
substitutions can also transform some 
equations that are difficult to solve in their 
original form to a form that we recognize 
and are able to solve based on what we 
have learned so far. 

53. Let x = tant so that t = tan x. 
(a) Show that Ed = nz ay and that 

2 2 
dd = qum (—2x t+ J: 
(b) Show that this substitution transforms 
equations of the form 


a(1+x*)?y" + (2ax-+b)(1+x7)y/+cy = g(x) 


to equations with constant coefficients. 
(c) Solve (1 + 12)y" + 2x(1 + x2yy! + 4y = 0. 
(d) Solve 

(1 +y" + 2x(1 - x2) + 4y = tan! x. 
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(e) Solve (1 + x2)?y" +2x(1+12)y' + 4y = 0, 
yO) = 0, y (0) — 1. 
(f) Solve 
d+ Ay +2x(1 + x?yy + 4y = tan] x, 
yO) = 0, y'(0) =1. 
54. Let x = sint so that t = sin! x. 


y dy 
h h = 
(a) Show that dx AA di and that 
dy = x dy 1 d?y 
dx? (1 — x2)3/2. dt = 1 — x2 dt?’ 


(b) Find conditions on p2(x), pi (x), and pox) 
so that the substitution x — sint 
transforms the equation 
p2(x)y" + p1COyV' + poCOy = g(x) to an 
equation with constant coefficients. 

(c) Solve 
(x* — Dy +6 — xy’ + @? — Dy =0. 

(d) Solve 
x^ = Dy" + (x? — xy + (4x2 — 4)y — 0. 

(e) Solve 
(x* — Dy’ + — xy! + (x? — Dy =0, 
y(0) — 0, (0) = —1. 

55. Generalize the results from Exercises 53 and 
54 for x — sect. Find an equation of the 
form po (x)y" + p1COy' + poCOy = g(x) with 
general solution y = c1 cos (sec! x)4- 
co sin(sec^! x) = cx + cov 1 — x2. Challenge: 
Find an equation of the form 
p2COy" + piCOyV' + po(x)y = g(x) with general 
solution y = c1 cos(2 sec” * x)+ 
co sin(2 sec^! x) and simplify the result. 


56. Let x = —e'. (a) Show that Y = Y4 — 1% 


and £X = Y ($ — Y) (b) Show that the 
differential equation ax?y + bxy' + cy = f (x) 
is transformed into 

a d?y/d£? + (b — a)dy/dt + cy =f(=e!). 


In Exercises 57-60, use the substitution described 
in Exercise 56 to solve the indicated equation 
or IVP. 


57. x^y +4xy + 2y 2 0,x <0 
58. xy" + xy' +y =x, x <0 
59. x?y" + xy’ + 4y = 0, y(—1) =0, y (71) = 2 


60. 
61. 


62. 


63. 


64. 


65. 


66. 
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y" — xy +y = 0, y(—1) 30,y/(71) 21 
Consider the second-order Cauchy-Euler 
equation x?y" + Bxy' + y = 0, x > 0, where B 
is a constant. 

(a) Find limy— oo y(x) where y(x) is a general 
solution of the equation using the given 
restriction on B. 

(b) Determine if the solution is bounded as 
x — oo in each case: (i) B = 1; (ii) B > 1; 
(iii) B < 1. 

Consider the second-order Cauchy-Euler 

equation stated in Exercise 61. Determine 

lim,_,9+ y(x) as well as if y(x) is bounded as 

x > 0* in each case: (a) B = 1; (b) B > 1; (c) 

B«1. 

Use variation of parameters to solve the 

nonhomogeneous differential equation that 

was solved in Example 4.7.3 with 
undetermined coefficients. Which method is 
easier? 

Use a computer algebra system to assist in 

finding a general solution of the following 

Cauchy-Euler equations. 

(a) xy" + 16x?y" + 79xy' + 125y = 0 

(b) x*y(9 +5x3y” —12x?2y" —12xy' +48y = 0 

(c) x1y(9 + 1414" c 55x?y" +65xy'+15y = 0 

(d) x*y(9 4 8x*y" + 27x?y" + 35xy' + 45y = 0 

(e) xty + 10x3y"" + 27x?y" + 21xy' + 4y = 0 

Solve the IVP 

x?y" + 9x^y" + 44xy' + 58y = 0, y(1) =2, 

y'(1) = 10, y’(1) = —2. Graph the solution 

on the interval [0.2, 1.8] and approximate all 

local minima and maxima of the solution on 
this interval. 

(a) Solve the IVP 6x?y" + 5xy' — y = 0, 
yd) =a,y (1) = b. 

(b) Find conditions on a and b so that 
lim, >0+ y(x) = 0. Graph several 
solutions to confirm your results. 

(c) Find conditions on a and b so that 
limx> 00 y(x) = 0. Graph several 
solutions to confirm your results. 


67. 


68. 
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(d) If both a and b are not zero, is it possible 
to find a and b so that both 
limy_.9+ y(x) = 0 and limy— oo y(x) = 0? 
Explain. 

An equation of the form 

f(x, yy y" + 2%, y, y”) = 0 that satisfies the 

system 


fix + 2pfry + P°fiy = 8xp + PByp — 8y 
Íxp + Phyp + 2fy = Spp 

where p = y' is called an exact second-order 
differential equation. 
(a) Show that the equation 

x(y Y? + yy’ + xyy" = 0 is an exact 

second-order equation. 
(b) Show that 

(x,y, p) =h(x,y) + f fec y p) dp is a 

solution of the exact equation 

f Gv y v" o gx, y, y) = 0 and that a 

general solution of 

xy’? +yy +xyy" = Ois 

ng = c1 +c lnx. 
Find a general solution of the nonlinear 
equation y — ty”)? = 2yy" — (y) by 
differentiating both sides of the equation 
and setting the result equal to zero, and 
factoring. (b) Is the Principle of 
Superposition valid for this nonlinear 
equation? Explain. 


4.8 POWER SERIES SOLUTIONS 
OF ORDINARY DIFFERENTIAL 
EQUATIONS 


SERIES SOLUTIONS ABOUT ORDINARY POINTS 
LEGENDRE’S EQUATION 


In calculus, we learned that Maclaurin and 


Taylor polynomials can be used to approximate 


or 


functions. This idea can be extended to finding 


approximating the solution of a differential 


equation. 
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Series Solutions About Ordinary Points 


Consider the equation a?(x)y" + a100y' + 
ag(x)y = 0 and let p(x) = a1()/a» (x) and g(x) = 
a9(x)/a2(x). Then, a2 Q)y" + avGOy' + ag()y = 0 
is equivalent to y" + pCOy' + q(x)y = 0, which 
is called the standard form of the equation. 
A number xo is an ordinary point if both p(x) 
and q(x) are analytic at xg. If xg is not an 
ordinary point, xo is called a singular point. 
If xo is an ordinary point of the differential 
equation y” + pCOy' + q(x)y = 0, we can 
write p(x) = Ygbs(x — xo)", where b, = 
I p? (xo), and q(x) = Ny cn(x — xo)", where 
Cn = 1q” (xp). Substitution into the equation 
y” + py’ + q(x)y = 0 results in 


oo oo 
y +y » by (x — xo)" + y» Cn(x — xg)" = 0. 
n=0 n=0 


Note: A function is analytic at xo if its power series 
centered at xy has a positive radius of conver- 
gence. 


If we assume that y is analytic at xo, we can write 
y(x) = Ying An(x — xo)". Because a power series 
can be differentiated term by term on its interval 
of convergence, we can compute the first and 
second derivatives of y, 


y — nas (x — xo) 1 5 (n + Das (x — xo)" 


n=1 n=0 


and (4.42) 


y” = nan — 1)an (x gta 


n=2 


oo 
= m1) 2): — x0)", 
n=0 
and substitute back into the equation calculate 
the coefficients of an. Thus, we obtain a power 
series solution of the equation. 


EXAMPLE 4.8.1 

(a) Find a general solution of (4 — 12)y +y = 0 
and (b) solve the IVP (4 — 12)y' + y = 0, y(0) = 1. 
Solution 


Because xy = 0 is an ordinary point of the 
equation, we assume that y = > po ax". Substi- 
tution of this function and its derivatives into the 
equation gives us 


4-2 +y= 4-2) 5S nap + Nd gis 


n=1 n=0 
oo oo 
= anat -— yn 
nel n=1 
oo 
+ oe anx" =0 
n=0 


Note that the first term in these three series in- 
volves x°, x2, and x9, respectively. Thus, if we pull 
off the first two terms in the first and third series, 
all three series will begin with an x? term. Doing 
so, we have 


oo 
(41 + a0) + (8a2 + a1) + Y Ana, x"- 
V 


oo oo 
E SS naa + Na =0. 
n=1 n=2 


Unfortunately, the indices of these three series do 
not match, so we must change two of the three 
to match the third. Substitution of n + 1 for n in 
3725.5 4nanx"! yields 


îl 


oo oo 
pr 4(n + 14,1371 = Y An + Dany. 
n+1=3 (E22 


Similarly, substitution ofn—1 for n in Y 7? , na, + 


yields 
oo oo 
Do ra Dir l e= Ya = Isque. 
=il= 122 


n il 
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TABLE 4.3 a, Values for n = 0,1, 2, 3,...,10 


n An n an n an n an 
3 69 4859 
0 49 3 — T2840 6 65536 40 9 — 88554432 70 
1 1 187 12767 
1 —400 4 204g 40 7 — 262144 70 10 268435456 40 
1 31 1843 
2 3240 5 — 819270 8 8388608 70 


Therefore after combining the three series, we 
have the equation 


(4a, + a9) + (842 +41) 


oo 
+) [an +401 + Danyi — (1 Dasil] x" = 0. 

Hn 
Because the sum of the terms on the left-hand side 
of the equation is zero, each coefficient must be 
zero. Equating the coefficients of x? and x to zero 
yields a, = — tao and a2 = -in = 35. When the 
series coefficient a; +4(n+1)a, +1 — (n —1)a4.1 is set 
to zero, we obtain the recurrence relation 44,1 = 
VIR for the indices in the series, n > 2. We 
use this formula to determine the values of an for 
n = 2,8, ..., 10, and give these values in Table 4.3. 


Therefore, 


1 Le NT 

y = a0 — ox ae TU — Tag” t zos” 
B54 gags 187 ay 
8192 65536 262144 


(b) When we apply the initial condition 
y(0)=1, we substitute x = 0 into the general 
solution obtained in (a) and set the result equal to 
1. Hence, ay = 1, so the series solution of the IVP is 


UM NE. M Em M 


y-l-34**35* m2 + 3948" ~ 8192" 
, 89 us 187 7, 
65536 ^ 262144 


Notice that equation (4 — x?) y + y = 0 is separa- 
ble, so we can compute the solution directly with 
separation of variables by rewriting the equation 
as — zdy = ;1,dx. Integrating yields Iny = 


4—x2 


f (In|x — 2| —In|x+2)) = n 5 
plying the initial condition y(0) = 1 results in 
x-2 


uU Rs In x42 
tion of the problem by taking a finite number 
of terms of the series solution. The graph of the 
polynomial approximation of degree 10 is shown 
in Figure 4.17 along with the solution obtained 
through separation of variables. The graph shows 
that the accuracy of the approximation decreases 
near x = +2, which are singular points of the 
differential equation. (Why?) The reason for the 
decrease in the accuracy of the approximation is 
discussed in the theorem following this example. 


1/4 
3 + C. Ap- 


/ 
. We can approximate the solu- 


ES E : l 2 


FIGURE 4.17 Comparison of exact (black) and approxi- 
mate (gray) solutions to the initial-value problem (4— xy + 
y =0, y(0) = 1. 
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The following theorem explains where the 
approximation of the solution of the differential 


equation by the series is valid. 
Theorem 28 (Convergence of a Power Series 


Solution). Let x — xg be an ordinary point of the 
differential equation a» (x)y" + a1(x)y’ + ag(x)y = 0 
and suppose that R is the distance from x = xo to the 
closest singular point of the equation. Then the power 
series solution y = Y 5.9 dy (x — xo)" converges at 
least on the interval (xy — R, xo 4- R). 


A proof of this theorem can be found in more 
advanced texts, such as Rabenstein's Introduction 
to Ordinary Differential Equations [25]. 


The theorem indicates that the approximation 
may not be as accurate near singular points of 
the equation. Hence, we understand why the 
approximation in Example 4.8.1 breaks down 
near x — 2, the closest singular point to the 
ordinary point x — 0. 

Of course, x = 0 is not an ordinary point for 
every differential equation. However, because 
the series y = Dg dn (x — xo)" is easier to work 
with if xy = 0, we can always make a transforma- 
tion so that we can use y = ) y 4nx” to solve 
any linear equation. For example, suppose that 
X = Xo is an ordinary point of a linear equation. 
Then, if we make the change of variable t — 
x — xo, then t = 0 corresponds to x = xo, sot = 0 
is an ordinary point of the transformed equation. 


EXAMPLE 4.8.2 
Solve xy" + y = 0. 


Solution 


In standard form the equation becomes y” + 
x-ly = 0. Because x^! is not analytic at x = 0 
(Why?), this equation has a singular pointat x — 0. 
All other values of x are classified as ordinary 
points, so we can select one to use in our power 
series solution. Choosing x — 1, we consider the 


power series y = 3 pọ an(x — 1)". However, with 
the change of variable t = x — 1, we have that 
t — Ocorresponds to x = 1. Therefore, by changing 
variables, we can use the series y = $ y dnt". 
Notice that 
dy dydt dy 


queue ud 


dy d ($) dt d (3) d^y 


— di^ 


so with these assumptions into xy” + y = 0, we 
2 

obtain (t + 1) — + y = 0. Hence, we assume that 

y = Dg ant”. Substitution into the transformed 


equation yields 


d dt\dx) dx dt\ dt) 


oo oo 
(f+ 1) Y nn = ily Nat = (0, 


n2 n=0 


Simplification then gives us 


oo 
y n(n — Dant"! 
n= 
oo oo 
+ 3 n(n — mit Sant" e (0) 
n=2 n=0 
oo 
e n(n —1)ayt"—! + 29508 
f 


oo oo 
+ D n(n — Dart"? + agit + Sant" = (0. 
n=3 ml 
In this case, we must change the index in two of 
the three series. If we substitute n + 1 for n in 
Doca nm — Dan "2 and n—1fornin Y) 2, ant”, 
we obtain 


oo 
(a5 + a0) + Y nn — Dat 1 


n=2 
oo oo 
JE SC Napa 223 He =O 
n=2 1=2 
oo 
Quo +20) + 9) [n(n Dan + n(n + Dan+1 
12 


+ap1]87* — 0. 
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Equating the coefficients to zero, we determine 
that a2 = —20/2 and 
—4p-1 — n(n — Day 

n(n 4 1) 
for the coefficients in the series, n > 2. We calcu- 
late the coefficients for n = 2, ..., 7 and display 
the results in Table 4.4. 


An+1 = 


Therefore, 


TAn 3 
Uata ¿ot ES ¿0 — at 


— (2a, — t —— (2ag — 5a,)t 
ar vi aj —ao)t + 120! ag — 501) 


1 6, 1 7 
=F 755 19 — 7ag)P + —— (3340 — 85a3)t" + --- 


5040 
Returning to the original variable, we have 


What are two linearly independent solu- 
tions of xy" 4- y — 0? 


1 
y = a9 mx = 1) = 5ml- "e 


! palo D 
we z = e= D ar ey NeW) 


1 5 
+ 5a1)(x — 1) 


1 
DÉ 
+ 779 18a 7a9)(x — 1) 


1 7 
== 5040 4940 — 85a1)(x — 1) +- 


TABLE 4.4 Coefficients for n = 0,...,7 


n an n an n ay 


1 (ao — a1) 6 y (1821 —7a0) 


4 (2m — ag) 7 sg (3340 — 8541) 


q Qao — 5m) 
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Legendre's Equation 


Legendre's equation is the equation 


2 
(1 z x) oY a +k(k+1)y=0, (443) 


dx? dx 


where k is a constant, named after the French 
mathematician Adrien Marie Legendre (1752- 
1833). The Legendre polynomials, solutions of 
Legendre's equation, were introduced by 
Legendre in his three-volume work Traité des 
fonctions elliptiques et des intégrales euleriennes 
(1825-1832). Legendre encountered these poly- 
nomials while trying to determine the gravita- 
tional potential associated with a point mass. 


Although most people have a life outside of 
their professional life, Adrien Marie Legendre 
(1752-1833) was one of those rare individual's 
whose professional life consumed their entire life. 
Because of politics, his pension was stopped in 
1824 and he died a poor man in 1833. 


EXAMPLE 4.8.3 

Find a general solution of Legendre's equation. 
Solution 

In standard form, the equation is 


dy 2x dy kk+1) 
dx 1-x2dx 1-2 


y — 0. 
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There is a solution to the equation of the form 
y = n.o nx" because x = 0 is an ordinary point. 
This solution will converge at least on the interval 
(—1, 1) because the closest singular points to x — 0 
are x — +1. 

Substitution of this function and its derivatives 
y = Veo + Dany1x" and y” = Y (n + 
1)(n+2)an+2x" into Legendre's equation (4.43) and 
simplifying the results yields 


[242 + k(k + Dag] + [7241 + k(k + Daz + 623] x 


oo oo 
4 Y nn = eg = > n(n — Da,x” 
n=4 n=2 


oo oo 
— Y 2nanx" + Y kik + Dan" = 0. 
5-2 n=2 
After substituting n + 2 for each occurrence of nin 
the first series and simplifying, we have 


[242 + k(k + Dag] + [7241 + k(k + Daz + 623] x 
oo 


+ YQ 20 Dany + [-n( — 1) 
n=2 


—2n + k(k + 1)] an} x" = 0. 
Equating the coefficients to zero, we find that 


1 1 
a = —=k(k + lap, a3 = ES 


2 [k(k =P 1) xem 2]ai 


1 
ccu 


and 


n(n — 1) 4- 2n — k(k 4- 1) 
(n+ 2)(n +1) 


an42 = an 


_M-—km+k+1) 
(n+2)(n +1) 
We obtain a formula for a, by replacing each 
occurrence of n in 44,52 by n — 2, 


(i. i = 2 


_(M-k-2Dm+k-1) 


En n(n — 1) 


üg—2. 


Using these formula we find the following coeffi- 
cients: 


an = 9-890645, Q- 8-4 b 0. 
um E EU NEEDLE 45392 
n- DUIO, 

m 5x4 E 
LSSI uc 2) 

z 5 xe Hh yc 8) se a 

8 4-b6T85. 

6x5 

(4 — 196 - I9 — E) -- Kok(k 4- 1) 
6x5x4x3x2 m 

E +h 

AE 7x6 > 


| 6-56: 8 - B4 lo — 20-2) 
= 7x6x5xAx3x2 El 


Hence, we have the two linearly independent 
solutions 


m a(t KK+V 2, OBRERO 4 
2! 4! 

A-HO+HA2-HB+HkKK+D & ) 
and 

( (k—1)(k+2) 3 
va = m| E= = 

3! 
, 6-56 De - Dc 2) 5 


(5 — 96 9G — (4 - B(k — DE 2) 7 


7! 
es) 


so a general solution of Legendre's equa- 
tion (4.43) is 
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y =y + Y2 
( (k — 1)(k -2) 5 
E lE vr 


E (3— 544 =< —1)(k+ 2) 5 
(5 — E)(6 + K)(3 — k)(4 + k)(k — 1)(k +2) z 


A 
es) 


He (eel 
3! 
—-h44+hHk-Dk+2 
M Qr 2) 5 
(beso (ose DE o op Od D»); 


7 
es) 


An interesting observation from the general 
solution to Legendre's equation is that the series 
solutions terminate for integer values of k. If k is 
an even integer, the first series terminates while 
if k is an odd integer the second series termi- 
nates. Therefore, polynomial solutions are found 
for integer values of k. We list several of these 
polynomials for suitable choices of ay and aq in 
Table 4.5. Because these polynomials are useful 


TABLE 4.5 P(x) forn = 0, 


Duo 

n Pi% 

0 Po(x) =1 

1 Pi) =x 

2 Pa(x)= 8-1) 

3. P3(x) = (5 — 3x) 

4 Pa(x) = $ (35x4 — 30x? + 3) 

5 P5(x) = $ (63x — 70? + 15x) 
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and are encountered in numerous applications, 
we have a special notation for them: P,(x) is 
called the Legendre polynomial of degree n and 
represents an nth degree polynomial solution to 
Legendre’s equation. 

Another interesting observation about the 
Legendre polynomials is that they satisfy the 
relationship a Pm bo)Pa(odx = 0, m z n, called 
an orthogonality condition. 


D EXERCISES 4.8 


In Exercises 1-3, determine the singular points 
of the equations. Use these points to find an 
upper bound on the radius of convergence of a 
series solution about xq. 


1. xy! — 2xy +7y=0,x9=1 
2. (x — 2)y” +y' — y 20,x92 —2 
8. (x2 — Ay” + 16(x + 2)y' — y = 0, xo = 1 


In Exercises 4-13, solve the differential equation 
with a power series expansion about x = 0. Write 
out at least the first five nonzero terms of each 
series. 


4. y” +3y' — 18y = 0 

5. y” — 11y' + 30y = 0 

6. y^ +y=0 

7. y” — y —2y=e~* 

8. (-2 — 2x)y” + 2y' + Ay = 0 

9. (2 - 3x)y" + 3xy' = 0 

0. (1+ 3y" — 3y' — 2y = 0 

1. (2 — x2yy" + 2 - Dy + 4y = 0 

12. y" — xy' + 4y = 0 

13. Q+2x2)y" + 2xy' — 3y = 0 

14. (8 — 2x)y” + 2y' — 2y = 0, y(0) = 3, 
y'0) = —2 

15. y” — 4x*y = 0, y(0) =1,y'(0) = 0 

16. (2x? — 1yy" + 2xy' — 3y = 0, y(0) = —2, 
y'(0) =2 

In Exercises 14-16, determine at least the first five 


nonzero terms in a power series about x = 0 for 
the solution of each IVP. 
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The English physicist John William Strutt "Lord 
Rayleigh" (1842-1919) won the Nobel prize in 
1904 for his discovery of the inert gas argon in 
1895. He donated the award money to the Univer- 
sity of Cambridge to extend the Cavendish lab- 
oratories. His theory on traveling waves laid the 
foundations for the development of soliton theory. 


In 1873, 
Hermite (1822-1901) became the first person to 
prove that e is a transcendental number. “Analysis 
takes back with one hand what it gives with 
the other. I recoil in fear and loathing from that 
deplorable evil: continuous functions with no 
derivatives." 

Interestingly, Hermite married Louise Bertrand, 
Joseph Bertrand’s sister One of Hermite's 
daughters married Emile Picard so Hermite was 
Picard's father-in-law. 


the French mathematician Charles 
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In Exercises 19 and 20, determine at least the first 
five nonzero terms in a power series expansion 
about x — 0 of the solution to each nonhomoge- 
neous IVP. 


19. 
20. 
21. 


22. 


23. 


24. 


y" + xy = sinx, y(0) = 1, y'(0) 20 

y” y + xy = cosx, y(0) = 0, y'(0) = 1 

(a) If y = ao + 41x + a2x? +03 +---, what 
are the first three nonzero terms of the 
power series for y?? (b) Use this series to 
find the first three nonzero terms in the 
power series solution about x = 0 to 
Van-der-Pol's equation, 


y + -Dy+y=0 


if y(0) =0 and y'(0) = 1. 

Use a method similar to that in Exercise 21 
to find the first three nonzero terms of the 
power series solution about x = 0 to 
Rayleigh's equation, 


1 
y + (sv - 1) y *y-0 


if y(0) = 1 and y'(0) = 0, an equation that 
arises in the study of the motion of a violin 
string. 
Hermite's equation is given by 

y” —2xy' -2ky, kz0. 
Using a power series expansion about the 
ordinary point x — 0, obtain a general 
solution of this equation for (a) k 2 1 and 
(b) k 2 3. Show that if k is a nonnegative 
integer, then one of the solutions is a 
polynomial of degree k. 
Chebyshev's equation is given by 


1 —x?)y" xy +ky=0, k>0. 


Using a power series expansion about the 


In Exercises 17 and 18, solve the equation with a 
power series expansion about t = 0 by making 
the indicated change of variables. 


ordinary point x — 0, obtain a general 
solution of this equation for (a) k 2 1 and 
(b) k 2 3. Show that if k is a nonnegative 
integer, then one of the solutions is a 
polynomial of degree k. 


17. Axy" +y Z0, x t1 
18. 4x^y" + (x - Dy 20, x 2 t-2 
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26. Consider the IVP y” +f(0y' + y — 0, 
y(0) = 1, y'(0) = —1 where 


_ |, if x 40 
ue l. ifx=0 
is an ordinary point of the equation. (b) 
Find a power series solution of the equation 
and graph an approximation of the solution 
on an interval. (c) Generate a numerical 
solution of the equation. Explain any 
unexpected results. 
27. (a) Use a power series to solve 
y" — y cos x = sin x, y(0) =1,y'(0) = 0. 
(b) Compare the polynomial 
approximations of degree 4, 7, 10, and 13 
to the numerical solution obtained with 
a computer algebra system. 


. (a) Show that x = 0 


In addition to his work with orthogonal poly- 
nomials, the Russian mathematician Pafnuty 
Lvovich Chebyshev (1821-1894) is also known for 
his contributions to number theory. Chebyshev 
was rich and never married but financially 
supported a daughter who he never recognized, 
although he did socialize with her relatively 
frequently, especially after she married. 


25. (a) Show that Legendre's equation can be 
written as 4 [a — 32) y] +k(k- 1)y = 0. 
(b) Using the previous result, verify that the 
Legendre polynomial given in Table 4.5 
satisfy the orthogonality condition 


1 
J PaG)P4,(x)dx 20, men. 
-1 


(c) Evaluate 


1 
f [Pu cop dx 


=l Although the English scientist George Biddell 
for n = 0,..., 5. How do these values Airy (1801-1892) made major contributions to 
compare to the value of 2/(2n + 1), for mathematics and astronomy, by many he was 
n=0,...,5? Hint: P,,(x) and Py (x) considered to be a sarcastic snob. According to 
satisfy the differential equations Eggen, “Airy was not a great scientist, but he 
4 [a = x?) Pœ] t n(n + 1P,Q) =0 made great science possible.” Airy's son wrote 
and E [(1 — x?) P, 02] + The life of Airy was essentially that of a hard- 


working business man, and differed from that of 
other hard-working people only in the quality 
and variety of his work. It was not an exciting life, 
but it was full of interest." 


mm + 1)Pm(x) = 0, respectively. 
Multiply the first equation by P, (x) and 
the second by P; (x) and subtract the 
results. Then integrate from —1 to 1. 
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28. The differential equation y" — xy = 0 is 
called Airy's equation and arises in 
electromagnetic theory and quantum 
mechanics. Two linearly independent 
solutions to Airy's equation, denoted by 
Ai(x) and Bi(x) are called the Airy functions. 
The function Ai(x) > 0 as x > oo while 
Bi(x) > oo as x > oo. (Most computer 
algebra systems contain built-in definitions 
of the Airy functions.) 


(a) If your computer algebra system contains 
built-in definitions of the Airy functions, graph 
each on the interval [—15, 5]. (b) Find a series so- 
lution of Airy's equation and obtain formulas for 
both Ai(x) and Bi(x). (c) Graph the polynomial 
approximation of degree n of Ai(x) for n = 6, 15, 
30, and 45 on the interval [—15, 5]. Compare your 
results to (a) if applicable. (d) Graph the polyno- 
mial approximation of degree n of Bi(x) for n = 6, 
15, 30, and 45 on the interval [—15, 5]. Compare 
your results to (a) if applicable. 


4.9 SERIES SOLUTIONS OF 
ORDINARY DIFFERENTIAL 
EQUATIONS 


e REGULAR AND IRREGULAR POINTS AND THE 
METHOD OF FROBENIUS 

* GAMMA FUNCTION 

e BESSEL’S EQUATION 


Regular and Irregular Points and the 
Method of Frobenius 


Let xo be a singular point of y” + p(x)y' + 
q(x)y = 0. Then xy is a regular singular point of 
the equation if both (x — xo)p(x) and (x — xo)?q(x) 
are analytic at x = xg. If xy is not an ordinary 
point or a regular singular point of the equation, 
then xy is called an irregular singular point of the 
equation. 
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Although the method of Frobenius was initiated 
by Euler, the method for finding a series expan- 
sion about a regular singular point was first pub- 
lished by Frobenius in 1873. 


Theorem 29 (Method of Frobenius). Let x = xq 
be a regular singular point of 


y" + poy’ + qooy = 0. (4.44) 


Then this differential equation has at least one solu- 
tion of the form 


oo 
y 2 ax — x", 
n=0 
where r is a constant that must be determined. This 
solution is convergent at least on some interval 
[x — xol < R R >0. 


The German mathematician Ferdinand Georg 
Frobenius (1849-1917) preferred pure mathemat- 
ics to applied mathematics. Although Frobenius 
may have been difficult to get along with, we 
quote Haubrich, “For Frobenius, conceptual 
argumentation played a somewhat secondary 
role. Although he argued in a comparatively 
abstract setting, abstraction was not an end 
in itself. Its advantages to him seemed to lie 
primarily in the fact that it can lead to much 
greater clearness and precision." 


4.9 SERIES SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS 


Suppose that x = 0 is a regular singular point 
of Equation (4.44). Then the functions xp(x) and 
x^q(x) are analytic at x — 0, which means that 
both of these functions have a power series in 
x centered at x — 0 with positive radius of 
convergence. Hence, 


xp(x) = po + pix + pix? pax? +-+- and 
x^q(x) = qo + qux qox? qo e. 
Therefore, 
pŒ) = pox! + pi pax t pax! +- and 


q(x) = qox? T qx c qo qax + qx? € 


Substitution of these series into Equation (4.44) 
and multiplying through by the first term in the 
power series for p(x) and q(x), we see that the 


lowest term in the series involves x'^'-2, 
oo 


«mona tr — 13777 
n=0 


oo 
+ pol an(n + nx? 


n=0 
ES (pı + pox pax! + pax? + e) 
oo oo 
dar mina do Y an (n+ rtt? 
n=0 n=0 


+ (nx + qo + qax + qax? + qx? +- .-) 


oo 
x AN ge =0. 
n=0 


Then, with n = 0 we find the coefficient of x’~? is 
— rag + ray + raopo + 4090 
= dg (7 + (po — Dr+ 30) 
= ap [r(r — 1) + por + qo]. 


Thus, for any equation of the form y” + p(x)y! + 
q(x)y = 0 with regular singular point x = 0, we 
have the indicial equation 


r(r — 1) + por + qo = 0. (4.45) 
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The values of r that satisfy the indicial equa- 
tion (4.45) are called the exponents or indicial roots 
and are 


1 
112 -— 2 (1m y1- 2p0 rb - n). 
(4.46) 


Note that r4 77? and r4 — n-/1 — 2po + Do — 490. 
Several situations can arise when finding the 
roots of the indicial equation. 


1. If r1 4 r2 and r1 — r2 = j1- 2p0 + pd — Ago is 
not an integer, then there are two linearly 
independent solutions of the form 
y1 = x Y ganx” and yo = x? Y g Dax”. 

2. If r1 4 r2 and r1 — r2 = JA — 2po + p? — 40 is 
an integer, then there are two linearly 
independent solutions of the form 
yi = x"! Dg anx" and 
yo = cy1 Inx + x2 3 g bnx". 

3. If r1 = r2, then there are two linearly 
independent solutions of the equation of the 
form y1 = x"! Y y anx” and 
Yo = y1 Inx +x" OP o bx". 


In any case, if y1 (x) is a solution of the equa- 
tion, a second linearly independent solution is 
given by 

1 
[j16)P? 


ya(x) = 110 f e SPM dx gy 


which can be obtained through reduction of 
order (see Equation 4.4). 

When solving a differential equation in Case 
2, first attempt to find a general solution using 
y = x2) ax” = } p oanx"t"2, where r is 
the smaller of the two roots. A general solution 
can sometimes be found with this procedure. 
However, if the contradiction ag = 0 is reached, 
find solutions of the form y1 = x"! Y 7: anx" and 
yo = cy1 Inx + x? 3? o bnx". 
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EXAMPLE 4.9.1 


Find a general solution of xy" 4-3y' —y = 0 using 
aseries expansion about the regular singular point 
pac 


Solution 


In standard form, this equation is y” + 3x7 ly — 
io = 0. Hence, xp(x) = x x 3x1 = 3 and 
x^q(x) = x? x —x-1, so pp = 3 and qo = 0. Thus, 
the indicial equation is r(r — 1) + 3r = 1? + 2r = 
r(r+2) = 0 with roots rı = 0 and r2 = —2. (Notice 
that we always use 1; to denote the larger root 
of the indicial equation.) Therefore, we attempt 
to find a solution of the form y = Y o anx"? 
with derivatives y = Y» (n — 2)anx"=3 and 
y” = Ve o(n — 2)(n — 3)ax"=*. Substitution into 
the differential equation, xy” + 3y' — y = 0, yields 


Y 2) 32x"? 


n=0 

oo oo 

3a = DES = Sia a =0 
n=0 n=0 


(69 — 609)x 9 + DO — 2)(n — 3)aax 


n=1 


oo oo 
+ ye = Dynal? = Saas =0 
n=1 n=0 


oo 


Yn — 2)(n — 3)ap S+ 


n=1 

oo oo 

3a DS = Sess = (0) 
n=1 n=1 

00 


le — Dn- 3) +30 — 2)] an — ana} x? = 0. 


n=1 
Equating the coefficients to zero, we have 
1 1 


O A 
= d mcs 2. 
Notice that from this formula, a} = —ag. If n = 2, 


we refer to the recurrence relation n(n — 2)a, — 
4n_-1 = 0 obtained from the coefficient in the 
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series solution. If n = 2,2 x 0 x a — a = 0, 
which indicates that a; = 0. Because 41 = —ap, 
we conclude that ao = 0. However, ao zz 0 by 
assumption, so there is no solution of this form. 
Because there is no series solution correspond- 
ing to r2 = —2, we assume there is a solution 
of the form y = 9a,x" corresponding to 
rı = 0 with derivatives y = Y 4 nax”! and 
y” = n(n — 15x". Substitution into the 
differential equation, xy" + 3y' — y = 0, yields 


oo oo oo 
n n(n — Dagx" + 3 Sna,x" 1 — Sana" =0 
n=2 Hel n=0 


oo 
(3a, — ay) + dE n(n — Dal 


1, 
oo oo 
+ nat — Y apa" =0 
n=2 n=1 


oo 
(aa) +) [1-2 4-31] an — 241] x1 = 0. 
n—2 
Equating the coefficients to zero, we have a1 = 
49/3 and 
1 1 
n(n—1)4- a deem E RE 
We use this formula to calculate a few more coef- 
ficients: a? = 49/24 and a3 = 29/360 and use them 
to form one solution of the equation, 


(fi; em DE, 


yi =n (14 3x+ Bette), 
3 24 360 
To determine a second linearly independent 
solution, we assume that yy = cy lnx + 
Yo o bux"? and substitute this function into the 
differential equation to find the coefficients by. 
Because the derivatives of y2 are 


oo 
Y) = ex yi cy, Inx+ 53865 = Dyn ae 
o= 
and 
yy = —cx y + 2x1 cy, + cjl Inx 


tYn-2)-3) 0,3", 
n=0 
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substitution into the differential equation yields 


| — ox yi 2x ey cy) Inx 


+ m2) 5h71] 
n=0 


oo 
+3 EN T cy, Inx + Nm = ait] 
n=0 


oo 
—cy Inx— ae =) 
n=0 
De + cxyf nx 


dE Yn — 2)(n — 3)byx" 9 
n=0 


oo 
+ 8ex lyi + 3cy, Inx 4- DE 3(n — 2)b,x" 
n=0 


oo 
—cyi Inx — OUI eU 
n=0 


oo 
2cx yi 42cy, + Nm — 2)(n — 3)bnx" 
n=0 


+ 28) 3(n — 2)byx" 3 — vg! bax * 
n=0 n=0 


+ c(xy +34, — y1) Inx — 0. 


= 0 because y; is a solution 
of the differential equation 


Simplifying this expression gives us 
2cx- + 2cy, + 6box ~? — 6box ? 


+) 0-2)0- 3)bux" > Y) Sm — 255,37? 


H= Heg 


oo 
E y: br> =0 
n=0 


2x1 yi + 2cy + Y Gt — 2)nbs — baila”? = 0. 


n=1 


Now we choose ay = 1/c, so 


1 eel 
=-(1 
yı A Roth an 


1l 5 
360* +) and 


ue Du NES 
O qm | 
Substitution into the previous equation the yields 


To i 1 
o ae eea O 
ü ( dcc rae 


DX Ecl 
pol [sisse sce CAN. 
E (aa T ) 


+ Ya — 2)nby — b, i1"? 20 


(dl 


( A 1, ) 
2X += 4+ —-X4+ —xX4+--- 


n=) 
4 1 1 
(x +o ox + grt) 
+ (—by box — by x7! 
+ (3b3 — b2)x? + (8b4 — b3)x 
+ (15b5 — bj)? +--+ =0, 


so we have the sequence of equations —b1 —by = 0, 
-bı + 2 = 0, 3b3 — b; + $ = 0, 8b4 — bs + 1 = 0, 
15b5 — b4 + 5 — 0, ... Solving these equations, 
we see that b} = 2 and bọ = —2. However, the 
other coefficients depend on the value of b2. We 
compute the first few: b3 = 3 (3b2 — 4), b4 = 
z% (122 — 25), and bs = zo (60b? — 157). Hence a 
second linearly independent solution is given by 


Y = Cy Ineta? -242r + baa? 


1 1 
3b, — 4)x3 12b, — 25)xt +... 
+5¢ 2—4) + 2 — 25)x* + ) 


TN 1 
qu eR UM = 
( ag pa larg) n ) ins 


1 
x( "2*2 he + gb - x 
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1 oo oo oo 
+ —- (1255 — 25yx* x nn = Iya ae xy napa! deg ye = (0) 


E n=2 n=] n=0 
LL (60b, — 157)x° +--- ], 
UU ee ) e 
oo CO 00 
where b2 is arbitrary. In particular, two lin- Y nn Da,” +) napa" +5 anx" t2 = 0. 
early independent solutions of the equation n2 = an 
(c = 1/a9 = 1) 


DE oM After pulling off the first term of the second series 
Yi A me duas and simplifying the expression, we have 


3 24 360 
and (b» = 0) 


oo 
1 1 1 1x + [n(n — 1) + nlan + an-2} x" = 0. 
y=(1+3x+ + pot) ins 2.1 du 


91 24 360 
B a 7157 g ) Equating the coefficients to zero yields a; = 0 and 


+? ( 2+2x v 


288% — 21600 Ho an = —n ?an-2, n > 3. We use this formula to 
calculate several of these coefficients. a7 4 0 is 
arbitrary, a1 = 0, a2 = —}ao, (ng = Om = dino, 

0 Explain why the choice ay = 1/c does ... Choosing ao = 1 we obtain that one solution to 
not affect the general solution obtained here. the equation is y1 = 1— - + E x4—....Weuse the 


Hint: If c = 0, bo = 0, which is impossible (why?), 
so c cannot be zero. 


formula y = yı f = e- / P )d* dy (Equation 4.4) 


pe 
to determine a second linearly independent solu- 
A general solution is then given by y = c1y1 +C242, tion to the differential equation as follows: 


where c; and c» are arbitrary. 1 


Y =Y1 i ;e faded 
(i-e At...) 
Several techniques can be used to solve a dif- 
ferential equation with equal indicial roots. 


1 1 
= x dx (squaring) 
‘| Se ae 


IE 1 d 
= Y1 X 
y x1-i243x4-. 


EXAMPLE 4.9.2 


1 1 5 € 
Find a general solution of 32y" + xy + x?y = 0, =" / * ( 3r att ye gps ) dx (long division) 
x > 0, by using a series about the regular singular TET 5 
int x — 0. E me ye tt Lee 
point x n (ittm + Ja 
Solution 


1 5 
= c Duct et) 
In standard form, the equation is y” + x^!y + 4 128 
y = 0. Because xp(x) = x x x 1 = 1 and x2q(x) = 
x? x 1 = x are both analytic at x = 0, x = O is a 


regular singular point of the equation, po = 1 and 


128 
Notice that with this technique for finding a 


=y lnx + yi (x) (ie E =) , 


qo = 0. Therefore, the indicial equation is r(r — 1) + 
r=r-—r+r=r —0,son = 0. Hence, there is a 
solution of the form y = » pọ 4nx”. Substitution 
into xy” + xy! + x2y = 0 yields 


second linearly independent solution, we obtain 
a solution of the form that was stated in Case 3. A 
general solution of the equation is y = c1y1 + C242, 
where c; and c» are arbitrary constants. 


4.9 SERIES SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS 


Note: We have not discussed the possibility of 
complex-valued roots of the indicial equation. 
When this occurs, the equation is solved using 
the procedures of Case 2. The solutions obtained 
are complex but they can be transformed into 
real solutions by taking the appropriate linear 
combinations, like those discussed for complex- 
valued roots of the characteristic equation. 

Also, we have not mentioned if a solution 
can be found with a series expansion about an 
irregular singular point. If x — xo is an irregular 
singular point of y” + p(y’ + q(x)y = 0, then 
there may or may not be a solution of the form 
y = izo An (x — xo)". 


The Gamma Function 


One of the more useful functions, which we 
will use shortly to solve Bessel's equation, is the 
Gamma function, first introduced by Euler in 
1768, which is defined as follows. 

Definition 14 (The Gamma Function). 
Gamma function, denoted T (x), is given by 


The 


oo 
l(x)- Í e“ ldu, x > 0 (see Figure 4.18). 
0 


Notice that because integration is with respect to 
u, the result is a function of x. 


EXAMPLE 4.9.3 
Evaluate T (1). 


Solution 


oo oo 
ra) =| e" ul-ldu = e "du 
0 0 
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i 


FIGURE 4.18 Although we have only defined T(x) for 
x > 0, T(x) can be defined for all real numbers except 
x = 0,x = -1,x = —2, .... (This topic is discussed in 
most complex analysis texts such as Functions of One Complex 
Variable, Second Edition, by John B. Conway, Springer-Verlag 
(1978), pp. 176-185.) 


Auseful property associated with the Gamma 
function is 


T(x+1) = xT (x) 


If x is a positive integer, using this property we 
have PQ) = Fd +1 = 1x Fd) = Trad), 
T(32rQ2-c-1)22r2)22,r42-2r3-41-- 
3T (3) =3x2,P5) = F(44-1) = AT (4) = Ax3x2, 
---, and for the positive integer n, T(n) = nl. 
This property is used in solving the following 
equation. 


Bessel's Equation 


Another important equation is Bessel's equa- 
tion (of order u), named after the German as- 
tronomer Friedrich Wilhelm Bessel (1784-1846), 
who was a friend of Gauss. Bessel's equation is 


xy" + xy + (e — y?) y=0, (4.47) 
where u > 0 is a constant. Bessel determined 


several representations of J,(x), the Bessel 
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function of the first kind of order u, which is a 
solution of Bessel's equation, and noticed some 
of the important properties associated with the 
Bessel functions. The equation received its name 
due to Bessel's extensive work with J„ (x), even 
though Euler solved the equation before Bessel. 


Friedrich Wilhelm Bessel (1784, Germany-1846, 
Russia) is probably more famous for his contri- 
butions to astronomy than to mathematics. The 
Bessel functions arise in problems from astron- 
omy, applied mathematics, physics, and engineer- 
ing. Interestingly, Bessel had no formal education 
past the age of 14. 


To use a series method to solve Bessel's equa- 
tion, first write the equation in standard form as 


xy" xy (2 T y?) xy = 0, 

so x = 0 is a regular singular point. Using the 
method of Frobenius, we assume that there is a 
solution of the form $ 7? 9 anx"t". We determine 
the value(s) of r with the indicial equation. Be- 
cause xp(x) = xxx = 1 and x?q(x) = x? x 
(x? — u’) x7? = x? — p?, po = Land qo = —p?. 
Hence, the indicial equation is 


rr 1) - por - qo 2rr-1) 4r—-u22 0n —42 


=(r-wyr+p)=0 


with roots r = jq andr = —u. We as- 
sume that y = > ganx"t with deriva- 
tives y = Yn + Dax t" and y” = 
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NA + u)(n+ u Dax" tt. Substitution 
into Bessel's equation yields 


CO 
x? S (n + wnt we Vax"? 
n=0 


[o,9] 
+x (nm + manx" tro! 
n=0 


CO 
+ (2 - 72 X umgeben. 
n=0 
First we distribute, 


oo oo 
Di + WF u- Dag" tH +Y + wan 


n=0 n=0 
oo oo 
E id e 5 ¡2 t" =0. 
n=0 n=0 
Then we simplify, 


u(u — Dag" + ulu + Tax"! 


oo 
+ mu) n Dash 


n=2 


CO 
+ puagx + (u + Dar + Y + wax" 


n=2 
00 
+ ii — udagx" — 2 
n=0 


[o.9] 
— faux" =0 
n=2 


[i — D +u = p? aox" + [u (u + 1) 


=0 
+(u +1) — n? | gjx^tt 


+D faton- m+- | 
n=2 


an + aad =0. 
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Notice that the coefficient of aox” is zero because 
rı = mis a root of the indicial equation. After 
simplifying the other coefficients and equating 
them to zero, we have (2u + 1)a¡ = 0 and 

1 


~ (n4 um 4 i1) 4 0-4 p) - ie 
1 


üg—2 


= - ————An=2, 122. 


n (n+ 2) 
From the equation (2u + Dar = 0, a = 0. 
Therefore, from an = — GEE n-2; n>2,ad, =0 
for all odd n. The coefficients that correspond to 
even indices are given by 


1 1 
a2 = — Lf = — 50, 
GOED 2B 
1 1 
44 = — a2 = ap, 
AQu44)^ 23 x2(u4-2)(4 4-1) 
1 
aq = ———————A 
$ 6(2u +6) * 
1 
== üp, 
26 x 3 x 2(u 4- 3)(u -- 2)(u +1) 
1 
ag == 
v Uum $ 
1 


28 XxAx8x2(. 4 4-3) 2) 1) 9 


A general formula for these coefficients is 

given by 

= (UP A 

Pm 1D) (DA 
n > 2. 


An 


One solution of Bessel's equation can then be 
written as 


oo 00 
w= »» nac NT 
n=0 


n=0 
(—1)"ao 


x 2n+pu 
22 nY(u- En) (ud (1—1)) - > (u+2)(u+1) 
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(CIA 


= pr +n)(u+(n — 1)) -- - (u+2)(u+1) 


1 2n+pu 
x (3) . 


Using the Gamma function, T(x), we write our 
first solution as 


oo 


= =p" 1 2n+u 
Y ~ L murni (5) 1 
where dp = (4.48) 


2^T(u) 
This function, denoted J,, (x), is called the Bessel 
function of the first kind of order u. For the other 
root, f2 = —pu, a similar derivation yields a 
second solution 


oo 2n— 
(—1)* 1 H 
PETES (5) i 


which is the Bessel function of the first kind of order 
—p and is denoted J_,, (x). 

Now, we must determine if the functions J, (x) 
and J_,,(x) are linearly independent. 

Notice that if y = 0, these two functions are 
the same. If y > 0, r1 — ro = u — (—u) = 2p. If 
2u is not an integer, by the method of Frobenius 
the two solutions /,,(x) and J_,,(x) are linearly 
independent. Also, we can show that if 2u is an 
odd integer, then J, (x) and J_,(x) are linearly 
independent. In both of these cases, a general 
solution is given by y = c1J (X) + co] -,, (x). The 
graphs of the functions Jm(x) for m = 0, 1, ..., 
8 are shown in Figure 4.19. Notice that these 
functions have numerous zeros. 


What happens to the maximum value of Jm (x) as 
m increases? 


If y is not an integer, we define the Bessel 
function of the second kind of order u as the linear 
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-0.5É -0.5E 


-0.5E 


FIGURE 4.19 In the top row, from left to right, plots of Jo(x), J1 (x), and J2(x); in the second row, from left to right, plots of 
J3(x), Ja(x), and J5(x); and in the third row, from left to right, plots of J¿(x), J7 (x), and Jg(x). 


combination of the functions J„ (x) and J_, (x). 
This function, denoted by Y, (x), is given by 


Y y (00) = 


(JC) cos ur — J- (œ). (4.49) 
We can show that J,,(x) and Y, (x) are linearly 
independent solutions of Bessel's equation of 
order u, so a general solution of the equation 
is y = cJ4Q) + c2Y (0. We show the graphs 
of the functions Y,,(x) for m = 0,1,...,8 in 
Figure 4.20. Notice that lim, ,9« Y,(x) = —oo. 
We can show that if mis an integer and if Yin(x) = 


lim, 5 Y, CO, then Jm (x) and Y;,(x) are linearly 
independent. Therefore, y = c1J, (x) + c2Y (x) is 
a general solution to Bessel's equation (4.47) for 
any value of y. 

A more general form of Bessel's equation is 
expressed in the form 


y + xy + (2x7 — 72 y =0. (4.50) 
Through a change of variables, we can show 
that a general solution of this parametric Bessel 


equation is y = c1J, (Ax) + c2Y (Ax). 
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FIGURE 4.20 In the top row, from left to right, plots of Yo(x), Yı (x), and Y2(x); in the second row, from left to right, plots 
of Y3(x), Y4(x), and Y5(x); and in the third row, from left to right, plots of Ya (x), Y7(x), and Yg(x). 


EXAMPLE 4.9.4 values of the arbitrary constants in Figure 4.21(b). 
y 8 

Find a general solution of each of the following (c) Using the parametric Bessel's equation with 

equations: (a) 12y"+xy' +(x? — 16) y = 0; (b) y + A = 3 and pw = 2, we have y = cif (8x) + c2 Yo (3x). 


xy 4 (32 — X) y 20; (0 xy" xy - (92 — 4) y=0. We graph this solution for several choices of the 
d ( 2 : fuent )y arbitrary constants in Figure 4.21(c). 


Solution 


(a) In this case, u = 4. Hence, y = cJa(x) + 
c2Y4(x). We graph this solution on [0, 10] for 
various choices of the arbitrary constants in 
Figure 4.21(a). Notice that we must avoid 
graphing near x = 0 because of the behavior 
of Y4(x). (b) Because u = 1/5, y = ciJ1/5(x) + 
c2Y1/5(%). This solution is graphed for several 


e EXERCISES 4.9 


In Exercises 1-4, determine the singular points 
of each equation. For each equation, classify the 
singular point(s) as regular or irregular. 
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(c) 


FIGURE 4.21 (a) y = ciJaCO + c2Ya 0, (b) y = a jys (2 + c2 Y 1560, and (c) y = c1J2(3x) + e2Y2 (3). 


xy" + 6y = 0 
A xG ED + + 5y =0 
3,0 — 3x = A Sete 
4. (x? — 25)*y” — (x + 5)y' + 10y =0 


In Exercises 5-14, use the method of Frobenius to 
obtain two linearly independent solutions about 
the regular singular point x — 0. 


5. 2xy" — 5y — 3y =0 

6. 5xy" + 8y — xy 20 

7. 9xy" -14y' + (x — Dy =0 

8. 7xy" +10y' + (1 x)y «0 

9. x? y" - xy -(x—1y-0 
10. xy T2xy +y=0 
11. y" + ix ly — (8x x? us 1)y= 0 
12. y” + ($x "ER -1) y — xy =0 


13. y + (bo -2)y- E x *y=0 
14. y" - (c1 +2)y + (x 24 )y=0 


In Exercises 15-17, solve the differential equation 
with a series expansion about x = 0. Compare 
these results with the solution obtained by solv- 
ing the problem as a Cauchy-Euler equation. 


15. xy” +7xy - 7y =0 

16. x^y" + 3xy +y =0 

17. x^y" — 3xy + 4y «0 

18. The differential equation 
y" +pG0y + q(x)y = 0 has a singular point at 
infinity if after substitution of w — 1/x the 
resulting equation has a singular point at 


19. 


20. 


w = 0. Similarly, the equation has an 
ordinary point at infinity if the transformed 
equation has an ordinary point at w = 0. 
Use the chain rule and the substitution 

w = 1/x to show that the differential 
equation y" + p(x)y' + q(x)y = 0, where ' is 
with respect to x, is equivalent to 


dy (2 paw dy | qQ/u) 
uz. w2 )£« w^ 

Use the definition in Exercise 18 to 

determine if infinity is an ordinary point or 

a singular point of the given differential 

equation. 

(a) y" +xy=0 

(b) xy’ + xy! + (12-12) y=0 

(c) (1— x2) y" — 2xy' - k(k + Dy =0 

The hypergeometric equation is given by 


y — 0. 


x(1 — xy" + [c — (a - b - Dx]y' — aby = 0, 


where a, b, and c are constants. (a) Show 
that x = 0 and x = 1 are regular singular 
points. (b) Show that the roots of the 
indicial equation for the series ? 7^ anx” +" 
are r = Q and r = 1 — c. (c) Show that for 
r — 0, the solution obtained with the 
method of Frobenius is 
ab a(a 4- 1)b(0+1) > 
gebe oe 
a(a + 1)(a *- 2)b(b -- 1)(b 4-2) 3 " 
3!c(c + 1)(c + 2) 
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where c 4 0,—1,— .. This series is 
called the E series. Its sum, 
denoted F(a, b, c; x), is called the 
hypergeometric function. (d) Show that 
F(,b,b; x) = 1/(1 — x). (e) Find the solution 
of the equation that corresponds tor = 1 — c. 


In Exercises 21-23, solve each hypergeometric 
equation. If necessary, express solutions in terms 
of the function F(a,b,c; x). (Note: When either 
a or b is a negative integer, the solution is a 
polynomial.) (See Exercise 20.) 


21. x(1 — x)y" + G = 3x) y —y=0 
22. x(1 — xy" +y' +2y=0 


23. x(1 — x)y” + (1 — 2x)y’ + 2y =0 
24. Laguerre's equation is given by 


xy" + (1-0) y' + ky =0, 


The French mathematician Edmond Nicolas 
Laguerre (1834-1886) is well known for the 
special polynomials named after him that are 
discussed in this exercise. Although mathematics 
was important to Laguerre, so was his family. 
According to Bernkopf, “Laguerre was pictured 
by his contemporaries as a quiet, gentle man 
who was passionately devoted to his research, his 
teaching, and the education of his two daughters.” 
He spent much time and energy to making sure 
his two daughters received the best education 
possible at the time. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


where k is a constant (usually, it is assumed 
that k > 0). (a) Show that x = 0 is a regular 
singular point of Laguerre's equation. (b) 
Use the method of Frobenius to determine 
one solution of Laguerre's equation. (c) 
Show that if k is a positive integer, then the 
solution is a polynomial. This polynomial, 
denoted L(x), is called the Laguerre 
polynomial of order k. 

(Relationships among Bessel functions) (a) 
Using Equations (4.48) and 

I (x4 1) = xr (x), show that 

4 [J] = xJ, -1 (x). (b) Using 
Equation (4.48), show that 

a [x] 0] = —x "J,.3 Q9. (c) Using the 
results of parts (a) and (b), show that 
Ju-160 — Ju 09 = 27, (x). (d) Evaluate 

f x*Ju316odx. 

Show that y = Jo(kx) where k is a constant is 
a solution of the parametric Bessel equation 
of order zero, xy” + y' + xy = 0. 

Find a general solution of each equation. 
(a) x2y" +xy + (e — 1)y= 0 

(b) x2y" + xy + (16:32 — 25) y =0 

Use the power series expansion of the 
Bessel function of the first kind of order n (n 
an integer), Equation (4.48) to verify that 
Jo(x) = —J1G0. 

Use the change of variables y = v(x)x 1/2 to 
oe Bessel’s equation 

xy" + xy" + (x? — k?) y = 0 into the 
equation v" + [1 + (i — pour 2 v — 0. By 
substituting k — 1/2 Into the transformed 
equation, derive the solution to Bessel's 
equation with k — 1/2. 

Show that a solution of xy” + y + vy = 0 
is y = Jo (2./x/v) where v is a constant. 

Use integration by parts to verify that 

ro +1) 2 pL (p), p > 0. Note: p is any real 
number. 

(a) Show that (1/2) = 2 fp” e-* dx. (Hint: 
Let u — x?.) (b) Use polar coordinates to 
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33. 


34. 


evaluate ( Jo e= ax) ( docs e dy) = = 
ohe -G-Hdxdy. (c) Use the results of 
(a) and (b) to evaluate P(1/2) and then 
13/2). 
(a) Use a series solution to approximate the 
solution to the IVP 
xy" + Q-3y +3 poly=0,y() =1, 
y'(1) = —1. (b) Use a computer algebra 
system to generate a numerical solution of 
the IVP and compare these results with 
those obtained in (a) by graphing the two 
approximations together. 
Laguerre's equation (Refer back to Exercise 24 
as needed.) (a) Show that the Laguerre 
ap wi satisfy the formula 


Ln(x) = EX - (x"e~*). (b) Show that 


he p Ln (e) dx = 0 for n 4 m, which 
indicates that the Laguerre polynomials are 
orthogonal. (c) Determine the value of 

0 e Un) P? dx by experimenting with 
= ee ae 


CHAPTER 4 SUMMARY: ESSENTIAL 


CONCEPTS AND FORMULAS 


Second-order linear differential equation: 
a2(t)y” + ai ()y' + ao(t)y = g(t) 
Homogeneous: 22 (£)y" + a,(Hy’+ 
ag(t)y = 0 
Constant coefficients: ayy” + a1y'+ 
agy = g(t) 
nth-order linear differential equation: 
as (y? +---+a1(0y + ao(ty = gb) 
Homogeneous: 
ay (Dy? +--+» +a,(ty! +ag(ty = 0 
Constant coefficients: 
any +--+ ay! + acy = g(t) 
Linearly dependent and independent set of 
functions: If S = (fi, fo, ...,fin}, S is linearly 
dependent if there are constants c1, ..., Cn not 
all zero, so that c1 fi + -- - + Cnfn = 0. S is 
linearly independent if S is not linearly 
dependent. 


4. HIGHER ORDER EQUATIONS 


Wronskian: Let S = { fi, ..., fn} be a set of n 
functions for which each is differentiable at 
least n — 1 times. The Wronskian of S, denoted 


by 


W(S) = Wf, ate <, fa), 
is the determinant 
fi f: Abe fa 
/ f TUN f 
WS 1 io. 1 
(a 1) ge D. l . (un 


Principle of Superposition: If fi, . .., fm are 
solutions of the linear homogeneous 
differential equation y? + p. (£y "7D 4- 
pi (Dy + po(t)y = 0 on the interval I, and 

if c1, C2, . . ., Cm are arbitrary constants, then 
y =C1f1 cof: + Cmfm is also a solution 
of this differential equation on I. 
Fundamental set of solutions: 
S = (fy ..., fa} is a fundamental set of 
solutions of the nth-order linear 
homogeneous equation if 5 is linearly 
independent and every function in Sisa 
solution of the equation. 
General solution of a homogeneous 
equation: yy is the arbitrary linear 
combination of the functions in a 
fundamental set. 
Reduction of order 
Characteristic equation 
Particular solution: yp is a particular 
solution of an equation if it does not contain 
any arbitrary constants. 
General solution of a nonhomogeneous 
equation: y = yn + yp 

Method of undetermined coefficients 

Variation of parameters 
Cauchy-Euler equation 
Ordinary and singular points 
Power series solution method about an 
ordinary point: y = » 7 o An (x — xo)" 
Regular and irregular singular points 
Method of Frobenius: 
y = Dio An(x — xo)" t 
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CHAPTER 4 REVIEW EXERCISES 


In Exercises 1-6, determine if the given set is 
linearly independent or linearly dependent. 


1. S = (e*!, 1) 

2. S = (cos? t, sin? t} 
8. S — (t, tint} 

4. S = (t, t — 1, 3t} 
5. S = (t, cost, sin t} 


6. S = (el, e 2 et) 


In Exercises 7-9, verify that y is a general solution 
of the given differential equation. 


7. y" — 7y + 10y = 0; y = cie?! + c7e? 
8. y” -y/ — 2y =0; y = cie? + coe 
9. y” — 2y' + 2y = 0; y = e'(c1 cost + co sin f) 
In Exercises 10 and 11, show that the function y1 
satisfies the differential equation and use reduc- 
tion of order to find a second linearly indepen- 
dent solution. 
10. y1 — £41; (t+ 1?y" - 20 Dy -2y «0 
11. y, = t 1 sint; ty" -2y' + ty «0 
In Exercises 12-37, find a general solution for 
each equation. 
12. y" +7y' + 10y =0 
13. 6y” + 5y' - 4y =0 
14. y" -2y +y=0 
15. y" +3y -2y 20 
16. y" — 10y' + 34y = 0 
17. 2y” — 5y' + 2y = 0 
18. 15y” — 11y' + 2y = 0 
19. 20y" +y'—y=0 
20. 12y” + 8y +y 20 
21. 2y” + 3y” + y = 0 
22. 9y” + 36y” + 40y' = 0 
23. 9y” + 12y" + 13y = 0 
24. y" — 2y' — 8y = —t 
25. y" +5y' = 5£ 
26. y" — 4y' = —3sint 
27. y" +2y' + 5y = 3sin2t 
28. y” -9%=1/(1+e*%) 
29. y” —2y 2 1/0 + e? 
30. y" — 3y' + 2y = —4e 7t 
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31. y" — 6y' + 13y = 3e 7 

32. y" + 9y' + 20y = —2te! 

33. y" + 7y + 12y = 32e 

34. y” + 3y" — 9y' + 5y =e! 

35. y" — 12y' — 16y = e“ — e? 

86. y% + 6y" + 18y" + 30y' + 25y = 
e^! cos2t + e 2 sint 

37. y(9 + 4y" + 14y” + 20y' + 25y = £? 


In Exercises 38-45, solve the IVP. 


38. y" + 5y' + 6y = 0, y(0) =2, y'(0) =0 
39. y” + 10y' + 16y =0, y(0) = 0, y'(0) = 4 
40. y” + 16y = 0, y(0) = 0, y'(0) = —8 

41. y” + 25y = 0, y(0) = 1, y'(0) 20 

42. y” — 4y = t, yO) =2,y'(0) =0 

43. y" +3y' — 4y = e, y(0) = 0, y' (0) = 4 
44. y” + 9y = sin 3t, y(0) = 6, y'(0) = 0 

45. y” +y = cost, y(0) = 0, y’ (0) = 0 


In Exercises 46-51, use variation of parameters 
to solve the indicated differential equations and 
IVPs. 


46. y” + 4y — tan2t 

47. y" +y = csct 

48. y” — 8y + 16y = t?e*t 

49. y” — 8y' + 16y = t ?e*, yO) = 0, y'(0) = 1 

50. y” — 2y' +y = é lnt 

51. y” — 2y' +y = lnt, y1) =1,y'(1)=0 

52. Show that the substitution u = y’/y converts 
the equation p2(t)y” + p1ıÐy' + po(t)y = 0 to 
p2(t)(u' + u*) + pi (t)u + po(t) = 0. 

53. Use the substitution in the previous 
problem to solve y” — 2ty' + ^y = 0. 

Hint: You should obtain the differential 
equation du/dt = —(u — t)?. Make the 
substitution v = u — t so solve the 
equation. 

54. Use Abel's formula to find the Wronskian 
(within a constant multiple) associated with 
the following differential equations. Also, 
obtain a fundamental set of solutions and 
compute the Wronskian directly. 

Compare the results (see Exercise 41 in 
Section 4.1). 
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(a) y" +3y' — 4y 20 
(b) y" + 4y' + 4y =0 
(9 ty" — 5ty + 5y =0 
(d) y" — ty +5y 20 
55. Solve each of the following boundary-value 
problems. 
(a) y” — y = 0, y' (0) + 3y(0) = 0, 
y yd) 21 
(b) y" + Ay = 0, y(0) = 0, yp) = 0 (p > 0) 
Hint: Consider three cases: A = 0, A < 0, 
and 4-0 
(c) y" + Ay = 0, y' (0) = 0, y/(p) = 0 (p > 0) 
Hint: Consider three cases: A = 0, à < 0, 
and A > 0 
a. y" + 2y’ — (à — Dy = 0, yO) 20,42) = 0 
Hint: Consider three cases: A = 0, A < 0, 
and A > 0 


In Exercises 56-62, solve the Cauchy-Euler equa- 
tion. 

56. x?y" +7xy +8y =0 

57. x?y" — 4xy' + 6y =0 

58. y + xy’ y — 0 

59. 2x^y' +5xy’+y=0,y0) =1,y() 20 

60. 5x^?y" — xy + 2y =0 

61. x2y" — 7xy + 25y =0 

62. x^y" — 7xy' + 15y = 8x 

In Exercises 63-65, solve the differential equation 
with a series expansion about x = 0. Write out at 
least the first five terms of each series. 

63. y" — 4y'+ Ay =0 

64. y” + 2y' — 3y = xe* 

65. (2:2 — 1) y" + 2xy' — 3y =0 


4. HIGHER ORDER EQUATIONS 


In Exercises 66-68, use the method of Frobe- 
nius to obtain two linearly independent solu- 
tions about the regular singular point. 

66. 3xy" + 11y —y=0 

67. 2x%y" + 5xy' — 2y = 0 

68. xy” — 7xy' + (7 2x2) y =0 


In Exercises 69 and 70, find a solution to each 
hypergeometric equation. If necessary, express 
the solution in terms of the function F(a, b, c; x) 
(see Exercise 20 in Section 4.9.) 


69. x(1 — xy" + (1+2x0)y' + 10y =0 

70. x(1 + x)y” + (1-2x)y' — 10y = 0 

71. (Simple Modes of a Vibrating Chain) The 
equation that describes the simple modes of 
a vibrating chain of length £ is 


dx? dx v 


where y is the displacement and x is the 

distance from the bottom of the chain. The 

equation was studied extensively by Daniel 

Bernoulli around 1727. 

(a) If the chain is fixed at the top so that 
y(£) = 0 and y(0) = 1, show that a 
solution to this equation is Jo(2/x/0). 

(b) Convince yourself that for any value of 
£, the equation Jo (24/£/v) has infinitely 
many solutions. 

(c) If £ = 1, graph Jo(2/2/0) and 
approximate the last 10 solutions of 
DOVT) = 0. 

72. Complete the following table 


| Roots of 
Differential Characteristic Characteristic 
Equation Equation Equation 
y? =0 
(r- ky” 


General Solution 


y 7 e"[(ci, + erat + t euet") cos Br 
+ (C21 Cat 02,4 0") sin Bl] 


DIFFERENTIAL EQUATIONS AT WORK 


73. Use the substitution u = yy to solve 


tQ^y- y^) yy — 1,y0) — Ly (0) - 1. 
Hint: After solving for u, y'y — 10). 


DIFFERENTIAL EQUATIONS 
AT WORK 


A. Testing for Diabetes 


Sources: D. N. Burghess and M. S. Borrie, Modeling 
with Differential Equations, Ellis Horwood Limited, 
pp. 113-116. Joyce M. Black and Esther Matassarin- 
Jacobs, Luckman and Sorensen's Medical-Surgical 
Nursing: A Psychophysiologic Approach, Fourth 
Edition, W. B. Saunders Company (1993), pp. 
1775-1808. 


Diabetes mellitus affects approximately 12 
million Americans; approximately one-half 
of these people are unaware that they have 
diabetes. Diabetes is a serious disease: it is 
the leading cause of blindness in adults, the 
leading cause of renal failure, responsible for 
approximately one-half of all nontraumatic 
amputations in the United States. In addition, 
people with diabetes have an increased rate of 
coronary artery disease and strokes. People at 
risk for developing diabetes include those who 
are obese; those suffering from excessive thirst, 
hunger, urination, and weight loss; women 
who have given birth to a baby with weight 
greater than nine pounds; those with a family 
history of diabetes; those who are over 40 
years of age. 

People with diabetes cannot metabolize 
glucose because their pancreas produces an 
inadequate or ineffective supply of insulin. 
Subsequently, glucose levels rise. The body 
attempts to remove the excess glucose through 
the kidneys: the glucose acts as a diuretic, 
resulting in increased water consumption. Since 
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some cells require energy, which is not being 
provided by glucose, fat and protein is broken 
down and ketone levels rise. Although there is 
no cure for diabetes at this time, many cases can 
be effectively managed by a balanced diet and 
insulin therapy in addition to maintaining an 
optimal weight. 

Diabetes can be diagnosed by several tests. In 
the fasting blood sugar test, a patient fasts for at 
least four hours, and then the glucose level is 
measured. In a fasting state, the glucose level in 
normal adults ranges from 70 to 110 mg/ml. An 
adult in a fasting state with consistent readings 
of over 150 mg probably has diabetes. However, 
people with mild cases of diabetes might have 
fasting state glucose levels within the normal 
range because individuals vary greatly. In these 
cases, a highly accurate test which is frequently 
used to diagnose mild diabetes is the glucose tol- 
erance test (GTT), which was developed by Drs. 
Rosevear and Molnar of the Mayo Clinic and 
Drs. Ackerman and Gatewood of the University 
of Minnesota. During the GTT, a blood and urine 
sample are taken from a patient in a fasting state 
to measure the glucose, Go, hormone, Ho, and 
glycosuria levels, respectively. We assume that 
these values are equilibrium values. The patient 
is then given 100 g of glucose. Blood and urine 
samples are then taken at 1, 2,3, and 4 h intervals. 
In a person without diabetes, glucose levels re- 
turn to normal after two hours; in diabetics their 
blood sugar levels either take longer or never 
return to normal levels. 

Let G denote the cumulative level of glucose 
in the blood, g 2 G — Go, H the cumulative level 
of hormones that affect insulin production (like 
glucagon, epinephrine, cortisone and thyroxin), 
and h = H — Ho. Notice that g and h represent the 
fluctuation of the cumulative levels of glucose 
and hormones from their equilibrium values. 
The relationship between the rate of change of 
glucose in the blood and the rate of change of the 
cumulative levels of the hormones in the blood 
that affects insulin production is 
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[E — fi(g,h) +I) 
W = fo(g,h) í 


where J(t) represents the external rate at which 
the blood glucose concentration is being 
increased. If we assume that fj and f? are 
linear functions, then this system of equations 
becomes 


g = —ag — bh - J(t) 
h! = —ch + dg 


where a, b, c, and d represent positive numbers. 
1. Show that if ?' = —ag — bh + J(t) then 


1 


h= > (-g' -ag +J) 


5 and 


1 y / 
W = 5 (-2" —ag +]. (4.51) 


2. Substitute Equations (4.51) into W = —ch + dg 
to obtain the second-order equation 


1 /l / à C / 
E ql) => (QE ep 


g" + ato’ + (ac+ bd)g =] +o. 
(4.52) 


Since the glucose solution is consumed at 
t = 0, for t > 0 we have that 


2" -- (a - c)g + (ac +bd)g = J' +c] = 0. (4.53) 


3. Show that the solutions of the characteristic 
equation of the corresponding homogeneous 
equation (4.53) are 


1 (-a- ex a - 92 aba), 


4. Explain why it is reasonable to assume that 
glucose levels (in humans) are periodic and 
subsequently that (a — c)? — Abd < 0. 


5. If (a — c)? — Abd < 0 and t > 0, show that a 
general solution of the corresponding 
homogeneous equation (4.53), 


4. HIGHER ORDER EQUATIONS 


g” + (a +c)g' + (ac + bd)g =0, is 


g= g UO? |a cos EET — (a — o) 
. 1 
+ c; sin EET — (a — zl 


and that 


1 
G = Go + geh, cos (sata — (a — o 


+ co sin EET — (a — 2 
Leto — La + c) and w = 5 4bd — (a — cy4. 


Then we can rewrite the general solution 
obtained here as 


G(t) = Go +e (c1 cos wt + co sin wt). 


Research has shown that lab results of 
27z:/o > 4indicate a mild case of diabetes. 

6. Suppose that you have given the GTT to four 
patients that you suspect of having a mild 
case of diabetes. The results for each patient 
are shown in the following table. Which 
patients, if any, probably have a mild case of 
diabetes? 


Patient 1  Patient2 Patient3 Patient 4 
Go 80.00 90.00 100.00 110.00 
t=1 85.32 91.77 103.35 114.64 
t=2 82.54 85.69 98.26 105.89 
t=3 78.25 92.39 96.59 108.14 
t=4 76.61 91.13 99.47 113.76 


B. Modeling the Motion of a Skier 


During a sporting event, an athlete loses 
strength because the athlete has to perform 
work against many physical forces. Some of the 
forces acting on an athlete include gravity (the 
athlete must usually work against gravity when 
moving body parts; friction is created between 
the ground and the athlete) and aerodynamic 
drag (a pressure gradient exists between the 
front and the back of the athlete; the athlete must 
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overcome the force of air friction). In downhill 
skiing, friction and drag affect the skier most 
because the skier is not working against gravity 
(why?). The distance traveled by a skier moving 
down a slope is given by 


d?s 
"m = Fg = Fy = D, 
where m is the mass of the skier, s = s(t) is 


the distance traveled by the skier at time t, Fg 
is the gravitational force, F, is the friction force 
between ski and snow, and D is the aerodynamic 
drag. 

If the slope has constant angle a, we can 
rewrite the equation as 

d?s l CpAp (ds y? 

dm = g (sina — ucosa) — v (5) j 
where y is the coefficient of friction, Cp the drag 
coefficient, A the projected area of the skier, p the 
air density, and g = 9.81 ms”? the gravitational 
constant." Because g, a, u, m, Cp, A, and p are 
constants, g (sina — u cos à) and CpAp/(2m) are 
constants. Thus, if we let k? = (sina — u cosa) 
(assuming that (sina — u cos œ) is nonnegative) 
and h? = CpAp/(2m), we can rewrite this equa- 
tion in the simpler form 


ds a p a; : 
dt? dt) ` 


Remember that the relationship between dis- 
placement, s, and velocity, v, is v = ds/dt. Thus, 
we can find displacement by integrating velocity, 
if the velocity is known. 


1. Use the substitution v = ds/dt to rewrite 
s" = K? — hi? (s? as a first-order equation and 
find the solution that satisfies v(0) — vo. Hint: 
Use the method of partial fractions. 
2. Find s(t) if s(0) — 0. 
Thus, in this case, we see that we are able 
to express both s and v as functions of t. 


Typical values of the constants m, p, u, and 
CpA are shown in the following table. 


Constant Typical Value 


m 75kg 

p 1.29 kg m? 
p 0.06 

CpA 0.16 m? 


. Use the values given in the previous table to 


complete the entries in the following table. 
For each value of a in the following table, 
graph v(t) and s(t) if v(0) = 0,5, and 10 on 
the interval [0, 40]. In each case, calculate the 
maximum velocity achieved by the skier. 
What is the limit of the velocity achieved by 
the skier? How does changing the initial 
velocity affect the maximum velocity? 


k? = (sina k= 
a —H cos a) CpAp/(2m) 


a = 30? = 17/6 rad 

a = 40° = 27/9 rad 
a = 45? = 77/4 rad 
a = 50° = 57/18 rad 


. For each value of o in the previous table, 


graph v(t) and s(t) if v(0) = 80 and 100 on the 
interval [0, 40], if possible. Interpret your 
results. 

Sometimes, it is more useful to express v 
(velocity) as a function of a different variable, 
like s (displacement). To do so, we write 
dt/ds = 1/v because ds/dt = v. Multiplying 
dv/dt = k? — I?v? by 1/v and simplifying 
leads to 


v dt 
ua” —h*v 
Pe Po = Ro 


45. Savolainen, R. Visuri, A Review of Athletic Energy Expenditure, Using Skiing as a Practical Example, Journal of 


Applied Biomechanics, 10 (3), 1994, 253-269. 
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which we recognize as a Bernoulli equation 


(see Section 2.5) and solve by letting w = v?. 


Then, 


dw | aw , 1dw dv 
ds ^ ds ? 20 ds ds 
and the equation becomes 
S + h?v = 12071, Multiplying this 


equation by 2v and applying the substitution 
w = v? leads us to the first-order linear 
differential equation 42 + 2h?w = 2k. 

. Show that a solution of this differential 
equation is given by w(s) = (k/h)? + Ces, 
where C is an Ps constant. Resubstitute 
w = v? to obtain [v(s)]? = (k/h)? + Ce-2/s, 

. Show that the solution that satisfies the 
initial condition v(0) = vo is 


2 2h?s 2,2 
he 2e2hs (-e +k € +h «) 


= G | (1- e?! 3s) 
h 
. For each value of o in the previous table, 
graph v(s) if v(0) = 0, 5, and 10 on the 
interval (0, 1500]. In each case, calculate the 
maximum velocity achieved by the skier. 
How does changing the initial velocity affect 
the maximum velocity? Compare your 
results to (3). Are your results consistent? 
. How do these results change if jz is increased 
or decreased? if CpA is increased or 
decreased? How much does a 1096 increase 
or decrease in friction decrease or increase 
the skier's velocity? 
. The values of the constants considered here 
for three skiers are listed in the following 
table. 


[o(s)? = 


ai wes, S 


Constant Skier1 Skier 2 Skier 3 

m 75kg 75kg 75kg 

p 129 kgm^  129kgm^?  129kgm^ 
7 0.05 0.06 0.07 

CpA 0.16m? 0.14m? 0.12m? 


10. 
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Suppose that these three skiers are racing 
down a slope with constant angle 

o = 30? = z/6rad. Who wins the race if the 
length of the slope is 400 m? Who loses? Who 
wins the race if the length of the slope is 800 
or 1200 m? Who loses? Does the length of the 
slope matter as to who wins or loses? What if 
the angle of the slope is increased or 
decreased? Explain. 

Which of the variables considered here 
affects the velocity of the skier the most? 
Which variable do you think is the easiest to 
change? How would you advise a group of 
skiers who want to increase their maximum 
attainable velocity by 1076? 


C. The Schródinger Equation 


The time independent Schródinger equation, 


proposed by the Austrian physicist Erwin 
Schródinger (1887-1961) in 1926, describes the 
relationship between particles and waves. The 
Schródinger equation in spherical coordinates is 
given by? 


"n 


Erwin Rudolf Josef Alexander Schródinger 


(1887-1961): "Thus, the task is, not so much 
to see what no one has yet seen; but to think 
what nobody has yet thought, about that which 
everybody sees." 


?6.T. Thornton, A. Rex, Modern Physics for Scientists and Engineers, Saunders College Publishing, 1993, pp. 248-253. 
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19 ( 59V 1 Gf. 5 
E 
r2 or ¢ ta 90 (sin 90 


1 3y 
1? sin? 0 dp? 
If we assume that a solution to this partial differ- 
ential equation of the form 
v (r,0,9) = R(r)8(0)g(9) 


exists, then by a technique called separation of 
variables, the Schródinger equation can be rewrit- 
ten as three second-order ordinary differential 
equations: 


2 
+ (E V) =0. 


2 


Azimuthal equation: dua = —mig 


. . ded f dR 
Radial equation: 2 dp ¢ =) + 


2 
i (ey EG nag 


n? 2u r 


1 
A 1 tion: 
ngular equation Es 


2 
ee+1)-—*-\@=o. 
sin? 0 


The orbital angular momentum quantum number 


£ must be a nonnegative integer: £ — 0, +1, 
+2, ... and the magnetic quantum number me 
depends on £: m; = —|€|, —|£| + 1, ..., —2, —1, 


0,1,2,..., |£|, |£| + 1. 

If £ = 0, the radial equation is 34 (23) + 
A (E-V)R = 0. Using V(r) = —e?/(4xeor) 
(the constants u, h, e, and ey are described 


later), the equation becomes LES (22) + 4 


2 2 
2 (E+ E) R=0. 


1. Show that if R = Ae~"/ is a solution of this 
equation, ag = 47 ejl? / (ue?) and 
E = —I?/ (2ua2). The constants in the 


expression 4: eot? / (ue?) are described as 
follows: h ~ 1.054572 x 10734 J s is the Planck 
constant (6.6260755 x 107^] s divided by 27), 
co © 8.854187817 x 1071? F/m is the 
permitivity of vacuum, and 

e © 1.60217733 x 107? C is the elementary 
charge. For the hydrogen atom, 

u = 9.104434 x 107?! kg is the reduced mass 
of the proton and electron. 


. Calculate ag, 2a9, and E for the hydrogen 


atom. 


. The diameter of a hydrogen atom is 


approximately 107!? m while the energy, E, is 
known to be approximately 13.6 eV How do 
the results you obtained in problem 2 
compare to these? 

For the hydrogen atom, the radial equation 
can be written in the form 

2 

S288 (on 2- Cp -e 

r dr r r? 

where E is the energy of the hydrogen atom 
and Z is a constant. 

When E < 0 and we let p = y—2E, a 
solution of the radial equation for the 
hydrogen atom has the form R(r) = e"P'u(r). 
When this solution is substituted into the 
equation, we obtain the equation 


du. 1 du 
dr? rr dr 


+[2(2-2) : i > |u=o. 


. Show that the solutions of the indicial 


equation of this equation are £ and —(£ + 1) 


5. Find a series solution to the equation of the 


form u(r) = N qa 


. Find a series solution of the radial equation 


for the hydrogen atom. 


6Y.-H. Liu, W.-N. Mei, Solution of the Radial Equation for Hydrogen Atom: Series Solution or Laplace Transform? 
International Journal of Mathematical Education in Science and Technology, 21 (6), 1990, 913-918. 
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In Chapter 4, we discussed several techniques 
for solving higher order differential equations. 
In this chapter, we illustrate how those methods 
can be used to solve some initial-value problems 
(IVPs) that model physical situations. 


5.1 SIMPLE HARMONIC 
MOTION 


Suppose that an object of mass m is attached 
to an elastic spring that is suspended from a 
rigid support such as a ceiling or a horizontal 
rod. The object causes the spring to stretch a 
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Exercises 5.5 262 
Chapter 5 Summary: Essential Concepts 
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distance s from its natural length. The position at 
which it comes to rest is called the equilibrium 
position. According to Hooke's law, the spring 
exerts a restoring force in the upward (opposite) 
direction that is proportional to the distance s 
that the spring is stretched. Mathematically, this 
is stated as F = ks where k > 0 is the constant of 
proportionality or spring constant. In Figure 5.1 
we see that the spring has natural length b. When 
the object is attached to the spring, itis stretched 
s units past its natural length to the equilibrium 
position x — 0. When the system is in motion, 
the displacement from x — 0 at time t is given 
by x(t). 


Introductory Differential Equations 
http://dx.doi.org/10.1016/B978-0-12-417219-7.00005-3 
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Although the English scientist Robert Hooke 
(1635-1703) discovered “Hooke's law” in 1660, 
he didn't formally state it until 1678. Hooke 
and Newton did not get along well and were rot 
friends. 


By Newton's second law of motion, 


2 
F = ma = gos 

de 
where m represents mass of the object and a 
represents acceleration. If we assume that there 
are no forces other than the force as a result of 
gravity acting on the mass, we determine the 


FIGURE 5.1 Aspring-mass system. 
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differential equation that models this situation 
by summing the forces acting on the spring-mass 
system with 
y EE »» (forces actin: th tem) 
— = ing on the system 
di? 3 2 
= —k(s + x) + mg 
= —ks — kx + mg. 


At equilibrium ks = mg, so after simplification 
we obtain the differential equation 
d?x d?x 
m— — —kx or m—+kx=0. 

dg 
The two initial conditions that are used with this 
problem are the initial position x(0) = «œ and 
the initial velocity x'(0) = B. The function x(t) 
that describes the displacement of the object with 
respect to the equilibrium position at time f is 


found by solving the IVP 
2 
mo +kx=0, xO)=a, x(0)=8 


Based on the assumption made in deriving the 
differential equation, positive values of x(t) in- 
dicate that the mass is below the equilibrium 
position and negative values of x(f) indicate that 
the mass is above the equilibrium position. The 
units that are encountered in these problems are 
summarized in Table 5.1. 


EXAMPLE 5.1.1 


Determine the spring constant of the spring 
with natural length 10in. that is stretched to a 
distance of 13 in. by an object weighing 5 Ib. 


Solution 
Because the object weighs 5Ib, F = 5lb, and 
because displacement from the equilibrium posi- 
tion is 13 — 10 = 3in.,s = 3in. x 1ft./12in. = 
1/4 ft. Therefore, 
1 
F=ks indicates that 5= a" so k= 20. 


Notice that the spring constant is given in the 
units lb/ft. because F = 51b and s = 1/4 ft. 
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TABLE 5.1 Units Encountered When Solving Spring-Mass Systems Problems 


System Force Mass Length k (Spring Constant) Time 
English pounds (Ib) slugs (Ibs-s? /ft.) feet (ft.) lb/ft. seconds (s) 
Metric Newton (N) kilograms (kg) meters (m) N/m seconds (s) 


EXAMPLE 5.1.2 


An object of weight 161b stretches a spring 
3in. Determine the IVP that models this situation 
if (a) the object is released from a point 4in. 
below the equilibrium position with an upward 
initial velocity of 2 ft. /s; (b) the object is released 
from rest 6in. above the equilibrium position; 
(c) the object is released from the equilibrium 
position with a downward initial velocity 
of 8 ft./s. 


Solution 


We first determine the differential equation 
that models the spring mass system (we use 
the same equation for all three parts of the 
problem). The information is given in English 
units, so we use g = 32 ft. /s?. We must convert all 
measurements given in inches to feet. The object 
stretches the spring 3in., sos = 3in.x 1ft./12in. = 
1/4 ft. Also, because the mass weighs 16 Ib, F — 16. 
According to Hooke's law, 16 = k x 1/4, so 
k = 64]b/ft. We then find the mass m of the 
object with F = mg to find that 16 = m x 32 
or m = 1/2 slug. The differential equation 
used to find the displacement of the object at 
timetis 


The initial conditions for parts (a), (b), and (c) are 
then found. 


(a) Because 4 in. x 1ft./12in. — 1/3ft. and down 
is the positive direction, x(0) — 1/3. Notice, 
however, that the initial velocity is 2 ft./s in 
the upward (negative) direction. Hence, 

x (0) = —2. 


(b) A position 6in. (or 1/2 ft.) above the 
equilibrium position (in the negative 
direction) corresponds to initial position 
x(0) = —1/2. Being released from rest 
indicates that dx/dt(0) — 0. 

(c) Because the mass is released from the 
equilibrium position, x(0) — 0. Also, the 
initial velocity is 8 ft./s in the downward 
(positive) direction, so x'(0) = 8. 


EXAMPLE 5.1.3 


An object weighing 60 lb stretches a spring 6 in. 
Determine the function x(t) that describes the dis- 
placement of the object if it is released from rest 
12in. below the equilibrium position. 


Solution 


First, the spring constant k is determined from 
the supplied information. By Hooke's law, F = ks, 
so we have 60 = k x 0.5. Therefore, k = 120 lb/ft. 
Next, the mass m of the object is determined using 
F = mg. In this case, 60 = m x 32, so m = 15/8 
slugs. Because k/m = 64, and 12in. is equiv- 
alent to 1ft., the IVP that models the situation 
is x" + 64x = 0, x(0) = 1, x' (0) = 0. 

The characteristic equation that corresponds to 
the differential equation is 1? + 64 — 0. It has 
solutions 112 = +8i, so a general solution of the 
equation is x = c cos 8t + c? sin 8t. 

To find the values of c1 and c» that satisfy the 
initial conditions, we calculate x’ = —8c4 sin 8t + 
8c» cos 8t. Then x(0) = cy = 1 and x'(0) = 8c = 0 
SO c1 = 1, c? = 0, and x = cos 8t. 

Notice that x = cos 8t indicates that the spring- 
mass system never comes to rest once it is set 
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x (in ft) 


+ I 


1 


1 


(c) 


-e 6561665 


(d) (e) 


-1 


t = t 


(f) 


EC 


t 


4x 
ax 


(9) (h) 
FIGURE 5.2 Simple harmonic motion. 


into motion. The solution is periodic, so the mass 
moves vertically, retracing its motion, as shown 
in Figure 5.2. Motion of this type is called simple 
harmonic motion. 


What is the maximum displacement of the 
object in Example 5.1.3 from the equilib- 
rium position? 


EXAMPLE 5.1.4 


An objective weighing 21b stretches a spring 
1.5in. (a) Determine the function x — x(t) that 
describes the displacement of the object if it is re- 
leased with a downward initial velocity of 32 ft. /s 
from 12 in. above the equilibrium position. (b) At 
what value of t does the object first pass through 
the equilibrium position? 


-1 


x 

-1 
4x 
WW 


Solution 


(a) We begin by determining the spring constant. 
Because the force F = 2 lb stretches the spring 
3/2in. x 1ft./12in. = 1/8 ft., k is found by 
solving 2 = k x 1/8. Hence k = 16 lb/ft. With 
F = mg, we have m = 2/32 = 1/16 slug. The 
differential equation that models this 
situation is x" + 16x = 0 or x” + 256x = 0. 
Because 12 in. is equivalent to 1 ft., the initial 
position above the equilibrium (in the 
negative direction) is x(0) = —1. The 
downward initial velocity (in the positive 
direction) is x’ (0) = 32. Therefore, we must 
solve the IVP x" + 256x = 0, x(0) = —1, 

x' (0) = 32. The characteristic equation 
associated with x" + 256x = 0 is r? + 256 = 0 
with roots r1 2 = +16i so a general solution of 
x" + 256x = 0 is x = c4 cos 16t + c» sin 16t with 
derivative x’ = —16c1 sin 16t + 16c2 cos 16t. 
Application of the initial conditions then 
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yields x(0) = c1 cos 0 + c2 sin 0 = c1 = —1 and 
x (0) = —16c1 sin 0 + 16c2 cos 0 = 16c2 = 32 
So c? — 2. The position function is given by 
x — — cos 16t + 2sin 16t (see Figure 5.3(a)). 
(b) To determine when the object first passes 
through its equilibrium position, we solve 
the equation x — — cos 16t + 2sin 16t — 0 or 
tan 16t = 1/2. Therefore, t = i tan-1(1/2) 
x~ 0.03s, which appears to be a reasonable 
approximation based on the graph of 
ate 389). 


Approximate the second time the mass con- 
sidered in Example 5.1.4 passes through the 
equilibrium position. 


A general formula for the solution of the IVP 


d?x 


dx 
mn +kx=0, x(0)=a, a4; O =P 
is 
x=acoswt+ Bo | sinet, where o = \/k/m. 
(5.1) 
Through the use of the trigonometric identity 
cos(a + b) = cosa cos b — sin a sin b, we can write 
x — x(t) in terms of a cosine function with a 
phase shift. First, let x = A cos(ot — p). We then 
apply the identity to see that x = A cos ot cos $ + 
A sin ot sin $. Comparing the functions 


x = a cos ot + Bo sinwt and 

x = A cos wt cos p + Asin wtsing 
indicates that 

Acosp=0a and Asing = /o. 


Thus cos y = a/A and sing = B/(4w). Because 
cos? + sin^$ = 1, (0/4)? + [B/(Aw)P = 1. 
Therefore, the amplitude of the solution is A = 


Va? + B2/a? and x = Vo? + B2/o cos(wt — $), 


where à = cos”! m and o = yk/m. 


231 


Note that the period of x = x(t) is T =2xz/w= 
2n y/m/k. In many cases, questions about the dis- 
placement function are more easily answered if 
the solution is written in this form. 


EXAMPLE 5.1.5 


A 4-kg mass stretches a spring 0.392 m. (a) De- 
termine the displacement function if the mass is 
released from 1 m below the equilibrium position 
with a downward initial velocity of 10 m/s. (b) 
What is the maximum displacement of the mass? 
(c) Whatis the approximate period of the displace- 
ment function? 


How does an increase in the magnitude 

(absolute value) of the initial position and 
initial velocity affect the amplitude of the resulting 
motion of the spring-mass system? From expe- 
rience, does this agree with the actual physical 
situation? 


Solution 


(a) Because the mass of the object (in metric 
units) is rt — 4 kg, we use this with F — mg to 
determine the force. We first compute 
F — 4 x 9.8 — 39.2 N. We then find the spring 
constant with 39.2 — k x 0.392, so k — 100 
N/m. The differential equation that models 
this spring-mass system is 4x" + 100x = 0 or 
x" + 25x = 0. The initial position is x(0) = 1, 
and the initial velocity is x'(0) = 10. We must 
solve the IVP x" + 25x = 0, x(0) = 1, 

x'(0) = 10 either directly or with the general 
formula obtained in Equation (5.1). Using the 
general formula with a = 1, 8 = 10, and 


w = 4/100/4 = 5, we have 


x= Vo? + f2/a? costot =Q) 
= 12 + 102/52 cos(St — $) 


= V5 cos(5t — 4$), 
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(a) 


FIGURE 5.3 
Example 5.1.5. 


where ¢ = cos! (1/45) = 1.11 rad, which 
we graph in Figure 5.3(b). 

From our knowledge of trigonometric 
functions, we know that the maximum value 
of x(t) = 4/5cos(5t — ¢) is x= V5. Therefore, 
the maximum displacement of the mass from 
its equilibrium position is /5 ~ 2.236 meters. 
The period of this trigonometric function is 

T = 2z/o = 21/5. The mass returns to its 
initial position every 27/5 ~ 1.257 s. 


e» EXERCISES 5.1 


In Exercises 1-4, determine the mass m and 
the spring constant k for the given spring-mass 
system, 


(b 


=~ 


= 


(c 


dex 
—+kx=0, 
"ag * 
Interpret the initial conditions. (Assume the 
English system.) 


1. 4x" + 9x = 0, x(0) = —1, x' (0) 20 
2. 9x" + Ax = 0, x(0) = —1/2, x (0) = 1 


dx 
x0)—e, OSA. 


Two plots of simple harmonic motion. (a) (on the left) is for Example 5.1.4 while (b) (on the right) is for 


3. x" + 64x = 0, x(0) = 3/4, x (0) = —2 
4. x” + 100x = 0,x(0) = —1/4, x' (0) = 1 


In Exercises 5-10, express the solution of the IVP 
in the form x = ya2+ 82/a? cos(o t — 4). 
What is the period and amplitude of the 
solution? 


5. x” + x = 0, x(0) 23,x'(0) = —4 

6. x” +4x=0, x(0) 21, x (0 21 

7. x" +16x = 0, x(0) = —2, x'(0) 21 

8. x" + 256x = 0, x(0) = 2, x'(0) 2 4 

9. x" + 9x = 0, x(0) = 1/8, x' (0) = —1 

0. 10x" + Lx = 0, x(0) = —5,x (0) =1 

11. A 16-Ib object stretches a spring 6in. If the 
object is lowered 1 ft. below the equilibrium 
position and released, determine the 
displacement of the object. What is the 
maximum displacement of the object? 
When does it occur? 

12. A4-lb weight stretches a spring 1 ft. A 16-Ib 
weight is then attached to the spring, and it 
comes to rest in its equilibrium position. If it 
is then put into motion with a downward 
velocity of 2 ft./s, determine the 
displacement of the mass. What is the 
maximum displacement of the object? 
When does it occur? 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


EXERCISES 5.1 


A 6-Ib object stretches a spring 6 in. If the 
object is lifted 3in. above the equilibrium 
position and released, determine the time 
required for the object to return to its 
equilibrium position. What is the 
displacement of the object at t = 5s? If the 
object is released from its equilibrium 
position with a downward initial velocity of 
1 ft./s, determine the time required for the 
object to return to its equilibrium 

position. 

A 16-Ib weight stretches a spring 8 in. If the 
weight is lowered 4 in. below the 
equilibrium position and released, find the 
time required for the weight to return to the 
equilibrium position. What is the 
displacement of the weight at t — 4s? If the 
weight is released from its equilibrium 
position with an upward initial velocity of 
2 ft./s, determine the time required for the 
weight to return to the equilibrium position. 
Solve the IVP x" + kx = 0, x(0) = —1, 

x(0) = 0 for values of k = 1, 4, and 9. 
Comment on the effect that k has on the 
resulting motion. 

Solve the IVP x" + Am" !x = 0, x(0) = —1, 
x'(0) = 0 for values of m = 1, 4, and 9. 
Comment on the effect that m has on the 
resulting motion. 

Suppose that a 1-Ib object stretches a spring 
1/8 ft. The object is pulled downward and 
released from a position b feet beneath its 
equilibrium with an upward initial velocity 
of 1 ft./s. Determine the value of b so that 
the maximum displacement is 2 ft. 

Suppose that a 70-g mass stretches a spring 
5 cm and that the mass is pulled downward 
and released from a position b units beneath 
its equilibrium with an upward initial 
velocity of 10cm/s. Determine the value of 
b so that the mass first returns to its 
equilibrium at t = 1s (g & 980 cm/s?). 

The period of the motion of an undamped 
spring-mass system is 2/2 seconds. Find the 
mass m if the spring constant is k = 32 lb/ft. 


20. 


21. 


22. 


23. 
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Find the period of the motion of an 
undamped spring-mass system if the mass 
of the object is 4kg and the spring constant 
is k = 0.25N/m. 

If the displacement, x = x(t), of an object at 
time t satisfies the IVP mx” + kx = 0, 

x(0) =a, x'(0) = B, find the maximum 
velocity of the object. 

Show that the solution to the IVP 

mx" + kx = 0, x(0) = a, x' (0) = B can be 
written as x(t) = u(t) + v(t), where u and v 
satisfy the same differential equation as x, u 
satisfies the initial conditions u(0) = a, 
u'(0) = 0, and v satisfies the initial 
conditions v(0) = 0, v' (0) = B. 

(Archimedes' principle) Suppose that an object 
of mass m is submerged (either partially or 
totally) in a liquid of density o. Archimedes' 
principle states that a body in liquid 
experiences a buoyant upward force equal 
to the weight of the liquid displaced by the 
body. The object is in equilibrium when the 
buoyant force of the displaced liquid equals 
the force of gravity on the object. 

Consider the cylinder of radius r and 
height H of which h units of the height is 
submerged at equilibrium, as indicated in 
the following figure. 


Positive y-direction 


(FA Equilibrium 


position 


= | Water line 


(a) Show that the weight of liquid displaced 
at equilibrium is 12h. Therefore, at 
equilibrium, zr*hp = mg. 

(b) Let y = y(t) represent the vertical 
displacement of the cylinder from 


Equilibrium state 
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24. 


25. 


26. 


27. 


equilibrium. Show that when the 
cylinder is raised out of the liquid, the 
downward force is 11? (h — y)p. 

Use Newton's second law of motion 
to show that my” = mr*(h — y)p — mg. 
Simplify this equation to obtain a 
second-order equation that models this 
situation. 

Determine if the cylinder can float in a deep 
pool of water (p ~ 62.5 Ib/ft.?) using the 
given radius r, height H, and weight W: (a) 
r =3in., H = 12 in., W = 5lb; (b) r = 4in., 
H = 8in., W = 201b; (c) r = 6in., H = 9in., 
W = 501b. 

Determine the motion of the cylinder of 
weight 512 lb, radius r = 1 ft., and height 
H = 4ft. if it is released with 3 ft. of its 
height above the water (p ~ 62.5 Ib 148) 
with a downward initial velocity of 3 ft. /s. 
What is the maximum displacement of the 
cylinder from its equilibrium? 

Consider the cylinder of radius r = 3 in., 
height H = 12in., and weight 10 lb. Show 
that the portion of the cylinder submerged 
in water of density p ~ 62.5 lb/ft is 

h ~ 0.815 ft ~ 9.78 in. Find the motion of the 
cylinder if it is released with 1.22 in. of its 
height above the water with no initial 
velocity. (Hint: At t = 0, h ~ 9.78in., so 
0.22in. is above the water. Therefore, the 
initial position is y(0) — 1.) 

An object with mass m — 1 slug is attached 
to a spring with spring constant k = 4 lb/ft. 
(a) Determine the displacement function of 
the object if x(0) = «œ and x'(0) = 0. Graph 
the solution for « — 1, 4, and —2. How does 
varying the value of o affect the solution? 
Does it change the values of t at which the 
mass passes through the equilibrium 
position? (b) Determine the displacement 
function of the object if x(0) 2 0 and 

x'(0) = B. Graph the solution for 6 = 1, 4, 
and —2. How does varying the value of $ 
affect the solution? Does it change the 


28. 


29. 


30. 


31. 


in 
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values of t at which the mass passes 
through the equilibrium position? 

An object of mass m = 4 slugs is attached to 
a spring with spring constant k = 201b/ft. If 
the object is released from 7 in. above its 
equilibrium with a downward initial 
velocity of 2.5 ft. /s, find (a) the maximum 
displacement from the equilibrium position; 
(b) the time at which the object first passes 
through its equilibrium position; (c) the 
period of the motion. 

If the spring in Problem 28 has the spring 
constant k = 16 lb/ft, what is the maximum 
displacement from the equilibrium 
position? How does this compare to the 
result in the previous exercise? Determine 
the maximum displacement if k = 24 lb/ft. 
Do these results agree with those that 
would be obtained with the general formula 
A= Ja? + 82/o?? 

An object of mass m — 3 slugs is attached to 
a spring with spring constant k = 151b/ft. If 
the object is released from 9 in. below its 
equilibrium with a downward initial 
velocity of 1 ft./s, find (a) the maximum 
displacement from the equilibrium position; 
(b) the time at which the object first passes 
through its equilibriium position; (c) the 
period of the motion. 

If the mass in Problem 30 is m = 4 slugs, 
find the maximum displacement from the 
equilibrium position. Compare this result to 
that obtained with m — 3 slugs. 


5.2 DAMPED MOTION 


Because the differential equation derived 
Section 5.1 disregarded all retarding forces 


acting on the motion of the mass, a more realistic 
model is needed. Studies in mechanics reveal 
that the resistive force due to damping is a 
function of the velocity of the motion. For c > 0, 
functions such as 
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dx dx V? dx 
Fr = E Fr = (S). and Fg — csgn ($) 


die 1, dx/dt-0 
where sgn (5) —10, dx/dt-0 
—1, dx/dt «0 


can be used to represent the damping force. 
We follow procedures similar to those used in 
Section 5.1 to model simple harmonic motion 
and to determine a differential equation that 
models the spring-mass system, which includes 
damping. Assuming that Fr = cdx/dt, after 
summing the forces acting on the spring-mass 
system, we have 


qa m 

dt? dt d? ^ dt 
The displacement function is found by solving 
the IVP 


2 


mag + E +kx=0, x(0)=a, Zo = f. 
(5.2) 
From our experience with second-order 
ordinary differential equations (ODEs) with 
constant coefficients in Chapter 4, the solutions 
to IVPs of this type depend on the values of 
m, k, and c. Suppose we assume (as we did in 
Section 5.1) that solutions of the differential 
equation have the form x = e” Then the 
characteristic equation is mr? + cr + k = 0 with 
solutions 


r12 = ~ (c am vc? — Amk) $ 


The solution depends on the value of the 
quantity c? — 4mk. In fact, problems of this type 
are classified by the value of c? — 4mk as follows. 


Case 1: c? — 4mk > 0 This situation is said to 
be overdamped, because the damping 
coefficient c is large in comparison with the 
spring constant k. 

Case 2: c? — 4mk = 0 This situation is said to 
be critically damped because the resulting 
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motion is oscillatory with a slight decrease in 
the damping coefficient c. 

Case 3: c* — 4mk < 0 This situation is called 
underdamped, because the damping 
coefficient c is small in comparison with the 
spring constant k. 


EXAMPLE 5.2.1 


An 81b object is attached to a spring of length 
4ft. At equilibrium, the spring has length 6 ft. 
Determine the displacement function x(t) if FR = 
2 dx/dt and (a) the object is released from the equi- 
librium position with a downward initial velocity 
of 1 ft./s; (b) the object is released 6in. above the 
equilibrium position with an initial velocity of 
5ft./s in the downward direction. 


Solution 


Notice that s — 6 — 4 — 2ft. and that F — 
8 lb. We find the spring constant with 8 = k x 2, 
sok = 4lb/ft. Also, the mass of the object is 
m = 8/32 = 1/4 slug. The differential equation 
that models this spring-mass system is 

2 p 
iun tg tera or - e + 16x =0. 


The corresponding characteristic equation is 


1? -- 8r 4-16 — (r - 4 — 0, 


so 712 = —4 is a root of multiplicity two. A general 
solution is 
8805) = cje SF cote * 
Differentiating yields 
x (D) 2 (—4c4 + co)e~# — 4cote ^. 


(a) The initial conditions in this case are x(0) — 0 
and x (0) = 1, so cı = 0 and —4c1 + c? = 1. 
Thus, c? = 1 and the solution is x(t) = te~™ 
which is shown in Figure 5.4(a). Notice that 
x(t) is always positive, so the object is always 
below the equilibrium position and 
approaches zero (the equilibrium position) as 
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02r- 02r- 
Dr E t t 
L 0.5 1 1.5 2 
-0.2 H -0.2 
-0.4 L -0.4 
—0.6 - —0.6 - 


(a) (b) 
FIGURE 5.4 (a) On the left and (b) on the right illustrate critically damped motion. 


t approaches infinity. Because of the resistive 


force due to damping, the object is not If the object in Example 5.2.1 is released 
allowed to pass through its equilibrium from any point below its equilibrium posi- 
position. tion with an upward initial velocity of 1 ft./s, can it 


possibly pass through its equilibrium. If the object 
is released from below its equilibrium position with 
any upward initial velocity, can it possibly pass 
through the equilibrium position? 


For Example 5.2.1(a), what is the maximum 
displacement from the equilibrium position? 
If you were looking at this spring, would you 
perceive its motion? 


(b) In this case, x(0) — —1/2 and x'(0) = 5. When 
we apply these initial conditions, we find 


EXAMPLE 5.2.2 


that x(0) = cy = —1/2 and A 321b object stretches a spring 8 ft. If the re- 
x' (0) = —4c1 + c = —4 x —1/2 + c? — 5. sistive force due to damping is Fr = 5dx/dt, 
Hence c? — 3, and the solution is determine the displacement function if the object 
x(t) = — le^ + 3te-^ . This function, which is released from 1 ft. below the equilibrium posi- 
is graphed in Figure 5.4(b), indicates the tion with (a) an upward velocity of 1 ft./s; (b) an 
importance of the initial conditions on the upward velocity of 6 ft. /s. 


resulting motion. In this case, 


the displacement is negative (above the Solution 

equilibrium position) initially, but the (a) Because F = 32 lb, the spring constant is 
positive initial velocity causes the function to found with 32 = k x 8, sok = 41b/ft. Also, 
become positive (below the equilibrium m — 32/32 — 1 slug. The differential 


position) before approaching zero. equation that models this situation is 


(b) 


FIGURE 5.5 
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4d*x/dt? + 5 dx/dt + 4x = 0. The initial 
position is x(0) — 1, and the initial velocity in 
(a) is x (0) = 1. The characteristic equation of 
the differential equation is 

1? -- 5r -4 — (r + 1)(r + 4) = 0 with roots 


rı = —1 and r = —4. A general solution is 
x(t) 2 ce + coe Y and 
dx 
L H = —c«e-t — dere 4. 
di (t) 1 D 


(Because 4c? — 4mk = 5> -4x 1x 4-9 » 0, 
the system is overdamped.) Application of 
the initial conditions yields the system of 
equations c1 + c? = 1 and —c, — 4c? = —1 
with solution c1 — 1 and c? — 0, so the 
solution to the IVP is x(t) = e™. The graph of 
x(t) is shown in Figure 5.5(a). Notice that this 
solution is always positive and, due to the 
damping, approaches zero as t approaches 
infinity. Therefore, the object is always below 
its equilibrium position. 

Using the initial velocity x (0) = —6, we solve 
the system c1 + c? = 1 and —c1 — 4c? = —6, 
resulting in c; = —2/3 and c? = 5/3. The 
solution of the IVP is x(f) — ge^ = 2e. 
The graph of this function is shown in 


-0.25 F 


ost 
(a) 


Figure 5.5(b). As in Example 5.2.1, these 
results indicate the importance of the initial 
conditions on the resulting motion. In this 
case, the displacement is positive (below its 
equilibrium) initially, but the larger negative 
initial velocity causes the function to become 
negative (above its equilibrium) before 
approaching zero. Therefore, we see that the 
initial velocity in part (b) causes the 

object to pass through its equilibrium 
position. 


Can you find a minimum value for the up- 

ward initial velocity vy in Example 5.2.2 
so that the object passes through its equilibrium 
position for all values greater than vo? 


EXAMPLE 5.2.3 


Y A 161b object stretches a spring 2ft. 
Determine the displacement x(f) if the 
resistive force due to damping is Fr = 1/2dx/dt 
and the object is released from the equilibrium 
position with a downward velocity of 1 ft./s. 


-0.25 F 


ost 
(b) 


(a) On the left and (b) on the right illustrate overdamped motion. 
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Solution 


Because F = 16 lb, the spring constant is deter- 
mined with 16 = k x 2. Hence, k = 81b/ft. Also, 
m — 16/32 — 1/2 slug. Therefore, the differential 
equation is 


1dx 1dx dx dx 

~~ +=— +8x=0 — + — + 16x = 0. 
Dp emus ai gua i 
The initial position is x(0) = 0 and the initial 
velocity is x (0) = 1. We must solve the IVP 


d?x dx dx 
— dde = — (0) = 1. 
dg E T +16x=0, x(0)=0, dE (0) 


A general solution of d?x/dt? + dx/dt +16x = 0 is 


x(t) 2e? (s cos (57) + co sin (547) : 


Notice that c? — 4mk = (1/2? — 4 x 1/2 x 8 = 
—63/4 < 0, so the spring-mass system is under- 
damped. Because 


x (t) = =a (s cos (4v7) +c sin (2vn)) 


3 
ar ~ (-a sin (2n) + c2 cos (5v%)) , 


0.1 


-01L 


5 
N 
rap 


-02L 
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application of the initial conditions yields c1 = 0 
and c» = 2/ (34/7). Therefore, the solution is 


x(t) = ~ sin (3v7) : 


Solutions of this type have several interest- 
ing properties. First, the trigonometric compo- 
nent of the solution causes the motion to oscillate. 
Also, the exponential portion forces the solution 
to approach zero as t approaches infinity These 
qualities are illustrated in the graph of x(f) in 
Figure 5.6(a). Physically, the position of the mass 
in this case oscillates about the equilibrium po- 
sition and eventually comes to rest in the equi- 
librium position. Of course, with our model the 
displacement function x(t) > 0 as t — oo, but 
there are no values t = T such that x(t) = 0 
fort > T as we might expect from the physi- 
cal situation. Our model only approximates the 
behavior of the mass. Notice also that the solu- 
tion is bounded above and below by the expo- 
nential term of the solution e~‘/? and its reflec- 
tion through the horizontal axis, —e-*/2. This is 
illustrated with the simultaneous display of these 
functions in Figure 5.6(b); the motion of the spring 
is illustrated in Figure 5.7. 


(b) 


FIGURE 5.6 (a) On theleft and (b) on the right illustrate overdamped motion. 
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x (in ft) 
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FIGURE 5.7 An underdamped spring. 


Approximate the quasiperiod of the solution in 
Example 5.2.3. 


Notice that when the system is underdamped 
as in Example 5.233, the amplitude (or damped 
amplitude) of the solution decreases ast — ov. 
The time interval between two successive 


0.2 021 
t 
(in s) 
Qa 2m 7 
-021 » -0.24 
* 4x 
ial : 0.2 
p lra 7 
-0.2+ -0.24 
4x x 
0.27, 0.27, 
2m t 2m t 
-0.2 -0.2 
yx 4x 
0.27, 0.27, 
-0.2 -0.27 
ax x 
0.27, sul 
m T inves 7 
-0.2 -0.27 


local maxima (or minima) of x(t) is called the 
quasiperiod of the solution. 

In Section 5.1 we developed a general 
formula for the displacement function. We 
can do the same for systems that involve 
damping. Assuming that the spring-mass sys- 
tem is underdamped, the differential equation 
m d?x/d? + c dx/dt + kx = O0 has 
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the characteristic equation mr? + cr +k = 0 
with roots rj5— (^ ciA4mk— e) /(2m). If 
we let p=c/(2m) and u=y4mk-— c?/(2m), 


then r1» — — p + wi and a general solution is 
x(t) =e! (cı cos ut + c2sin ut). Applying the 
initial conditions x(0) = a and x' (0) = 8 yields the 
solution x(t) = e7% (æ cos jt+(B+ap)u? sin ut), 
which can be written as 


x(t) = Ae ^! cos(ut — $). 


Then, x(t) = e7% (A cos ut cos $ +A sin ut sin $). 
Comparing the functions 
E sin ut) 


x(t) = e ?'(Acos ut cos $ + Asin pt sin q), 


x(t) =e PF (« cos ut + EA 


and 


we have 
Acosp=0a and Asing= P BU 
" 
which indicates that 
+ 
cos q = + and sing= Pn 


Now, cos? $ + sin?$ = 1, so (a/A)? + [(B + 
ap)/(Au)|? = 1. Therefore, the decreasing am- 
plitude of the solution is 


2 
A= "m (=) 
m 
and 


2 
x(t) = en $ (E Bal ) cos(ut — $), (5.3) 
H 


where ¢ = cos”! (a/ Vo + + ap)/uP). The 
quantity 
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is called the quasiperiod of the function. (Note 
that functions of this type are not periodic.) 
We can also determine the times at which the 
mass passes through the equilibrium position 
from the general formula given here. We do 
this by setting the argument equation to odd 
multiples of 7/2, because the cosine function is 
zero at these values. The mass passes through 
the equilibrium position at 


VIA 
Qn-* Dy  mQn+ 1a 4- 2mó 


u V4mk — c 


n =0,+1,+2,... 


t= 


Use this formula to find the quasiperiod of the 
solution in Example 5.2.3. 


EXAMPLE 5.2.4 


An object of mass 1 slug is attached to a spring 
with spring constant k = 131b/ft. and is sub- 
ject to a resistive force of FR = 4dx/dt due to 
damping. If the initial position is x(0) = 1 and 
the initial velocity is x'(0) = 1, determine the 
quasiperiod of the solution and find the values of t 
at which the object passes through the equilibrium 
position. 


Solution 
The IVP that models this situation is 
d?x dx 


—— + 5 + Ie = 0, 


dx 
=== 
dg "gr er 


The characteristic equation is 1? -- 4r +13 = 0 with 
roots 112 = —2 + 3i. A general solution is x(t) = 
e^? (c1 cos3t + co sin 3t) with derivative 

— (t) = — 2e? (c1 cos3t + c2 sin3t) 


Jn gre (—c1 sin 3t + c» cos 3t) 


EXERCISES 5.2 241 


Application of the initial conditions yields the 
solution x(t) = e~2! (cos 3t + sin 3£), which can be 
written as 


2 
x(D) 2 e? [a2 + (E =<) cos(ut — q) 


2 
es NED 


= V2e cos(3t — $). 


The quasiperiod is 
Zw O 4r _ 2m 
B W4&m-c  J4x13-2 3. 
The values of t at which the object passes through 
the equilibrium are 
m(2n + 1)z + 2m 1 
cuu dade NET eo 
V Amk — c? 6 


(1m 0,122. 


where ¢ = cos! (1/42) = 7/4 (see Figure 5.8). 
8 


sb 


FIGURE 5.8 Plot of x(t) = V2e"? cos(3t — $), @ = 17/4. 


D EXERCISES 5.2 


In Exercises 1-4, determine the mass m (slugs), 
spring constant k (Ib/ft.), and damping coeffi- 
cient c in Fg = c dx/dt for the given spring-mass 
system m d?x/dt? + cdx/dt + kx = 0, x(0) =a, 
dx/dt(0) — f. Describe the initial conditions. 
(Assume the English system.) 


1. d?x/d£? + 4 dx/dt + 3x = 0, x(0) = 0, 
x'(0) = —4 

2. 1/32 d?x/d#? + 2dx/dt + x 2 0, x(0) = 1, 
x'(0)=0 

3. 1/4 d?x/dt? + 2dx/dt + x = 0, x(0) = —1/2, 
x'(0) =1 

4. 4d?x/dt? + 2/, dx/dt + 8x = 0, x(0) = 0, 
x (0) =2 


In Exercises 5-8, express the solution of the IVP 
in the form given by Equation (5.3). In each case, 
find the quasiperiod and the time at which the 
mass first passes through its equilibrium posi- 
tion. 


5. d?x/d£? + 4 dx/dt + 13x = 0, x(0) = 1, 
x (0) =-1 

6. d?x/dt? + 4 dx/dt + 20x = 0, x(0) = 1, 
x (0)22 

7. d?x/d£? + 2 dx/dt + 26x = 0, x(0) = 1, 
x'(0) =1 

8. d?x/d£? + 10 dx/dt + 41x = 0, x(0) = 3, 
x'(0) = -2 


In Exercises 9-16, solve the IVP. Classify each as 
overdamped or critically damped. Determine if 
the mass passes through its equilibrium posi- 
tion and, if so, when. Determine the maximum 
displacement of the object from the equilibrium 
position. 


9. d?x/dt? + 8 dx/dt + 15x = 0, x(0) = 0, 
x'(0) =1 
10. d?x/d£? + 7 dx/dt + 12x = 0, x(0) = —1, 
x'(0) =4 
11. 2d?x/dt? + 3dx/dt + x = 0, x(0) = —1, 
x (0) 22 
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12. 
13. 
14. 
15. 
16. 


17. 


18. 


19. 


20. 


21. 


d?x/dt? + 5 dx/dt + 4x = 0, x(0) = 0, 
x'(0)=5 

d?x/dt? + 8 dx/dt + 16x = 0, x(0) = 4, 

x'(0) = -2 

d?x/d£? + 6 dx/dt + 9x = 0, x(0) = 3, 

x'(0) = —3 

d*x/dt? + 10 dx/dt + 25x = 0, x(0) = —5, 
x'(0) =1 

2d?x/d£? + 4dx/dt + x = 0, x(0) = —1, 

x (0)22 

Suppose that an object with m = 1 is 
attached to the end of a spring with spring 
constant k — 1. After reaching its 
equilibrium position, the object is pulled 
one unit above the equilibrium and released 
with an initial velocity vo. If the spring-mass 
system is critically damped, what is the 
value of c? 

A weight having mass m — 1 is attached to 
the end of a spring with k = 5/4 and 

Fg = 2dx/dt. Determine the displacement 
of the object if the object is released from the 
equilibrium position with an initial velocity 
of 3 units/s in the downward direction. 

A 32 lb weight is attached to the end of a 
spring with spring constant k = 24 1b/ft. If 
the resistive force is Fg — 10 dx/dt, 
determine the displacement of the mass if it 
is released with no initial velocity from a 
position 6 in. above the equilibrium 
position. Determine if the mass passes 
through its equilibrium position and, if so, 
when. Determine the maximum 
displacement of the object from the 
equilibrium position. 

An object weighing 8 Ib stretches a spring 
6in. beyond its natural length. If the 
resistive force is Fg — 4 dx/dt, find the 
displacement of the object if it is set into 
motion from its equilibrium position with 
an initial velocity of 1 ft./s in the downward 
direction. 

An object of mass m = 70 kg is attached to 
the end of a spring and stretches the spring 
0.25 m beyond its natural length. If the 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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restrictive force is Fr = 280 dx/dt, find the 
displacement of the object if it is released 
from a position 3 m above its equilibrium 
position with no initial velocity. Does the 
object pass through its equilibrium position 
at any time? 

Suppose that an object of mass m — 1 slug is 
attached to a spring with spring constant 

k = 251b/ft. If the resistive force is 

Fr = 6dx/dt, determine the displacement 
of the object if it is set into motion from its 
equilibrium position with an upward 
velocity of 2 ft./s. What is the quasiperiod 
of the motion? 

An object of mass m = 4 slugs is attached to 
a spring with spring constant k = 64 lb/ft. 
If the resistive force is Fg = cdx/dt, find the 
value of c so that the motion is critically 
damped. For what values of c is the motion 
underdamped? 

An object of mass m = 2 slugs is attached to 
a spring with spring constant k lb/ft. If the 
resistive force is Fg — 8 dx/dt, find the value 
of k so that the motion is critically damped. 
For what values of k is the motion 
underdamped? For what values of k is the 
motion overdamped? 

If the quasiperiod of the underdamped 
motion is 1/6 seconds when a 1/13 slug 
mass is attached to a spring with spring 
constant k = 13 lb/ft, find the damping 
constant c. 

If a mass of 0.2 kg is attached to a spring 
with spring constant k = 5 N/m that 
undergoes damping equivalent to 

6/5 dx/dt, find the quasiperiod of the 
resulting motion. 

Show that the solution x(t) of the IVP (5.2) 
can be written as x(t) = u(t) + v(t), where u 
and v satisfy the same differential equation 
as x, u satisfies the initial conditions 

u(0) = a, u'(0) = 0, and v satisfies the initial 
conditions v(0) = 0, v'(0) = p. 

If the spring-mass system 

m d?x/d£? + c dx/dt + kx = 0 is either 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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critically damped or overdamppd, show 
that the mass can pass through its 
equilibrium position at most one time 
(independent of the initial conditions). 
Suppose that the spring-mass system (5.2) is 
critically damped. If 6 = 0, show that 
lim; x(t) = 0, but that there is no value 

t = tg such that x(f9) = 0. (The mass 
approaches but never reaches its 
equilibrium position.) 

Suppose that the spring-mass system (5.2) is 
critically damped. If £ > 0, find a condition 
on £ so that the mass passes through its 
equilibrium position after it is released. 

In the case of underdamped motion, show 
that the amount of time between two 
successive times at which the mass passes 
through its equilibrium is one-half of the 
quasiperiod. 

In the case of underdamped motion, show 
that the amount of time between two 
successive maxima of the position function 
is 4x m/ v Akm — c?. 

In the case of underdamped motion, show 
that the ratio between two consecutive 
maxima (or minima) is e2c*/v 4mk-c', 

The natural logarithm of the ratio in 
Exercise 33, called the logarithmic decrement, 


is d = 2cx /V/ Amk — c? and indicates the rate 
at which the motion dies out because of 
damping. Notice that because m, k, and d 
are all quantities that can be measured in 
the spring-mass system, the value of d is 
useful in measuring the damping constant 
c. Compute the logarithmic decrement of 
the system in (a) Example 5.2.3 and (b) 
Example 5.2.4. 

Determine how the value of c affects the 
solution of the IVP 

d?x/d£ + c dx/dt + ex = 0, x(0) = 0, 
dx/dt(0) = 1, where c = 24/6, 44/6, and 4/6. 
In Problem 35, consider the solution that 
results using the damping coefficient that 
produces critical damping with x'(0) 2 —1, 
0, 1, and 2. In which case does the object 
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pass through its equilibrium position? 
When does it pass through the equilibrium 
position? 

37. In addition to using the values of x'(0) and c 
in Problem 36, suppose that the equilibrium 
position is 1 unit above the floor. Does the 
object come into contact with the floor in 
any of the cases? If so, when? 

38. Solve the IVP 4x” + cx’ + 5x = 0, x(0) = 3, 
x'(0) 2 0 using c = 1, —4, and O. Plot the 
solutions and compare them. 

39. Solve the IVP x" + cx’ + x = 0, x(0) = -1, 

x' (0) = 3 for values of c = 2 and c = V8. 
(Notice the effect of the coefficient of 
damping on the solution to the 
corresponding critically damped and 
overdamped equation.) 


5.3 FORCED MOTION 


In some cases, the motion of a spring is influ- 
enced by an external driving force, f (t). Mathe- 
matically, this force is included in the differential 
equation that models the situation by 


d?x dx 
The resulting IVP is 
dix dx dx 
maga =f) x(0)=a, qu =P. 
(5.4) 
Therefore, differential equations modeling 


forced motion are nonhomogeneous and require 
the method of undetermined coefficients or 
variation of parameters for solution. We first 
consider forced motion that is undamped. 


EXAMPLE 5.3.1 


An object of mass m = 1 slug is attached to a 
spring with spring constant k = 4 1b/ft. Assuming 
there is no damping and that the object begins 
from rest in the equilibrium position, determine 
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the position function of the object if it is subjected 
to an external force of (a) f(t) = 0; (b) f(t) = 1; 
(c) f(t) = cos t. 


Solution 
First, we note that we must solve the IVP 


dx 


di? 
for each of the forcing functions in (a), (b), and 
(c). A general solution of the corresponding 
homogeneous equation d*x/dt? + 4x = 0 is 
Xp (f) = c1 cos 2t + c» sin 2t. 


+4x=f@®, x(0)- O0, E =0. 


(a) With f(t) = 0, the equation is homogeneous. 
so we apply the initial condition, to 
x(t) = c1 cos 2t + c2 sin 2t with derivative 
x'(t) = —2c, sin 2t + 2c, cos 2t. Because 
x(0) = cy =0and x'(0) = 2c? = 0,c4 — c? =0, 
the solution is x(t) = 0. This solution 
indicates that the object does not move from 
the equilibrium position because there is no 
forcing function, no initial displacement from 
the equilibrium position, and no initial 
velocity, 

(b) Using the method of undetermined 
coefficients with a particular solution of the 
form xy (f) = A, substitution into the 
differential equation d?x/dt* + 4x = 1 yields 
4A — 1, so A — 1/4. Hence, 


1 
x(t) = xp(t) + xp(t) = c1 cos 2t + c2 sin2t + — 


4 
with derivative x'(f) = —2c, sin 2t + 2c? cos 2t. 
With x(0) = c4 + 1/4 = 0 and x (0) = 2c? = 0, 
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(c) In this case, we assume that 
Xp(f) = Acost+ Bsint. Substitution into 
d?x/d£? + Ax = cos t yields 
3A cos t + 3B sint = cost, so A = 1/3 and 
B — 0. Therefore, 


x(t) = xn(t) + xp(t) = c1 cos 2t 
+ co sin2t + - cost 
with derivative 
x (t) = —2c sin 2t + 2c? cos 2t — : sint. 


Applying the initial conditions then gives us 
x(0) = c1 + 1/3 = 0 and x'(0) = 2c? = 0, so 
cı = —1/3 and c; = 0. Thus, 


(t) = 1 2:41 t 
x(t) = —z = à 
gs ace 


How does changing the initial position to 

x(0) = 1 affect the solution in (c)? How 
does changing the initial velocity to x'(0) = 1 
affect the solution? Is the maximum displacement 
affected in either case? 


The graph of one period of this solution is 
shown in Figure 5.9(b). In this case, the mass 
passes through the equilibrium position twice 
(near + = 2 and t = 4) over the period, and 
it returns to the equilibrium position without 
passing through it at f = 2x. (Can you predict 
other values of t where this occurs?) 


When we studied nonhomogeneous equa- 
tions, we considered equations in which the non- 
homogeneous (right-hand side) function was 
a solution of the corresponding homogeneous 
Notice from the graph of this function in equation. We consider this type of situation with 
Figure 5.9(a) that the object never moves the IVP 
above the equilibrium position. (Positive 2 


ds : d^x 2 3 
values of x indicate that the mass is below — + o*x = F cos ot + Fz sin œt + G(t), 
the equilibrium position.) 


we have c1 = —1/4 and c? = 0 so 


x) = 1 cos 2t + I 
4 4 


dt? 
x(0)=0, x(O)=8, (5.5) 


5.3 FORCED MOTION 


(a) (b) 
FIGURE 5.9 (a) Graph of x(t) = | cost + 1. (b) Graph of x(t) = — 4 cos 2t + 3 cos f. 


where F4 and F are constants and G = G(t) 
is any function of t. (Note that one of the con- 
stants F; and PF» can equal zero and G can be 
identically the zero function.) In this case, we 
say that o is the natural frequency of the system 
because a general solution of the corresponding 
homogeneous equation is x,(f) = c¡coswt + 
c? sin ot. In the case of this IVP, the forced fre- 
quency, the frequency of the trigonometric func- 
tions in F4 cos ot + Fz sin ot + G(t), equals the 
natural frequency. 


EXAMPLE 5.3.2 


Investigate the effect that the forcing function 
f (D = cos2t has on the solution of the IVP 
des 


J2 +4x=f(6), x(0 20, x(0)-0. 


Solution 

As we saw in Example 5.3.1, xy (f) = c1 cos 2t + 
c? sin2t. Because f(t) = cos2t is contained in 
this solution, we assume that xp(f) — Atcos2t + 
Bt sin 2t, with first and second derivatives 


x. (f) = Acos2t — 2At sin 2t + B sin 2t + 2Bt cos 2t 
P 
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and 


Xp (E) = — 4A sin 2t — 4At cos 2t 
+ 4B cos 2t — 4Bt sin 2t. 


Substitution into d?x/df? + 4x = cos2t yields 
—4A sin 2t + 4Bcos2t = cos2t. Thus A = 0 and 
B = 1/4, so xp(t) = łtsin 2t, and 


1 
x(t) = xn (t) +xp (t) = c1 cos 2t +c2 sin 2t+ m 2t. 
This function has derivative 
1 1 
x (f) = —2c, sin 2t + 2c» cos 2t + E sin2t + 5105 p 


so application of the initial conditions yields 
x(0) = cy = 0 and x (0) = 2c? = 0. Therefore, 
c1 = €? = Q, so 


il 
x(t) = a sin 2t. 


The graph of this solution is shown in 
Figure 5.10. Notice that the amplitude increases 
as t increases. This indicates that the spring-mass 
system will encounter a serious problem; either 
the spring will break or the mass will eventually 
hit its support (like a ceiling or beam) or a lower 
boundary (like the ground or floor). 
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FIGURE 5.10 Resonance. 


The phenomenon illustrated in Example 5.3.2 
is called resonance and can be extended to other 
situations such as vibrations in an aircraft wing, 
a skyscraper, a glass, or a bridge. Some of the 
sources of excitation that lead to the vibration 
of these structures include unbalanced rotating 
devices, vortex shedding, strong winds, rough 
surfaces, and moving vehicles so we see that 
engineers must overcome many problems that 
are caused when structures and machines are 
subjected to forced vibrations. 


Over a sufficient amount of time, do changes 

in the initial conditions affect the motion of 
a spring-mass system? Experiment by changing the 
initial conditions in the IVP in Example 5.3.2. 


Let us investigate in detail IVPs of the form 


^s MET. 

dg ct otx-Fcosft, oz, x(0)=0, 
dx 

qu E (5.6) 
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A general solution of the corresponding 
homogeneous equation is xy (t) = c1cosot + 
c2sinwt. Using the method of undetermined 
coefficients, a particular solution is given by 
Xp(t) = Acos Bt + Bsin Bt. The corresponding 
derivatives of this solution are 


Xp (t) = —Afsin Bt + BB cos Bt and 
Xp (E) = —AB? cos Bt — BP? sin Bt. 


Substituting into the nonhomogeneous equa- 
tion d*x/di? + w2%x = F cos Bt and equating the 
corresponding coefficients yields 


A= and B=0. 


on p? 
Therefore, a general solution is 


x(t) = xp(t) + xp(f) = c1 cos ot + co sin ot 


F 
F pomme cos Bt. 


Application of the initial conditions yields the 
solution of IVP (5.6): 


F 
x(t) = Pa Bt — COS wt). 


Using the trigonometric identity 5[cos (A—B)— 
cos(A + B)] = sin A sin B, we have 


2F . (wt+B.\ . (o—p 
x(t) = IW sin ( 2 ) sin (241). 


Notice that the solution can be represented as 


x(t) = A(t) sin (=) , where 


A(t) — y sin (2 z ^) ; 


Therefore, when the quantity w — f is small, 
œw + p is relatively large in comparison. The 
function sin(w + B)t/2 oscillates quite frequently 
because it has period 47 /(w+ B). Meanwhile, the 
function sin(w— 8)t/2 oscillates relatively slowly 
because it has period 47 /(w— 8). When we graph 
E dog sin (221) 
form an envelope for the solution. 


x(t), we see that the functions 4 
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EXAMPLE 5.3.3 

Y Solve the IVP 
d?x dx 
g” =f, x0)-0, ¿¿0=0, 


with (a) f (f) = cos 3t and (b) f (t) = cos 5t. 


Solution 


(a) A general solution of the corresponding 
homogeneous equation is xy (f) = c1 cos 2t + 
c2 sin 2t. By the method of undetermined 
coefficients, we assume that xp (f) = 
A cos 3t + B sin 3t. Substitution into 
x" + 4x = cos 3t yields —5A cos 3t — 
5B sin 3t = cos 3t, so A = —1/5 and B = 0. 
Thus xp (f) = -i cos 3t and 


x(t) = x(t) + xp(t) = c1 cos 2t 
+ co sin 2t — : cos 3t. 
Because the derivative of this function is 
x (f) = —2c sin 2t + 2c? cos 2t + : sin 3t, 


application of the initial conditions yields 
x(0) = cy — 1/5 = 0, and x'(0) = 2c? = 0. 
Therefore, c1 = 1/5 and c» = 0, so 


-0.4 L 
(a) 


1 1 
E 5 cos 2t — 5 cos 3t. 


The graph of this function is shown in 
Figure 5.11(a) along with the envelope 
functions x — +4 sin (4t). 
(b) In a similar manner, the solution of the IVP if 
f (b = cos 5t is found to be 
do ed cos 
3 = = — — a 
21 cos 21 cos 
The graph of the solution is shown in 
Figure 5.11(b) along with the envelope 


: a 
functions x = + 5; sin (30). 


Some computer algebra systems contain com- 
mands that allow you to “play” functions. If this 
is possible with your technology, see Exercises 27 
and 28. 


Oscillations like those illustrated in Example 
5.3.3 are called beats because of the periodic vari- 
ation of amplitude. This phenomenon is com- 
monly encountered when two musicians try to 


(b) 


FIGURE 5.11 (a) On the left and (b) on the right. Envelope functions help us see oscillations that are called beats because 
of the periodic variation of amplitude. The plot of the solution is darkest; the plots of the envelope solutions are lighter. 
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simultaneously tune their instruments or when 
two tuning forks with almost equivalent fre- 
quencies are played at the same time. 


EXAMPLE 5.3.4 


Y Investigate the effect that the forcing func- 
tion f(t) = e™ cos 2t has on the IVP 
dx 


dx 
ag t=O 20) — 0) 0 


Consider the problem x" + 4x = cos Bt 
for B = 6, 8, and 10. What happens to the 
amplitude of the beats as B increases? 


Solution 


Using the method of undetermined coeffi- 
cients, a general solution of the equation is 


x(t) = xh (É) + xp(t) = c1 cos 2t + c? sin 2t 
+ L ¿2 (cos 2t — 4 sin 2f) . 
17 
Applying the initial conditions with x(t) and 


x (t) = — 2c1 sin 2t + 2c» cos 2t 


1 
+ rm (—9 cos 2t + 2 sin 2t) 


we have x(0) = cy + 1/17 = 0 and x (0) = 2c? — 
9/17 = 0. Therefore, c1 = —1/17 and c2 = 9/34 so 


il 9) 
x(t) — y 092* T 34 sin 2t 


1 
+ T E (cos 2t — 4sin 2t), 


which is graphed in Figure 5.12. Notice that 
the effect of terms involving the exponential 
function diminishes as t increases. In this case, 
the forcing function f(t) = e™ cos2t approaches 
zero as f increases. Over time, the solution 
of the nonhomogeneous problem approaches 
that of the corresponding homogeneous prob- 
lem, so we observe simple harmonic motion 
ast — oo. 


5. APPLICATIONS OF HIGHER ORDER DIFFERENTIAL EQUATIONS 


FIGURE 5.12 Ast increases, the solution approaches that 
of the corresponding homogeneous problem. 


We now consider spring problems that in- 
volve forces due to damping as well as external 
forces. In particular, consider the IVP 


2 
Tt tke — pcos At, x(0) — a, Zo = , 
(5.7) 
which has a solution of the form x(t) — h(t) + 
s(t), where lim, oo A(t) = 0 and s(t) = cy cos àt + 
co sin At. 

The function h(t) is called the transient 
solution, and s(t) is known as the steady-state 
solution. Therefore, as t approaches infinity, 
the solution x(t) approaches the steady-state 
solution. (Why?) Note that the steady-state 
solution corresponds to a particular solution 
obtained through the method of undetermined 
coefficients or variation of parameters. 


EXAMPLE 5.3.5 
Solve the IVP 

de dx 

2 od 

dg "dr 

that models the motion of an object of mass m — 

1 slug attached to a spring with spring constant 


+13x=cost, x(0)=0, Zo = Íl 
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(a) (b) 


(c) 


FIGURE 5.13 The transient solution (in (c)) approaches 0 as t > oo. 


k = 13 1b/ft. that is subjected to a resistive force of 
Fg — 4dx/dt and an external force of f (f) — cos t. 
Identify the transient and steady-state solutions. 


Solution 


A general solution of d?x/df? +4dx/dt+13x = 
0 is xy (f) = e-?'(c1 cos3t + c? sin 3t). We assume 
that a particular solution has the form xp(t) — 
A cos t+B sint, with derivatives is (f) = —Asint+ 
Bcost and xp (t) = —Acos t — Bsint. After substi- 
tution into d?x/di* + 4dx/dt + 13x = cost, we 
see that the system 12A + 4B = 1 and —4A + 
12B — 0 must be satisfied. Hence A — 3/40 and 
B — 1/40, so 


3 1 
== — sint. 
Xp (t) 20 cost+ 20 sint 
Therefore, 


x(f) = xy (f) + xp(t) = e ? (c cos3t + c2 sin 3t) 
3 q . 
ar mot mee 
with derivative 


x (t) = — 2e? (c1 cos 3t + c2 sin 3t) 
+ 3e?! (—c1 sin 3t + c? cos 3t) 
3 1 
— aj zm eee 
Application of the initial conditions yields x(0) — 
cı + 3/40 = 0 and x (0) = —2c1 + 3c? + 1/40 = 1. 
Therefore, c = —3/40 and c» = 11/40, so 


x(t) — g 2 = a cos 3t + e sin 3t 
40 40 


xls a far s t 
4j 985g Sine 


Over a sufficient amount of time, do changes 

in the initial conditions in Example 5.3.5 
affect the motion of the spring-mass system? Ex- 
periment by changing the initial conditions in the 
IVP in Example 5.3.5. 


This indicates that the transient solution is 
exi (- àj cos 3t + i sin 3t) and the steady-state 


solution is > cos t+ i sint. We graph this solution 
in Figure 5.13(a). The solution and the steady-state 
solution are graphed together in Figure 5.13(b). 
Notice that the two curves appear identical for 
t > 2.5. The reason for this is shown in the 
subsequent plot of the transient solution (in 
Figure 5.13(c)), which becomes quite small near 
E em. 


D EXERCISES 5.3 


1. An 8lb weight stretches a spring 1 ft. If a 
16 lb weight is attached to the spring, it 
comes to rest in its equilibrium position. If it 
is then put into motion with a downward 
initial velocity of 2 ft./s, determine the 
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o 


oo 


displacement of the mass if there is no 
damping and an external force f (f) = cos 3t. 
What is the natural frequency of the 
spring-mass system? 


. A 161b weight stretches a spring 6in. If the 


mass is lowered 1 ft. below its equilibrium 
position and released, determine the 
displacement of the mass if there is no 
damping and an external force of 

f(t) = 2cost. What is the natural frequency 
of the spring-mass system? 


. A 161b weight stretches a spring 8 in. If the 


object is lowered 4 in. below its equilibrium 
position and released, determine the 
displacement of the object if there is no 
damping and an external force of 

fŒ 2 2cost. 


. A 6lb weight stretches a spring 6in. The 


object is raised 3 in. above its equilibrium 
position and released. Determine the 
displacement of the object if there is no 
damping and an external force of 

fŒ = 2cos5t. 


. An object of mass m = 1 kg is attached to a 


spring with spring constant k = 9 kg/m. If 
there is no damping and the external force is 
f(t) = 4cos ot, find the displacement of the 
object if x(0) 2 0 and x'(0) 2 0. What must 
be the value of w for resonance to occur? 


. An object of mass m = 2 kg is attached to a 


spring with spring constant k — 1 kg/m. If 
the resistive force is Fg = 3 dx/dt and the 
external force is f (f) = 2 cos ot, find the 
displacement of the object if x(0) = 0 and 
x'(0) = 0. Will resonance occur for any 
values of w? 


. An object of mass m — 1 slug is attached to 


a spring with spring constant k = 25 lb/ft. If 
the resistive force is Fg = 8 dx/dt and the 
external force is f (f) 2 cost — sin t, find the 
displacement of the object if x(0) = 0 and 
x'(0) =0. 


. An object of mass m — 2 slug is attached to 


a spring with spring constant k = 6 lb/ft. If 


10. 


11. 


12. 


13. 
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the resistive force is Fg = 6 dx/dt and the 
external force is f (f) = 2sin2t + cost, find 
the displacement of the object if x(0) = 0 
and x'(0) = 0. 


. Suppose that an object of mass 1 slug is 


attached to a spring with spring constant 

k = 4 lb/ft. If the motion of the object is 
undamped and subjected to an external 
force of f (t) = cost, determine the 
displacement of the object if x(0) = 0 and 
x'(0) = 0. What functions envelope this 
displacement function? What is the 
maximum displacement of the object? If the 
external force is changed to f(t) = cos(t/2), 
does the maximum displacement increase 
or decrease? 

An object of mass 1 slug is attached to a 
spring with spring constant k — 25 Ib/ft. If 
the motion of the object is undamped and 
subjected to an external force of f (t) = cost, 
B 4 5, determine the displacement of the 
object if x(0) = 0 and x'(0) = 0. What is the 
value of f if the maximum displacement of 
the object is 2/11 /2 ft? 

An object of mass 4 slugs is attached to a 
spring with spring constant k = 26 lb/ft. It is 
subjected to a resistive force of Fg = 4 dx/dt 
and an external force f(t) = 250 sin t. 
Determine the displacement of the object if 
x(0) = 0 and x'(0) = 0. What is the transient 
solution? What is the steady-state solution? 
An object of mass 1 slug is attached to a 
spring with spring constant k = 4000 lb/ft. 
It is subjected to a resistive force of 

Fg = 40 dx/dt and an external force 

f(t) = 600sint. Determine the displacement 
of the object if x(0) 2 0 and x'(0) 2 0. What 
is the transient solution? What is the 
steady-state solution? 

Find the solution of the differential equation 
m d?x/d£? + kx =F sin øt, w z yk/m that 
satisfies the initial conditions: (a) x(0) = o, 
x (0) = 0; (b) x(0) = 0, x'(0) = B; (c) 

x(0) =a, x (0) = B. 


14. 


15. 


16. 


17. 


18. 


19. 
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Find the solution of the differential equation 
m d?x/d£? + c dx/dt + kx =F sin ot, 

c? — 4mk < 0 that satisfies the initial 
conditions: (a) x(0) = a, x'(0) = 0; (b) 

x(0) = 0, x'(0) = £; (c) x(0) = a, x (0) = £. 
PME the solution to the IVP 

d^x l0<t<r 

dt? EIER, Fu 
x (0) = 0. (Hint: Solve the IVP over each 
interval. Choose constants appropriately so 
that the functions x and x' are continuous.) 
Find the solution to the IVP 


TX 


d?x cost,0<t<z 

— = 7 a n 0 =0, 
dt? 0, tx am) 

x' (0) = 0. 


Find the solution to the IVP 

d*x/dt? +x = f(t), x(0) = 0, x'(0) = 0, where 
t,0<t<1 
2-t,1<t<2 
0,t>2 

IVP over each interval. Choose constants 
appropriately so that the functions x and x’ 
are continuous.) 

Find the solution to the IVP 

d?x/d£ + Adx/dt + 13x = f(t), x) = 0, 

x' (0) = 0, where 

l0<t<x 

l-tr<t<2x 

0,t> 2x 

Show that a general solution of 

d?x/df? + 2a dx/dt + w*x = Fsin yt (w £ y 
if A = 0) is 


x(t) = Ae sin (vo? xn + $) 


f(0- . (Hint: Solve the 


fO = 


sin(yt + 0) 


+ 
V (o? = y2)” + 412y2 


where A = ,/ e + ES, A < w, and the phase 
angles $ and 0 are found with sin $ = c1/A, 
cos p =C2/A, 


20. 


21. 


22. 


23. 


24. 


cos0 = 


V (o? = yl + 4a2y2 
The steady-state solution (the 
approximation of the solution for large 
values of t) of the differential equation in 
Exercise 19 is x(t) = g(y) sin(yt + 0), where 


sy) = F/y (o? — y2y + 4427. By 
differentiating g with respect to y, show 
that the maximum value of g(y) occurs 
when y = y/o? — 242. The quantity 

y a — 21?/ (27) is called the resonance 
frequency for the system. Describe the 
motion if the external force has frequency 
Vo? — 222/27). 

Solve the IVP x" + x = cost, x(0) =0, 

x'(0) = b using b = 0 and b = 1. Graph the 
solutions simultaneously to determine the 
effect that the nonhomogeneous initial 
velocity has on the solution to the second 
IVP as t increases. 

Solve the IVP x" + x = cos ot, x(0) = 0, 
x'(0) = 1 using values o = 0.9 and w = 0.7. 
Graph the solutions simultaneously to 
determine the effect that the value of w has 
on each solution. 

Investigate the effect that the forcing 
functions (a) f(t) = cos 1.9t and (b) 

fŒ) = cos 2.1t have on the IVP 

d?x/d£? + 4x = f (t), x(0) = 0, dx/d£(0) = 0. 
How do these results differ from those of 
Example 5.3.3? Are there more or fewer 
beats per time unit with these two 
functions? 

Solve the IVP x” + 0.1x' + x = 3cos2t, 

x(0) = 0, x'(0) = 0, using the method of 
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25. 


26. 


27. 


28. 


undetermined coefficients and compare the 
result with the forcing function 3 cos 2t. 
Determine the phase difference between 
these two functions. 

Solve the following IVP involving a 
piecewise defined forcing function over 


2 t0<t<1 
A puia3 
[0, "m o —LlI1cfe j 

0,t>2 


x(0) =a, Eo = b. Graph the solution 


using the initial conditions a = 1, b = 1; 
a= 0,b = 1;anda = 1,b = 0. 

Consider the function 

gly) = F/y (e? — y2}? + 442y? defined in 
Exercise 20. (a) Graph this function for 

k = 4, m = 1,F = 2, and the damping 
coefficient: c = 24 = 2, 1, 0.75, 0.50, and 0.25. 
(b) Graph the function for k = 49, m = 10, 
F = 20, and the damping coefficient: 

c = 24 = 2, 1, 0.75, 0.50, and 0.25. In each 
case, describe what happens to the 
maximum magnitude of g(y) as c > 0. 
Also, as c > 0, how does the resonance 
frequency relate to the natural frequency of 
the corresponding undamped 

system? 

To hear beats, solve the IVP 

d?x/dt? + o?x = F cos Bt, w £ B, x(0) = 0, 
dx/dt(0) = 0 using o? = 6000, $ = 5991.62, 
and F — 2. In each case, plot and, if possible, 
play the solution. (Note: The purpose of the 
high frequencies is to assist in hearing the 
solutions when they are played.) 

To hear resonance, solve the IVP 

d?x/d + wx = F cos ot, x(0) = 0, 
dx/dt(0) = 0 using o? = 6000 and F = 2. In 
each case, plot and, if possible, play the 
solution. (Note: The purpose of the high 
frequencies is to assist in hearing the 
solutions when they are 

played.) 
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5.4 OTHER APPLICATIONS 


e [-R-C CIRCUITS 
e DEFLECTION OF A BEAM 


L-R-C Circuits 


Second-order nonhomogeneous linear ODEs 
arise in the study of electrical circuits after the 
application of Kirchhoff's law. Suppose that I(t) is 
the current in the L-R-C series electrical circuit 
(shown in Figure 5.14) where L, R, and C repre- 
sent the inductance, resistance, and capacitance 
of the circuit, respectively. 

The voltage drops across the circuit elements 
in Table 5.2 have been obtained from experimen- 
tal data, where Q is the charge of the capacitor 
and dQ/dt = I. 

Our goal is to model this physical situation 
with an IVP so that we can determine the current 


R 
FIGURE 5.14 An L-R-C circuit. 


TABLE 5.2 Voltage Drops Across an 


L-R-C Circuit 
Circuit Element Voltage Drop 
dI 
Induct L— 
nductor ái 
Resistor RI 
1 
Capacitor = 
p =Q 


5.4 OTHER APPLICATIONS 


TABLE 5.3 Terminology Used in Section 5.4 


Electrical Quantities Units 
Inductance (L) Henrys (H) 
Resistance (R) Ohms (Q2) 
Capacitance (C) Farads (F) 
Charge (Q) Coulombs (C) 
Current (7) Amperes (A) 


and charge in the circuit. For convenience, the 
terminology used in this section is summarized 
in Table 5.3. 

The physical principle needed to derive the 
differential equation that models the L-R-C series 
circuit is Kirchhoff's law. 


The German physicist Gustav Robert Kirchhoff 
(1824-1887) worked in spectrum analysis, optics, 
and electricity. 


Kirchhoff's law The sum of the voltage drops across 
the circuit elements is equivalent to the voltage E(t) 
impressed on the circuit. 


Applying Kirchhoff's law with the voltage 
drops in Table 5.2 yields the differential equation 
LE + RI + C! Q = E(t). Using the fact that 
dQ/dt = I, we also have d?Q/d? = dl/dt. 


2 
Therefore, the equation becomes LIS + RI + 


C-1Q = E(t), which can be solved by the method 
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of undetermined coefficients or the method of 
variation of parameters. If the initial charge and 
current are Q(0) = Qo and I(0) = Q'(0) = lo, 
we solve the IVP 


dO dQ To . 7 
Lz +R + GQ=EW, QO) =, 
dQ 


I0) = dt (0) — Io (5.8) 


for the charge Q(t). The solution is differentiated 
to find the current I(t). 


EXAMPLE 5.4.1 

Consider the L-R-C circuit with L — 1H, R — 
40 2, C = 1/4000 E and E(t) = 24 V. Determine the 
current in this circuit if there is zero initial current 
and zero initial charge. 


Solution 


Using the indicated values, the IVP that we 
must solve is 
d*Q dQ 


dg + 40-47 + 40000 = 24, 


- 499 - 
10 = 0) esi 


Q(0) = Qo, 


The characteristic equation of the corresponding 
homogeneous equation is 7? + 40r +4000 = 0 with 
roots rj? = —20 + 60i, so a general solution of the 
corresponding homogeneous equation is Q(t) = 
e^?" (c1 cos 60t + c» sin 60t). Because the voltage is 
the constant function E(f) — 24, we assume that 
the particular solution has the form Qp(t) — A. 
Substitution into d?Q/d£? + 40dQ/dt + 40000 = 
24 yields 40004 = 24 or A — 3/500. Therefore, 
a general solution of the nonhomogeneous equa- 
tion is 


QH = Qn) + Qp(t) 


3 
—20t : 

= 60t 60t) + — 
e (c1 cos + c2 sin 60t) + 500 
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with derivative 


d 
E = — 20e?" (c4 cos 60t + c sin 60t) 


+ 60e? (—c] sin 60t + c» cos 608). 


After application of the initial conditions, we 
have Q(0) = cı + 3/500 = 0 and dQ/dt(0) = 
—20c1 + 60c? = 0. Therefore, cy = —3/500 and 
c? = —1/500, so the charge in the circuit is 


3 1 3 
t) = e? | —— cos 60t — — si cor) —, 
ge ( 500 ° m Le Cem 


and the current is given by 


dQ 20t 3 T 
p == E pille t 
1 (t) 0e 500 cos 60 500 sin 60 


1 
+ 60e 20 E sin 60t — 500 Cos cor) 


2 
z sin 60t. 


These results indicate that in time the charge ap- 
proaches the constant value of 3/500, which is 
known as the steady-state charge. Also, because 
of the exponential term, the current approaches 
zero as t increases. We show the graphs of QŒ) 
and I(t) in Figure 5.15(a) and (b) to verify these 
observations. 


0.006 
0.004 


0.002 


ados salga dos 
0.05 0.1 0.15 02 025 0. 


(a) 


riil f 
3 035 


0 In Example 5.4.1, how is the charge Q(t) 
affected if E(t) = 48 V? What happens to 
Q(t) if R = 404/10 Q? 


Deflection of a Beam 


An important mechanical model involves the 
deflection of a long beam that is supported at one 
or both ends, as shown in Figure 5.16. Assuming 
that in its undeflected form the beam is hori- 
zontal, then the deflection of the beam can be 
expressed as a function of x. Suppose that the 
shape of the beam when it is deflected is given 
by the graph of the function y(x) = —s(x), where 
x is the distance from the left end of the beam 
and s the measure of the vertical deflection from 
the equilibrium position. The boundary value 
problem that models this situation is derived as 
follows. 

Let m(x) equal the turning moment of the 
force relative to the point x, and w(x) represent 
the weight distribution of the beam. These two 
functions are related by the equation 


—0.05 


(b) 


FIGURE 5.15 Plots of the charge and current in an L-R-C circuit. 


5.4 OTHER APPLICATIONS 


Beam 


x=0 X=a 
(a) 


xz) x-a 


=P 


(b) 
FIGURE 5.16 Modeling the deflection of a beam. 


m 
— = w(x). 

dx? vd 
Also, the turning moment is proportional to the 
curvature of the beam. Hence 


El d?s 


3 dx?” 
m ds V? 
dx 


where E and I are constants related to the com- 
position of the beam and the shape and size of 
a cross section of the beam, respectively. Notice 
that this equation is nonlinear. This difficulty 
is overcome with an approximation. For small 
values of ds/dx, the denominator of the right- 
hand side of the equation can be approximated 
by the constant 1. Therefore, the equation is sim- 
plified to 


m(x) = 


d?s 
-EIL. 
iso dx? 
This equation is linear and can be differentiated 
twice to obtain 
2 4 

dm E gie 

dx? dx? 
which is then used with the equation above re- 
lating m(x) and w(x) to obtain the single fourth 
order linear homogeneous differential equation 

4 


d*s 
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Boundary conditions for this problem may vary. 
In most cases, two conditions are given for each 
end of the beam. Some of these conditions, which 
are specified in pairs at x — p, where p — 0 
or p = a, include s(p) = 0, s'(p) = 0 (fixed 
end); s"(p) = 0, s"(o) = 0 (free end); s(p) = 0, 
s" (p) = 0 (simple support); and s'(p) = 0, s(p) = 
0 (sliding clamped end). 


EXAMPLE 5.4.2 


Solve the beam equation over the interval 0 < 
x < 1if E = I = 1, w(x) = 48, and the following 
boundary conditions are used: s(0) = 0, s' (0) = 0 
(fixed end at x = 0); and 


(a) s(1) = 0, s" (1) = 0 (simple support at x = 1) 

(b) s"(1) = 0, s" (1) = 0 (free end at x = 1) 

(c) s'(1) = 0, s" (1) = 0 (sliding clamped end 
air ae = ll) 

(d) s(1) = 0,s'(1) = 0 (fixed end atx = 1). 


Solution 


We begin by noting that the differential equa- 
tion is d^s/dx* = 48, whichis a separable equation 
that can be solved by integrating each side four 
times to yield 


s(x) = 2x5 + que + Cox? + C3Xx + C4, 


with derivatives s'(x) = 8x? + 3c132 + 2cox + c3, 
s" (x) = 24x? + 6cyx + 2co, and s" (x) = 48x + 6c} 
(Note that we could have used the method of un- 
determined coefficients or variation of parameters 
to find s(x) = sy (x) + sp(x).) We next determine 
the arbitrary constants for the pair of boundary 
conditions at x = 0. Because s(0) = 0, c4 = 0 and 
s'(0) =c3 = 0, 


s(x) = 2x5 + ES + Cox. 


(a) Because s(1) = 2 + c1 +c = 0 and s"(1) = 
24 + 6c1 4-20? = 0, cy = —5 and cp = 3. Hence 
s(x) = 2x4 — 51% + 3:2. We can visualize the shape 
of the beam by graphing y = —s(x) as shown in 
Figure 5.17(a). (b) In this case, s”(1) = 24 + 6c1 + 
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—0.08 


-0.1 


—0.12 


(d) 
FIGURE 5.17 The shape of the beam for various boundary conditions. 


2co = 0 and s"(1) = 48 + 6c) = 0, so c; = —8 
and c? — 12. The deflection of the beam is given 
by s(x) — 2x* — 8x3 + 1222. We graph y = —s(x) in 
Figure 5.17(b). We see from the graph that the end 
is free at x = 1. (c) Because s' (1) = 8+3c1 +2c, = 0 
and s"(1) = 48 + 6c; =0,c1 = —8 and c? = 8. 
Therefore, s(x) = 2x5 —83?--8x?. From the shape of 
the graph y — —s(x) in Figure 5.17(c), we see that 
theendatx — 1isclamped as compared to the free 
end in (b). (d) In this instance s(1) = 2+c1 +c2 = 0 
and s'(1) = 8 + 3c1 + 2c2 = 0, so cy = —4 and 
Cp = 2. Thus, s(x) = 2x* — 4x? + 232. The function 


y = —s(x) is graphed in Figure 5.17(d). Notice 
that both ends are fixed. Finally, all four graphs 
are shown together in Figure 5.18 to compare the 
different boundary conditions. (Match each plot in 
Figure 5.17 with its plot in Figure 5.18.) 


0 If we had used free ends at both x = 0 
and x — 1 in Example 5.4.2, what is the 
displacement? Is this what we should expect from 
the physical problem? 


EXERCISES 5.4 


-6 


FIGURE 5.18 How the shape of abeam might vary based 
on different boundary conditions. 


D EXERCISES 5.4 


In Exercises 1-4, find the charge on the ca- 


pacitor and the current in the L-C series circuit 
(in which R = 0) assuming that Q(0) = 0 and 
10) = Q'(0) = 0. 


1. 
. L = 2H, C = 1/50F, and E(t) = 220 V. 

. L=1/4H,C = 1/64 F, and E(t) = 16t V. 

. L=1/4H,C = 1/64 F, and E(t) = 16 sin 4t V. 
. Find the charge Q(t) on the capacitor in an 


ao FW N 


L = 2H, C =1/32E and E(t) = 220 V. 


L-R-C series circuit if L = 0.2H, R = 25 Q, 
C = 0.001 F, E(t) = 0, Q(0) = OC, and 

I(0) = Q'(0) = 4A. What is the maximum 
charge on the capacitor? 


. Consider the L-R-C circuit given in Exercise 


5 with E(t) = 1. Determine the value of QŒ) 
as t approaches infinity. 


. Consider the L-R-C circuit given in Exercise 


5. [n this exercise, let E(t) = 126 cost + 500 


10. 


11. 


12. 


13. 
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sin t. Determine the solution to this IVP. At 
what time does the charge first equal zero? 
What are the steady-state charge and 
current? 


. If the resistance, R, is changed in Exercise 5 


to R = 8 Q, what is the resulting charge on 
the capacitor? What is the maximum charge 
attained, and when does the charge first 
equal zero? 


- A beam of length 10 is fixed at both ends. 


Determine the shape of the beam if the 
weight distribution is the constant function 
w(x) = 8, with constants E and I such that 
EI = 100, EI = 10, and EI = 1. What is the 
displacement of the beam from s = 0 in each 
case? How does the value of EI affect the 
solution? 

Suppose that the beam in Exercise 9 is fixed 

at x = 0 and has simple support at x = 10. 

Determine the maximum displacement 

using constants E and I such that EI = 100, 

EI = 10, and EI = 1. 

Consider Exercise 9 with simple support at 

x = 0 and x = 10. How does the maximum 

displacement compare to that found in each 

case in Exercises 9 and 10? 

Determine the shape of the beam of length 

10 with constants E and I such that EI — 1, 

weight distribution w(x) — x?, and 

boundary conditions: 

(a) s(0) = 0, s'(0) = 0 (fixed end at x = 0); 
s(10) = 0, s” (10) = 0 (simple support at 
x — 10) 

(b) s(0) = 0, s' (0) = 0 (fixed end at x = 0); 
s" (10) = 0, s” (10) = 0 (free end at 
x — 10) 

(c) s(0) = 0, s'(0) = 0 (fixed end at x = 0); 
s'(10) = 0, s" (10) = 0 (sliding clamped 
end at x — 10) 

(d) s(0) =0, s'(0) = 0 (fixed end at x = 0); 
s(10) = 0, s’(10) = 0 (fixed end at x = 10) 

Discuss the differences brought about by 

these conditions (see Exercise 21). 

Determine the shape of the beam of length 

10 with constants E and I such that EI = 1, 
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14. 


15. 


weight distribution w(x) — x?, and 

boundary conditions: 

(a) s(0) = 0, s" (0) = 0 (simple support at 
x = 0); s(10) = 0, s" (10) = 0 (simple 
support at x = 10) 

(b) s(0) = 0, s” (0) = 0 (simple support at 
x = 0); s” (10) = 0, s” (10) = 0 (free end 
atx — 10) 

(c) s(0) =0, s"(0) = 0 (simple support at 
x = 0); s' (10) = 0, s"'(10) = 0 (sliding 
clamped end at x = 10) 

(d) s(0) = 0, s" (0) = 0 (simple support at 
x = 0); s(10) = 0, s'(10) = 0 (fixed end 
at x = 10) 

Discuss the differences brought about by 

these conditions (see Exercise 22). 

Determine the shape of the beam of length 

10 with constants E and I such that EI = 1, 

weight distribution w(x) = 48 sin(zrx/10) 

and boundary conditions: 

(a) s(0) = 0, s"(0) = 0 (simple support at 
x = 0); s(10) = 0, s" (10) = 0 (simple 
support at x = 10) 

(b) s(0) = 0, s” (0) = 0 (simple support at 
x = 0); s” (10) = 0, s” (10) = 0 (free end 
atx — 10) 

(c) s(0) = 0, s"(0) = 0 (simple support at 
x = 0);s' (10) = 0, s" (10) = 0 (sliding 
clamped end at x = 10) 

(d) s(0) = 0, s" (0) = 0 (simple support at 
x = 0); s(10) = 0, s'(10) = 0 (fixed end 
atx — 10) 

Discuss the differences brought about by 

these conditions (see Exercise 23). 

Consider the L-C series circuit in which 

E(t) 2 0 modeled by the IVP 

2 
LES +Lo=0, Q0=O, 


dt? 
O o 
I(0) = q o =0. 


Find the charge Q and the current I. What is 
the maximum charge? What is the 
maximum current? 


16. 


17. 


18. 


19. 


20. 
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Consider the L-C series circuit in which 
E(t) 2 0 modeled by the IVP 
d? 1 
LOS «20-0 Q0)=0, 


di? 
ED oic 
I(0) — a O = lo. 


Find the charge Q and the current I. What is 
the maximum charge? What is the 
maximum current? How do these results 
compare to those of Exercise 15? 
Consider the L-R-C circuit modeled by 

dQ pdQ 


1 

i R E UD 

era a 
dQ 


Q(0) = Qo, 1(0) = a O = lo. 


Find the steady-state current, limp ool (t), of 
this problem. Note that in this formula, 

Lw — 1/(Co) is called the reactance of the 
circuit, and y (Lo — 1/(Cw))? + R? is called 
the impedance of the circuit, where both of 
these quantities are measured in ohms. 
Compute the reactance and the impedance 
of the circuit in Example 5.4.1 if 

E(t) = 24sin4t. 

Show that the maximum amplitude of the 
steady-state current found in Exercise 17 
occurs when w = 1/4/LC. (In this case, we 
say that electrical resonance occurs.) 

(Elastic shaft) The differential equation that 
models the torsional motion of a weight 
suspended from an elastic shaft is 

Id?0/df? + cd0/dt + ko = T(t), where 6 
represents the amount that the weight is 
twisted at time f, I is the moment of inertia, c 
is the damping constant, k is the elastic shaft 
constant (similar to the spring constant), 
and T(t) is the applied torque. Consider the 
differential equation with I = 1, c = 4 and 

k = 13. Find 0(t) if (a) T(t) = 0, 0(0) = 6o, 
and 6’(0) = 0; (b) T(t) = sin zt, 0(0) = 6p, 
and 0'(0) = 0. Describe the motion that 
results in each case. 


5.5 THE PENDULUM PROBLEM 


Y To better understand the solutions to 
the elastic beam problem, we can use a 
graphics device to determine the shape of 
the beam under different boundary 
conditions. 

21. Graph the solution of the beam equation if 
the beam has length 10, the constants E and 
I are such that El = 1, the weight 
distribution is w(x) = x?, and the boundary 
conditions are the same as in Problem 13. 

22. Repeat Exercise 21 using the following 
boundary conditions in Problem 14. 

23. Graph the solution of the beam equation if 
the beam has length 10, the constants E and 
I are such that El = 1, the weight 
distribution is w(x) = 48 sin(ztx/10), and the 
boundary conditions are the same as in 
Problem 22. 

24. Repeat Exercise 21 with El — 10. 

25. Repeat Exercise 22 with EI — 100. How do 
these solutions compare to those in 
Exercise 22? 

26. Repeat Exercise 23 with EI — 100. How do 
these solutions compare to those in 
Exercise 23? 

27. Attempt to find solutions of the beam 
equation in Exercises 21-23 using other 
combinations of boundary conditions. How 
do the differing boundary conditions affect 
the solution? 


5.5 THE PENDULUM PROBLEM 


Suppose that a mass m is attached to the end 
of a rod of length L, the weight of which is 
negligible (see Figure 5.19). We want to deter- 
mine an equation that describes the motion of 
the mass in terms of the displacement 0 (t), which 
is measured counterclockwise in radians from 
the vertical axis shown in Figure 5.19. This is 
possible if we are given an initial position and 
an initial velocity of the mass. A force diagram 
for this situation is shown in Figure 5.20(a). 
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Axis 


FIGURE 5.19 Aswinging pendulum. 


mg cos 
W = mg 


FIGURE 5.20 Two force diagrams for the swinging pen- 
dulum. 


Notice that the forces are determined with 
trigonometry using the diagram in Figure 5.20(a). 
In this instance, cos 9 = mg/x and sin 0 = mg/y, 
so we obtain the forces 


x-—mgcos0 and y= mg sin, 


which are indicated in Figure 5.20(b). 
The momentum of the mass is given by 
mds/dt, so the rate of change of the momen- 


turn is 
d ds\ _ d?s 
di V^ a)" "ag 
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where s represents the length of the arc formed 
by the motion of the mass. Then, because the 
force mg sin 0 acts in the opposite direction of the 
motion of the mass, we have the equation 

d?s 


Tn —— 

di? 

(Notice that the force mg cos 6 is offset by the 

force of constraint in the rod, so mg and mg cos 0 

cancel each other in the sum of the forces.) Using 

the relationship from geometry between the 

length of the arc, the length of the rod, and the 
angle 6,s = L6, we have the relationship 


= —mg sing. 


ds dq? d?0 
ag a ae 
dt dt dt 
The displacement 0 (t) satisfies 
2 2 
0 
mS = — —mg sinf or "LS z mg sinó — 0, 


which is a nonlinear equation. However, because 
we are only concerned with small displace- 
ments, we note from the Maclaurin series for 
sind, 


1 


1 
3 
3i? + 


. -—9 5 
sind — 0 si? 


that for small values of 0, sin ~ 0. Therefore, 
we obtain the linear equation mLd?6/d? + 
mg@ = 0 or d?0/dP + (g/L)0 = 0, which 
approximates the original problem. If the initial 
displacement (position of the mass) is given by 
9(0) = 609 and the initial velocity (the velocity 
with which the mass is set into motion) is given 
by 0'(0) = vo, we have the IVP 


d?0 

de 
to find the displacement function 6(f). 

Suppose that w? — g/L so that the differential 


equation becomes d?0/df? + w*6 = 0. Therefore, 
functions of the form 


+ £6 =0, 8(0) = o, LO =o (5.9) 


0(t) = c¡ cos ot + c? sin ot, 


where w = y/g/L, satisfy the equation d?0/df? + 
g/L0 = 0. When we use the conditions 0(0) = 6o 
and 6’(0) = vo, we find that the function 
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0 (t) = 69 cos ot + a sin wt (5.10) 
satisfies the equation as well as the initial dis- 
placement and velocity conditions. As we did 
with the position function of spring-mass sys- 
tems, we can write this function as a cosine func- 
tion that includes a phase shift with 


y? 
A(t) = 02 + 2 cos(wt — ¢), 


where 
0 
$ = cos! — — (5.11) 
/ 68 09/07 
and o = yg/L. 
Note that the period of 0(t) is T = 21/w = 


2n /L/g. 


EXAMPLE 5.5.1 


Determine the displacement of a pendulum of 
length L = 8 feet if 0(0) = 0 and 0'(0) = 2. What 
is the period? If the pendulum is part of a clock 
that ticks once for each time the pendulum makes 
a complete swing, how many ticks does the clock 
make in 1 min? 


Solution 


Because g/L = 32/8 = 4, the IVP that models 
this situation is 


d?o 

de 
A general solution of the differential equation is 
0(t) = c1cos2t + c» sin2t, so application of the 
initial conditions yields the solution 6(f) = sin 2t. 
The period of this function is 


Tan 8 8f 
32 ft/ Sg 


(Notice that we can use our knowledge of 
trigonometry to compare the period with T — 
27/2 = m.) Therefore, the number of ticks made 
by the clock per minute is calculated with the 
conversion 


do 
+40 =0, 0(0) =0, A = 
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- 1 tick 60s 
TS lrev 1min 


lrev 


= 19.1 ticks/min. 


Hence the clock makes approximately 19 ticks in 
one minute. 


How is motion affected if the length of the 
pendulum in Example 5.5.1 is changed to 
L=4? 


If the pendulum undergoes a damping force 
thatis proportional to the instantaneous velocity, 
the force due to damping is given by Fr = 
b d6/dt. Incorporating this force into the sum of 
the forces acting on the pendulum, we obtain the 
nonlinear equation L d*6/di?+b d8 /dt+g sin 0 = 
0. Again, using the approximation sin 0 ~ 0 for 
small values of 0, we use the linear equation 
L d?0/df? + b d0/dt + 26 = 0 to approximate the 
situation. Therefore, we solve the IVP 


d?8 


do dé 
ag tog +88 = 0(0) = 6, d; O) = vo 


(5.12) 


to find the displacement function 0 (t). 


EXAMPLE 5.5.2 
A pendulum of length L — 8/5 ft. is subjected 
to the resistive force FR = 32/5d0/dt due to 


damping. Determine the displacement function if 
9(0) = 1 and 6’(0) = 2. 


Solution 

The initial value problem that models this sit- 
uation is 
8 d?6 
5 d£ 


2 
pod re 


do 
5 di 0(0) — 1, ERA 
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Simplifying the differential equation, we obtain 
d?0/dP + 4d6/dt + 200 = 0, which has char- 
acteristic equation 1? + 4r + 20 — 0 with roots 
ri = -2 + 4i. A general solution is 0(t) = 
e^? (ci cos 4t + c» sin 4t). Application of the initial 
conditions yields the solution 0(t) = e^? (cos 4t + 
sin 4t). We graph this solution in Figure 5.21. No- 
tice that the damping causes the displacement of 
the pendulum to decrease over time. 


When does the object in Example 5.5.2 

first pass through its equilibrium position? 
What is the maximum displacement from 
equilibrium? 


In many cases, we can use computer algebra 
systems to obtain accurate approximations of 
nonlinear problems. 


N 
T 


SAR 


FIGURE 5.21 Plot of 0 (t) = e^? (cos 4t + sin 4t). 
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EXAMPLE 5.5.3 

Y Use a computer algebra system to approxi- 
mate the solutions of the nonlinear problems 

o T + sing = 0, 6(0) = 0, L(0) = 1 and (b) 

sch + Bde +32sin9 = 0, 00) = 1, #0) = 2. 

Compare the results to the corresponding linear 

approximations. 


1. 
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D EXERCISES 5.5 


Use the linear approximation of the model 
of the simple pendulum to determine the 
motion of a pendulum with rod length 

L = 2ft. subject to the following sets of 
initial conditions: 


(a) 0 (0) = 0.05, 0'(0) = 0 

(b) 6 (0) = 0.05, 6'(0) = 1 

(c) 0 (0) = 0.05, 0'(0) = —1 

In each case, determine the maximum 
displacement (in absolute value). 

. Consider the situation indicated in Exercise 
1. However, use the initial velocity 
0'(0) 2 2. How does the maximum 
displacement (in absolute value) differ from 
that in Exercise 1(b)-(c)? 

. Suppose that the pendulum in Exercise 1 is 
subjected to a resistive force with damping 
coefficient b — 44/7. Solve the IVPs given in 
Exercise 1, and compare the resulting 
motion to the undamped case. 


Solution 


(a) We show the results obtained with a typical 
computer algebra system in Figure 5.22. We 

see that as t increases, the approximate 

solution, 0 — 1 sin t, becomes less accurate. 2 
However, for small values of t, the results are 

nearly identical. 

The exact solution to the corresponding 

linear approximation is obtained in 

Example 5.5.2. We show the results obtained 3 
with a typical computer algebra system in 

Figure 5.23. In this case, we see that the error 
diminishes as t increases. (Why?) 


(b) 


O 
[ 0.14 
04 L 
[ 0.12 
o2|| | 0.1 E 
0.08 
= 1 1 1 1 rd 
5 0 15 z 006 
-02r 0.04 
0.02 
-04L 
(a) (b) 


FIGURE 5.22 (a) The numerical solution to the nonlinear problem is in dark red (dark gray in print versions) and the 
exact solution to the linear approximation is in light red (light gray in print versions). (b) The absolute value of the difference 
between the two approximations. 
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FIGURE 5.23 (a) The numerical solution to the nonlinear problem is in dark red (dark gray in print versions) and the 
exact solution to the linear approximation is in light red (light gray in print versions). (b) The absolute value of the difference 
between the two approximations. 


4. 


Verify that 0(t) = c1 cos wt + c2 sin wt, where 
w = y2/L satisfies the equation 
d’6/dt? + g/L0 — 0. 


. Show that 0 (f) = 09 cos ot + 79/o sin ot, 


where w = yg/L is the solution of IVP (5.9). 


. Let 0(t) = Acos(wt — q). Use the identity 


cos(a + b) = cosa cosb — sina sin b with the 
solution in Exercise 5 to find A so that 0 (t) 
satisfies IVP (5.9). 


. Show that the phase angle in 


0(t) = Acos(ot — p) is 
$ = cos"! (ww % + qon). 


In Exercises 8-11, approximate the period of the 
motion of the pendulum using the given length. 


13. 


.L=1m 
.L=2m 
. L=2ft 
. L=8ft 


. If L = 1m, how many ticks does the clock 


make in 1 min if it ticks once for each time 
the pendulum makes a complete swing? 
Assuming that a clock ticks once each time 
the pendulum makes a complete swing, 
how long (in meters) does the pendulum 


14. 


15. 


16. 


17. 


18. 


19. 


need to be for the clock to tick once per 
second? 

In Exercise 13, how long (in feet) does the 
pendulum need to be for the clock to tick 
once per second? 

For the undamped problem, IVP (5.9) what 
is the maximum value of 0 (t)? For what 
values of t does the maximum occur? 

For what values of t is the pendulum 
vertical in Exercise 15? 

Solve IVP (5.12). Determine restrictions on 
the parameters L, b, and g that correspond 
to overdamping, critical damping, and 
underdamping. Describe the physical 
situation in each case. 

Solve the IVP L37 +b% + gó = Fcos yt, 
6(0) = 0, 420) = 0, assuming that 

b? — 4gL < 0. Describe the motion of the 
pendulum as t — oo. 

Consider Van-der-Pol's equation, 

d + e(x? — 1) % + x = 0, where e is a small 
positive number. Notice that this equation 
has a nonconstant damping coefficient. 
Because e is small, we can approximate a 
solution of Van-der-Pol's equation with 
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20. 


21. 


x(t) = A cos ot, a solution of d*x/dt? + x = 0 

(the equation obtained when e = 0) if œ = 1. 

This method of approximation is called 

harmonic balance. 

(a) Substitute x(t) = A cos ot into the 
nonlinear term in Van-der-Pol's 
equation to obtain 


dx 1 
2 poc TR A2 
€ (x 1) di €Ao (GA 1) 


1 
x sin wt — ¿Ho sin 3at. 


(b) If we ignore the term involving the 
higher harmonic sin 3ot, we have e(x? — 


Ddx/dt = — eAw(34?-1)sinot= 


€ (34 = 1) dx/dt. Substitute this 
expression into Van-der-Pol’s equation 
to obtain the linear equation 


d?x/d£^ + € (342 — 1) dx/dt + x = 0. 


(c) If A = 2 in the linear equation in (b), is 
the approximate solution 
periodic? 

(d) If A Z 2 in the linear equation in (b), is 
the approximate solution 
periodic? 

Comment on the behavior of solutions 

obtained in Exercise 19 if (a) A « 2 and 

(b) A > 2 

Use a computer algebra system to solve the 

IVP d?6/df? + 0 = 0, 0(0) = 6o, 

d0 /dt(0) = vo subject to the following initial 

conditions: 

(a) 0(0) =0, 0'(0) =2 

(b) 000) =2,0'(0) =0 

(c) 0(0) = -2,0'(0) =0 

(d) 0 (0) = 0, 6’(0) = —1 

(e) 9(0) = 0, 0'(0) = —2 

(f) 0(0) =1,0'(0) = —1 

(g) 00) = —1,0'(0) = 1. 


22. 


23. 


24. 


25. 


26. 
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Plot each solution individually and plot the 
seven solutions simultaneously. Explain the 
physical interpretation of these solutions. 


Solve the IVP $2 + 149 49 = 0,6(0) = 6, 


e (0) = Uo subject to the initial conditions: 
(a) 00) = 1, 6^(0) 2 0 

(b) 0(0) = —1,0'(0) 20 

(c) 0(0) =0,0'(0) = 1 

(d) 0(0) = 0, 0'(0) = —1 

(e) 0(0) =1,0'(0) 21 

(f) 6(0) = 1, 0'(0) = —1 

(g) 6(0 = —1,00) — 1 

(h) 6(0) = —1,6'(0) = —1 

(i) 0(0) =1,9'(0) 22 

(j) 00) =1,0'(0) 23 

(k) 00) = -1,6' 00 22 

(1) 0(0) = —1, 6’(0) — 3. 

Plot the solutions obtained in Exercise 22 
individually and then plot them 
simultaneously. Give a physical 
interpretation of the results. 

If the computer algebra system you are 
using has a built-in function that 
approximates the solution of nonlinear 


differential equations, solve the problem 


2 " 
+59 + sin 0 = 0,0(0) = 6o, $* (0) = vo 


with the initial conditions stated in Exercise 
22. Compare the results you obtain with 
each. 

Use a built-in computer algebra system 
function to approximate the solution of the 
pendulum problem with a variable 
damping coefficient 

Le + 16? — 19$ +4 =0, 60) = 6s, 

dé (0) = vo using the initial conditions 
stated in Exercise 22. Compare these results 
with those of Exercise 24. 

Repeat Exercise 25 using 

ao + 192 — 1) 98 + sine = 0, 00) = 6, 

9? (0) = vo. 
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CHAPTER 5 SUMMARY: ESSENTIAL 
CONCEPTS AND FORMULAS 


Hooke's Law: F — ks 
Simple harmonic motion: The IVP 
mx" + kx =0, x(0) = a, x (0) = B has solution 
x = a cos ot + B/o sin ot, where w = yk/m; 
the amplitude of the solution is 
A = ya? + B2/0?. 
Damped motion: mx” + cx’ + kx = 0 
Overdamped: c? — 4mk > 0 
Critically damped: c? — 4mk = 0 
Underdamped: c? — 4mk < 0 
Forced motion: mx" + cx’ + kx = f(b) 
Kirchhoff's law: The sum of the voltage 
drops across the circuit elements is 
equivalent to the voltage E(f) impressed 
on the circuit. 
L-R-C Circuit: LQ” + RQ’ + CQ = E(0, 
Q(0) = Qo, 1(0) = Q'(0) = Io. 
Deflection of a Beam: Els = w(x) 
Motion of a Pendulum: 0" + g/L0 = 0, 
0(0) = 09, 0'(0) = vo has solution 
0(t) = 09 cos ott + 70/o sin o. 
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1. An object weighing 32 Ib stretches a spring 
6in. If the object is lowered 4 in. below the 
equilibrium and released from rest, 
determine the displacement of the object, 
assuming there is no damping. What is the 
maximum displacement of the object from 
equilibrium? When does the object first pass 
through the equilibrium position? How 
often does the object return to the 
equilibrium position? 

2. If the object in Exercise 1 is released from a 
point 3in. above equilibrium with a 
downward initial velocity of 1 ft. /s, 
determine the displacement of the object, 
assuming there is no damping. What is the 
maximum displacement of the object from 


equilibrium? When does the object first pass 
through the equilibrium position? How 
often does the object return to the 
equilibrium position? 


. An object of mass 5 kg is attached to the end 


of a spring with spring constant 

k = 65 N/m. If the object is released from 
the equilibrium position with an upward 
initial velocity of 1 m/s, determine the 
displacement of the object assuming the 
force due to damping is Fg — 20 dx/dt. Find 
lim; x(t) and the quasiperiod. What is 
the maximum displacement of the object 
from equilibrium? When does the object 
first pass through the equilibrium position? 


. If the object in Exercise 3 is released from a 


point 1 in. below equilibrium with zero 
initial velocity, determine the displacement. 
Find limi, x(t) and the quasiperiod. What 
is the maximum displacement of the object 
from equilibrium? When does the object 
first pass through the equilibrium 

position? 


. An object of mass 4 slugs is attached to a 


spring with spring constant k = 161b/ft. If 
there is no damping and the object is 
subjected to the forcing function f(t) = 4, 
determine the displacement function x(t) if 
x(0) = x'(0) = 0. What is the maximum 
displacement of the object from 
equilibrium? When does the object first pass 
through the equilibrium position? 


. If the object in Exercise 5 is subjected to the 


forcing function f (f) = 4 cos 2t, determine 
the displacement. Find lim; so x(t) if it 
exists. Describe the physical phenomenon 
that occurs. 


. If the object in Exercise 5 is subjected to the 


forcing function f (f) = 4 cost, determine the 
displacement. Describe the physical 
phenomenon that occurs. Find the envelope 
functions. 


. An object of mass 2 slugs is attached to a 


spring with spring constant k = 51b/ft. If 
the resistive force is Fg = 6 dx/dt and the 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


external force is f (t) = 12 cos 2t, determine 
the displacement if x(0) = x'(0) 2 0. What is 
the steady-state solution? What is the 
transient solution? 


. Find the charge and current in the L-R-C 


circuit if L = 4 H, R = 80 Q, C= 1/436F, 
and E(t) = 100 if Q(0) = Q'(0) = 0. Find 
limi. œ Q(t) and lim; œ I(t). 

Find the charge and current in the L-R-C 
circuit in Exercise 9 if E(t) = 100 sin 2t. Find 
lim; œ Q(t) and limi, œ I(t). How do these 
limits compare to those in Exercise 9? 

Find the charge and current in the L-R-C 
circuit if L = 1 H, R 20Q, C = 10 ^ E, and 
E(t) = 220 if Q(0) = Q'(0) = 0. Find 
limi. œ Q(t) and lim; œ I(t). 

Find the charge and current in the L-R-C 
circuit in Exercise 11 if E(t) = 100 sin 10t. 
Find lim;— Q(t) and lim; œ I(t). 
Determine the shape of the beam of length 
10 with constants E and I such that EI = 1, 
weight distrbution w(x) = x(10 — x), and 
fixed-end boundary conditions at x = 0 and 
x — 10. 

Determime the shape of the beam in 
Exercise 13 if there are fixed-end boundary 
conditions at x — 0 and a sliding clamped 
end at x = 10. 

Determine the shape of the beam in Exercise 
13 if there are fixed-end boundary 
conditions at x = 0 and a free end at x = 10. 
Determine the shape of the beam in Exercise 
13 if there are fixed-end boundary 
conditions at x — 0 and simple support at 

x — 10. 

Use the linear approximation of the model 
of the simple pendulum to determine the 
motion of a pendulum with rod length 

L = 1/2ft. subject to the initial conditions 
6(0) = 1 and d6/dt(0) = 0. What is the 
maximum displacement of the pendulum 
from the vertical position? When does the 


18. 


19. 


20. 


21. 


22. 


23. 
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pendulum first pass through the vertical 
position? 

If the initial conditions in Exercise 17 are 
0(0) = 0 and 6’(0) = —1, what is the 
maximum displacement of the pendulum 
from the vertical position? When does the 
pendulum first return to the vertical 
position? 

How does the motion of the pendulum in 
Exercise 17 differ if it undergoes the 
damping force Fg = 8 d6/dt? 

Solve the model in Exercise 17 with the 
damping force Fg = 84/3 d9/dt. How does 
the motion differ from that in Exercise 19? 
Undamped torsional vibrations (rotations 
back and forth) of a wheel attached to a thin 
elastic rod or wire satisfy the differential 
equation 100” + k0 = 0, where 6 is the angle 
measured from the state of equilibrium, ly is 
the polar moment of inertia of the wheel 
about its center, and k is the torsional 
stiffness of the rod. Solve this equation if 
k/lo = 13.69 $2, the initial angle is 

15? ~ 0.2168 rad, and the initial angular 
velocity is 10? s~! ~ 0.1745 rad s^! . 
Determine the displacement of the 
spring-mass system with mass 0.250 kg, 
spring constant k — 2.25 kg/s?, and driving 
force f (t) = cost — 4sint if there is no 
damping, zero initial position, and zero 
initial velocity. For what frequency of the 
driving force would there be resonance? 
The IVP 


1-£,0<t<1 


, yO) =y (0) =0 
0121 y(0) — y (0) 


Y + y = 
can be thought of as an undamped system 
in which a force F acts during the interval of 
time 0 < t < 1. This is the situation that 
occurs in a gun barrel when a shell is fired. 
The barrel is braked with heavy springs, as 
indicated in the following figure. 


24. 


25. 
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Solve this IVP. 

Consider a buoy in the shape of a cylinder 
of radius r, height h, and density o where 

p < 1/2g/cm? (the density of water is 
1g/cm?). Initially, the buoy sits with its base 
on the surface of the water. It is then 
released so that it is acted on by two forces: 
the force of gravity (in the downward 
direction) equal to the weight of the buoy, 
Fı = mg = pnr?hg; and the force of 
buoyancy (in the upward direction) equal to 
the weight of the displaced water, 

Fy = nr?xg, where x = x(t) is the depth of 
the base of the cylinder from the surface of 
the water at time t. Using Newton's second 
law of motion with m — pnr?h, we have the 
differential equation pzr?lix" = —1?xg or 
phx" + gx = 0. Find the displacement of the 
buoy if x(0) 2 1 and x'(0) 2 0. What is the 
period of the solution? What is the 
amplitude of the solution? 

A cube-shaped buoy of side length £ and 
mass density p per unit volume is floating 
in a liquid of mass density po per unit 
volume, where po > p. If the buoy is 
slightly submerged into the liquid and 
released, it oscillates up and down. If there 
is no damping and no air resistance, the 
buoy is acted on by two forces: the force of 
gravity (in the downward direction), which 
is equal to the weight of the buoy, 

F, = mg = pg; and the force of buoyancy 
(in the upward direction), which is equal to 


26. 
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the weight of the displaced water, 

Fy = L2xg po, where x = x(t) is the depth of 
the base of the buoy from the surface of the 
water at time t. Then by Newton's second 
law with m — p£?, we have the differential 
equation p x" + gpox = 0. Determine the 
amplitude of the motion if py = 1 g/cm?, 

p 1/4 g/cm?, £ = 100 cm, g = 980 cm/s, 
x(0) = 25 cm and x'(0) = 0. 

(Pursuit Models) A rabbit starts at the origin 
and runs with speed a due north toward a 
hole in a fence located at the point (0, d) on 
the y-axis. At the same time, a dog starts at 
the point (c, 0) on the x-axis, running at 
speed b in pursuit of the rabbit. (Note: The 
dog runs directly toward the rabbit.) The 
slope of the tangent line to the dog's path is 
dy/dx = — (at — y)/x, which can be written 
as xy' — y — at. Differentiate both sides of 
this equation with respect to t to obtain 

xy” = —adt/dx. If s is the length of the arc 
from (c,0) along the dog's path, then 

ds/dt = b is the dog's speed. Also, 


ds/dx = —,/1 + (y’)?, where the negative 


sign indicates that s increases as x decreases. 
By the chain rule, 


dt dftds | 1 "E 
ae dees p PP 


so substitution into the equation 

xy" = —adt/dx yields the equation 

xy" =k,/1+ (y'??, where k = a/b. Make the 
substitution p — y' or y" — dp/dx to find the 
path of the dog with the initial condition 
y'(c) = 0. If a < b, when does the dog catch 
the rabbit? Does the problem make sense if 
a — b? (See the following figure.) 
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(0, 24" 


(0, at) 


at — y 


(c, 0) X 


27. (Coulomb damping) Damping that results 


from dry friction (as when an object slides 
over a dry surface) is called Coulomb 
damping or dry-friction damping. On the other 
hand, viscous damping is damping that can 
be represented by a term proportional to the 
velocity (as when an object such as a 
vibrating spring vibrates in air or when an 
object slides over a lubricated surface). 
Suppose that the kinetic coefficient of 
friction is jz. Friction forces oppose motion. 
Therefore, the force as a result of friction F is 
shown opposite the direction of motion in 
Figure 5.24. However, because F is a 
discontinuous function, we cannot use a 
single differential equation to model the 
motion as was done with previous damping 
problems. Instead, we have one equation 
for motion to the right and one equation for 
motion to the left: 
Motion to right: x” + w2x = —F/m 
Motion to left: x" + wx = F/m, 
where F represents the friction force, m the 
mass, and o2 — k/m.! 
(a) Find a general solution of 
x" + cix = F/m. 
(b) Solve the IVP x” + ex — F/m, x(0) = xo, 
x' (0) = 0. 
(c) Find the values of t for which the 
solution in (b) is valid. 
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(motion to left) 


(motion to right) 


FIGURE 5.24 A system with coulomb (dry-friction) 
damping. 


(d) At the right-hand endpoint of the 
interval obtained in (c), what is the 
displacement of the object? 

(e) What must the force F be to guarantee 
that the object does not move under the 
given initial conditions? 


28. (Self-excited vibrations) The differential 


equation that describes the motion of a 

spring-mass system with a single degree of 

freedom excited by the force Px’ is 

mx" + cx! + kx = Px', which can be rewritten 

as x" + Py Ex 592 

(a) Show that the roots of the characteristic 
equation of this equation are 


P-c Pa k 
112 = 2m a = 


(b) Show that if P > c the motion of the 
system diverges (dynamically unstable), if 


1M. L. James, G. M. Smith, J. C. Wolford, and P. W. Whaley, Vibration of Mechanical and Structural Systems with 
Microcomputer Applications, Harper & Row, New York (1989), pp. 70-72. 
2 Robert K. Vierck, Vibration Analysis, Second Edition, HarperCollins, New York (1979), pp. 137-139. 
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P =c the solution is the solution for a 
free undamped system, and if P < c the 
solution is the solution for a free 
damped system. 


DIFFERENTIAL EQUATIONS 
AT WORK 


A. Rack-and-Gear Systems 


Consider the rack-and-gear system shown in 
Figure 5.25. Let T represent the kinetic energy of 
the system and U the change in potential energy 
of the system from its potential energy in the 
static-equilibrium position. The kinetic energy 
of a system is a function of the velocities of the 
system masses. The potential energy of a system 
consists of the strain energy U, stored in elastic 
elements and the energy Ug, which is a function 
of the vertical distances between system masses. 

The rack-and-gear system consists of two 
identical gears of pitch radius r and centroidal 
mass moment of inertia I, a rack of weight W, 
and a linear spring of stiffness k, length J, and 
a mass of y per unit length. To determine the 
differential equation to model the motion, we 
differentiate the law of conservation, T 4- U — 
constant, to obtain 


d 
—(T =0. 
Er +U)=0 


We then use Tmax = Umax to determine the 
natural circular frequency of the system, where 
Tmax represents the maximum kinetic energy 
and Umax the maximum potential energy. 

Because the static displacement x, of any point 
on the spring is proportional to its distance y 
from the spring support, we can write 


a2" 
=% 


When the rack is displaced a distance x below 
the equilibrium position, the gears have the an- 
gular displacements 0, which are related to the 
displacement of the rack by 


Xs 
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x 
C=. 
r 
Then the angular velocity of each gear is given 
(through differentiation of 6 with respect to t) by 
pat 
r 
(Notice that we use a “dot” to indicate differenti- 
ation with respect to t. This is a common practice 
in physics and engineering.) Because x = 10, we 
have 
| yró 


x , 
S 
so the velocity at any point on the spring is 


E rô 

Xs = —. 
The kinetic energy of a differential element of 
length dy of the spring is 


1 
dT = y (is? dy. 
The total kinetic energy of the system in terms of 
0 is 


> 2 
= IW, .2 E yro 
T= 10? 42 (rô) +2 a 

Jor Ne 4 er] 

—— ee 


Spring 


or 


where m3 = yl is the total mass of the spring. 

The change in the strain energy Ue for a posi- 
tive downward displacement x of the rack from 
the static-equilibrium position where the spring 
is already displaced A, from its free length (see 
Figure 5.25(b)) is the area of the shaded region 
(see Figure 5.25(c)) given by Ue = 4kx? + Wx. 
Similarly, the change in potential energy Ug as 
the rack moves a distance x below the static- 
equilibrium position is Ug — —Wx and the total 
change in the potential energy is 
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(a) (b) 
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(c) 


FIGURE 5.25 (a) A rack-and-gear system. (b) Static-equilibrium position. (c) Spring-force-diagram. 


1 1 
U = us + Ug = (Se + ws) + ma) = ze? 


1 
or U = z“ x (r0)?. Substitution of these expres- 
sions into the equation T + U — constant yields 


- IW 1 A2 
I+ —r 2) x (6 
(i+ 507 + mar) x (0) 


1 
+ 5k x (ro)? = constant 


Differentiating with respect to t then gives us the 
differential equation? 


kr? 


Ö + 0 — Q. 


= W 1 
21 + —r? + -mar? 
g 3 


1. Determine the natural frequency wn of the 
system. . 
2. Determine 0 (t) if 0 (0) = 0 and 0(0) = bown. 


3. Find Tmax and Umax. Determine the natural 
frequency with these two quantities. 
Compare this value of œn with that obtained 
in Problem 1. 

4. How does the natural frequency change as r 
increases? 


B. Soft, Hard, and Aging Springs 


In the case of a soft spring, the spring force 
weakens with compression or extension. For 
springs of this type, we model the physical 
system with the nonlinear IVP 

d?x 


dx 23 
moo Ce toy =f(t), 


x(0) =a, Zo =, 


where j is a positive constant. 


3M. L. James, G. M. Smith, I C. Wolford, and P. W Whaley, Vibration of Mechanical and Structural Systems with 
Microcomputer Applications, Harper & Row, New York (1989), pp. 82-86. 
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1. Approximate the solution to 


d?x Ar ¿He 
d£? " dt 


dx 
x(0) =0, ar — p, 


+ 10x — 0.222 = —9.8, 


for various values of a and £ in the initial 
conditions. 

2. Find conditions on « and f so that 
lim; x(t) (a) converges and (b) becomes 
unbounded. 

3. If lim; œ x(t) exists, does the motion of the 
spring converge to its equilibrium position? 
Explain. 

In the case of a hard spring, the spring force 
strengthens with compression or extension. 
For springs of this type, we model the 
physical system with 

d?x 


dx 
mig tog +kx + jp =f, 
x(0) =a, XO - f, 


where j is a positive constant. 
4. Approximate the solution to 


d?x 
dg + 0.3x + 0.043? =0, 
dx 
x(0) =a, aps 


for various values of « and f in the initial 
conditions. 
5. How does increasing the initial amplitude 
affect the period of the motion? 
In the case of an aging spring, the spring 
constant weakens with time. For springs of 
this type, we model the physical system with 


d2x dx 
mz ap +k(t)x= fq, 
x(0) =a, Zo cB, 


where k(t) > 0 as t => œ. 
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6. Approximate the solution to 


dx eA. 
dg + 4e x=0, 
for various values of « and f in the initial 
conditions. 
7. What happens to the period of the 
oscillations as time increases? Is the motion 
oscillatory for large values of t? Why? 


x(0) =a, Zo — f, 


C. Bodé Plots 


Consider the differential equation d?x/dt? + 
2cdx/dt + Xx = Fosinwt, where c and k are 
positive constants such that c < k. Therefore, 
the system is underdamped. To find a particu- 
lar solution, we can consider the complex ex- 
ponential form of the forcing function, Felt, 
which has imaginary part Fo sin ot. Assuming 
a solution of the form zp(t) = Ae, substi- 
tution into the differential equation yields a x 
(—o? + 2icw +k?) = Foe’. Because k? — œ? + 
2icw = 0 only when k = w and c = 0, we find 
that A = Fo/ (K? — œ? + 2icw) or 


Fo K — w* — 2ico 
A= — x - 
K- o2 +2icw Kk? — œ? — 2icw 
K — a — 2ico : 
Fo = H(iw)Fo. 


N (k2 — oy + 4c2o 


Therefore, a particular solution is zp(t) = 
H(o)Fgei^. Now we can write H(io) in 
polar form as H(iw) =  M(o)e'?, where 
M(o) = (K — w? + 4o?) and ¢(w) = 
cot! (SE) -m < @ < 0. A particular 


2co 


solution can then be written as zp(f) = 
M(o)Fpeletelót) =  M(a) Foe!) with 
imaginary part M(w)Fosin(wt + p(w)), so we 
take the particular solution to be xp(t) = 
M(o)Fosin(ot + $(v)) Comparing the forcing 
function to xp, we see that the two functions 
have the same form but different amplitudes 
and phase shifts. The ratio of the amplitude of 
the particular solution (or steady state), M(w)Fo, 
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to that of the forcing function, Fo, is M(w) and 
is called the gain. Also, xp is shifted in time by 
Ip(w)|/w radians to the right, so ¢(w) is called 
the phase shift. When we graph the gain and the 
phase shift against w (using a log y on the w-axis) 
we obtain the Bodé plots. Engineers refer to the 
value of 20 log;) M(o) as the gain in decibels. 


1. Solve the IVP 


d?x dx 1 
2 = si =- 

dg + di + 4x =sin2t, x(0) 2 

dx 

ae 


2. Graph the solution simultaneously with the 
forcing function f (f) = sin 2t. 

3. Approximate M(2) and $ (2) using the graph 
in Number 2. 

4. Graph the corresponding Bodé plots. 

5. Compare the values of M(2) and $ (2) with 
those obtained in Number 2. 


D. The Catenary 


The solution of the second-order nonlinear 
IVP 


dx2 EP dx dx 
is called a catenary. 
1. Solve this IVP. 
A flexible wire or cable suspended 


between two poles of the same height takes 
the shape of the catenary, 


2 2 
oy iG). y(0) — a, Y (0 — 0 


x 


y=c+acosh(=), a 0. (5.13) 


y = cosh x is defined by cosh x = 1 (e* + e). 


2. A flexible cable with length 150 ft. is to be 
suspended between two poles with height 
100ft. How far apart must the poles be 
spaced so that the bottom of the cable is 50 ft. 
off the ground? 


5. APPLICATIONS OF HIGHER ORDER DIFFERENTIAL EQUATIONS 


3. According to our electric utility, Excelsior 
Electric Membership Corp (EMC), Metter, 
Georgia, due to terrain, easements, and so 
on, the average distance between utility 
poles ranges from 325 to 340 ft. Each pole is 
approximately 40 ft. long with 6 ft. buried so 
that the length of the pole from the ground to 
the top of the pole is 34 ft. The Georgia 
Department of Transportation states that the 
maximum height of a truck using interstates, 
national, and state routes is 13/6". However, 
special permits may be granted by the DOT 
for heights up to 18'0". With these 
restrictions in mind, EMC maintains a 
minimum clearance of 20' under those lines 
it installs during cooler months because 
expansion causes lines to sag during warmer 
months. For the obvious reasons, EMC 
prefers that the distance from its lines to the 
ground is greater than 18'6" at all times. 
Find c and a so that f(x,c,a) = c + a cosh (X) 
models this situation. 


E. The Wave Equation on a Circular Plate 


The vibrations of a circular plate satisfy the 
equation 


wlr, 6, t) 


D v^ w(r,0,t) + ph 
Vi w(r,9,1) + ph 


= q(r,0,t), (5.14) 


For a classic approach to the subject see Graff’s 
Wave Motion in Elastic Solids, [12]. 


where ytw = y? y? w and y? is the Laplacian in 
polar coordinates, which is defined by 
13 ə 1ə 12 


;, 198 : ə PX u 
V T ra ar) nar ar 2907 
Assuming no forcing so that q(r,0,t) = 0 and 
w(r,0,t) = W(r,0)e '^', Equation (5.14) can be 
written as 


v^ W(r,0) — B*W(r,0) = 0, 


r or 


bt = o? ph/D. 
(5.15) 
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For a clamped plate, the boundary conditions are 
W(a,0) = 9W(a,0)/0r = 0 and after much work 
(see [12]) the normal modes are found to be 


Wm (r,0) = |^ (Bumr) — ee, Cont) 
sin n 
x & i) i te) 


In Equation (5.16), Bum = Anm/a where Ànm is the 
mth solution of 


In@Jn' (x) E Tn Goa (x) =0, 


where J,, (x) is the Bessel function of the first kind 
of order n and 1, (x) is the modified Bessel function 
of the first kind of order n, related to Jn(x) by 
PL) = Jalir). 

Graph the first few normal modes of the 
clamped circular plate. (Hint: Graphing the sine 
and cosine part separately using n, m = 1,...,4 
will satisfy most instructors.) 


(5.17) 


E. Duffing's Equation 


Duffing's equation is the second-order nonlin- 
ear equation 
dx dx 
— +k -x+ =T cosat, 
d? X dt 
where k, TP, and w are positive constants. De- 
pending upon the values of the parameters, so- 
lutions to Duffing's equation can exhibit very 
interesting behavior. 


(5.18) 


1. Graph the solution to Duffing's equation 
using 12 equally spaced values of TP between 
0 and 0.8 if k = 0.3, w = 12, x9 = 0, and 
yo = 1 for 0 < t < 50. 
The Fourier transform, Xy (k = 1,2, ..., N) 
of N equally spaced values of a time series 
list = (x1, x2, ...,xN] is 


N 
1 ; 
Xy Z ) E: e^ i-1)k-D/N. 5.19 
NT PM 


nel 
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The power spectrum, P (wx) (k = 1,2, ..., N), 
of the list (X1, Xo, ..., XN] is 


P (e) = XX = |x|? : (5.20) 


The power spectrum helps detect dominant 
frequencies. See Jordan and Smith [16]. 

2. Using a logarithmic scale, plot the power 
spectrum P (w000) of Duffing's equation if 
k = 0.3, P = 0.5, and xo = yo = 0 for 300 
equally spaced values of w between 0 and 3. 

For a second-order equation nonlinear 
equation like Duffing's equation, it is often 
desirable to generate a parametric plot of x(t) 
versus x' (t). To do so, we set y = x’. Then, 

y = x" and we see that Duffing's 
equation (5.18) can be rewritten as the 
nonlinear system 


x= 


y + ky — x + xX? =T cos ot (5.21) 


3. Plot x(t) versus x'(t) for 12 equally spaced 
values of w betweeen 0 and 1.5 if k = 0.3, 
T = 0.5, x(0) = 0, and y(0) = x'(0) = 1 first 
for 0 « t < 50 and then for 800 « t < 1000. 
The Poincaré plots (or returns) are obtained by 
plotting 


x=x(Qn1/0)) 
x = y = Qno) 
4. Generate a Poincaré plot for Duffing’s 


equation if k = 0.3, P = 0.4, w = 12, x(0) = 0, 
and y(0) = x'(0) = 1. 


G. Suspending an Object from a Cable 


Suppose that a 1000lb object is suspended 
from a steel cable with k = 50001b/in. 


1. If the cable is being lowered at a rate of 
25ft./min and the cable suddenly stops, 
determine the frequency of the vibration 
produced. 


274 


2. What is the amplitude of the resulting 
vibration? 

3. What is the maximum tension on the cable 
due to the vibration? (Hint: Consider the 
weight of the object added to the force due to 
the vibration at the point of maximum 
displacement.) 

4. If the steel cable has a radius of 0.25 in., what 
is the maximum stress placed on the cable 
due to the vibration? (Hint: Stress is 
measured as a ratio of force and area.) 

5. If the cable can withstand a stress of 
80001b/s?, then will the cable break in this 
situation? If not, determine the approximate 
maximum weight of the object that could be 
supported. 


H. Can Resonance Impact Machinery? 


In order to apply a stamp to metal sheets, 
a company uses a hammering force by way of 
a plunger, which moves up and down in con- 
nection with a flywheel spinning at a constant 
speed. The metal sheet is positioned on a heavy 
base of mass m — 4000 kg and the force acting 
on the base follows the motion of the forcing 
function F(t) = 4000 sin 10t where t is measured 
in seconds. The heavy base is also supported by 
an elastic pad with k = 4 x 10°N/m. 


1. If the initial displacement of the base from 
rest is 0.04 m, determine the IVP that models 
the displacement of the base, x(t). 

2. What is the homogeneous solution to the IVP 
in (1)? 

3. What is a form for the particular solution of 
this IVP? 

4. Solve the IVP. Does resonance occur? If so, 
approximate when the elastic support pad 
will break when it reaches an elongation of 
0.4 m. 


5. APPLICATIONS OF HIGHER ORDER DIFFERENTIAL EQUATIONS 


I. Inventory Management 


Inventory management is important in order 
that companies not have too much of their prod- 
uct on hand to meet the demands of their cus- 
tomers. If they do, the company can lose money 
based of the costs of storing merchandise and 
have problems with the associated issues asso- 
ciated with space and safety. Let P(t) represent 
the price at time t, which changes in proportion 
to the difference between the inventory level at 
time f, I(t), and the optimal inventory level Ip. 
This yields the first-order ODE {È = —k (I — Ip) 
where k is a positive constant. Also assume that 
the sales can be determined by 5 = 250 — 30P — 


827 and that the production level is given by 


Q = 120 — 4P.* 


1. If d = Q(t) — S(t), differentiate 


dP = —k (I — Ig) to obtain the second- order 


ODE E? + gk? + 26kP = 130k. Solve this 
ODE to obtain 
P(t) = 5 + c1 exp(—4k — 28i — 13k) + 


02 exp (—4k + 12/82 — 13k) if k z 13/8 and 


P(t) = 5 + c exp (38) + c2t exp (=) if 
k= 13/8. 

2. Investigate the behavior of P(t) for the cases 
k=1,k= 2, and k = 2. Is the value of P(t) 
stable in each case? 


J. Heat Transfer 


Suppose that two metal blocks with tempera- 
tures T1 (t) and T2(f) are placed on a large plate 
kept at a temperature of 0°C. 


1. Using the laws of heat conduction, derive 
two first-order ODEs that describe heat 
transfer in the two metal blocks. 


^"Non-standard method for the solution of Ordinary Differential Equations arising from Pricing Policy for Optimal 
Inventory Leve" by Ibijola E.A., Obayomi, A.A., Canadian Journal on Computing in Mathematics, Natural Sciences, 


Engineering and Medicine Vol. 3 No. 7, December 2012. 
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2. Use elimination to rewrite this system of 4. Use a computer algebra system (CAS) or 
ODEs as a second- order ODE in terms of graphing calculator to investigate the 
Tı (t) and solve the ODE for T (t). temperature in each block over the first few 
3. Find T4(t) if k 21, T1 (0) 210 and T>(0) =40. seconds after the blocks are placed on the 


Use 4 = — 2kT, +kT with k=1 to find T» (f). plate. 
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a method similar to that discussed in Chapter 3 
concerning falling bodies, we will assume that 
the only forces acting on the object are caused 
by gravitational acceleration, g = (0, —2) = —gj. 
(Note that this force acts entirely in the vertical 
direction as expected.) Then if we let the velocity 
of the object be represented by the vector- 
valued function v(t) = (vx(t),vy(t)), where 
Ux(t) is the horizontal component of the velocity 
vector and v,(¢) is the vertical component, and 
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the acceleration function with a(t) = v'(t) — 
(vt), v,(t)), then we can use Newton's second 
law, F — ma, to model the situation. In this 
case, we have mg, — ma so that the acceleration 
must satisfy a(f) — g or (0, (0), v, (0) = (0, —2)- 
Equating the corresponding components of 
these two vectors, we obtain the first-order 
system of differential equations 


v(t) = 0, 
vy) = 8. 

The equations in this system are uncoupled in 
that v does not appear in the equation involving 
v, and vy does not appear in that describing vy. 
Therefore, we can solve this system by finding a 
solution of each individual first-order equation. 
If we assume that the object is launched with an 


initial speed vg making an angle a with the hor- 
izontal (Figure 6.1), the initial velocity vector is 


v(0) = (0x(0), v,(0)) = (vo cosa, vo sin a). 


This means that we determine the components 

of v(t) = (0x(t), 0y(t)) by solving the initial-value 

problem (IVP) 
vf) — 0, 
v, (t) — —$, vy(0) = vpsina. 


Ux(0) = vo cosa, 


Through integration, we find that vy(t) = C4 and 
vy(t) = —gt + C2, so that application of the initial 
conditions 7,(0) = vo coso and vy(0) = vosino 
indicates that C4 = vo coso and C5 = vosina. 
Therefore, the solution to the IVP is 


v(t) = (vp cosa, —gt + vo sina) 


vo Sin & 


Yo COS & 


FIGURE 6.1 Sketch to determine components of v(0). 
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with components v;(f) = v9 cose and v(t) = 
—gt + vosina. We determine the position 
function r(f) using the relationship r'(f) = 
(x (£),y'()) = v(t). Equating the corresponding 
components as we did earlier, we obtain the 
system of first-order equations 


x' (t) = v9 cosa, 
y (t) = —gt + vosina. 
If we also assume that the object is launched 


from the position r(0) = (0, h) (Figure 6.2), then 
we consider the IVP 


x(0) — 0, 
y(0) =h. 


As in the previous system, we can solve the indi- 
vidual differential equations. Integration yields 
x(t) = (vocoso)t + C3 and y(t) = -lgt + 
(vo sina)t + C4. Then, application of the initial 
conditions x(0) = 0 and y(0) — h indicates that 
C3 = 0 and Cy = h, so 


x (t) = v9 cosa, 
y (t) = -gt + vosina, 


1 
r(t) — (co COS a)t, z 2 + (vp sin o)t + n) 


For example, if vo = 64ft./s,a = m/6,g © 
32 ft./s?, and h = 0, then r(t) = (32t4/3, —16t + 
32t). We graph this function (parametrically) in 
Figure 6.3 indicating the orientation of the curve. 
The object moves in the direction of the orienta- 
tion as f increases. 


AY 


«Y 


FIGURE 6.2 Sketch to determine r(0). 
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FIGURE 6.3 Path of projectile with orientation. 


Of course, we may encounter systems of 
differential equations that are more difficult 
to solve than the systems discussed above. 
For example, when considering a population 
problem involving the interaction between 
two populations, such as a predator and prey 
relationship, we let x(f) represent the size (or 
density) of the prey population at time f and y(t) 
that of the predator population at time t. We can 
then model the situation with the IVP 


dx/dt = ax — bxy, 
dy/dt = —cy + dxy, 


x(0) = xo, 
y(0) = Yo, 


where the initial populations (or densities) are 
x(0) = xo and y(0) = yo, and a, b, c, and d are pos- 
itive constants. Notice that when we have a sys- 
tem of two first-order equations, we must specify 
an initial condition for each of the unknowns, 
x(t) and y(t). The xy terms in each equation 
take into account interactions between the two 
populations. For example, if the two populations 
are foxes, denoted by y, and rabbits, denoted 
by x, then xy denotes a rabbit-fox interaction. 
This interaction hurts the rabbit population, as 
indicated by the negative coefficient of xy, —b, in 
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the dx/dt equation (the fox has eaten the rabbit), 
while it helps the fox population because the 
coefficient d of the xy term is positive in the dy/dt 
equation (the nutritious rabbit helps the fox stay 
healthy and reproduce). 

We may also encounter systems that involve 
second-order differential equations. For exam- 
ple, we could consider a spring-mass system in 
which an object of mass m is attached to the 
end of a spring with spring constant kı that is 
mounted on a support (as we did in Chapter 5). 
Then, if we attach a second spring with spring 
constant ky and mass mp to the end of the first 
spring, we can determine the displacement of 
the first and second springs, x(f) and y(t), respec- 
tively, by solving the system 


mı d?x/dt? = —k1x + k2(y — x), 
m» d^y/d£ = —ko(y — x). 


Later, we discuss how this system is modeled 
using Hooke's law and Newton's second law. In 
the case of a system of two first-order equations, 
we must have two initial conditions for each 
unknown to define an initial-value problem. For 
example, we could have x(0) = 0, x'(0) = —1, 
y(0) = 1, and y'(0) =0. 

Although we can solve and approximate so- 
lutions of many different types of systems of 
differential equations, we will focus much of 
our attention on systems of first-order linear dif- 
ferential equations, which can be written in the 
form 


x, =11()x1 + a2 (D)xo +--+ + anxn +f H, 
xa = ax (D)x1 + ao (£)xo + - -© + aos (Hn + fro, 


xh = Am (t)x1 + ago (£)xo + +++ + Ann (Xn + fn (t). 
(6.1) 


In system (6.1), there are n-dependent variables 
(unknown functions of f), x1 = x1(f), x2 = X2(t), 
«y Xn = Xnlt), and n differential equations. If 
fi) = 0,j = 1,2,...,n, then we say that the 
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system is homogeneous. Otherwise, the system is 
nonhomogeneous. The system 


7 ; 
xX, = X X1 X 
} 2 or “l 2 
X» = —X1 X2 = —X1 
Let’ = d/dt (differentiation with respect to t). 


Some prefer using an overdot to represent’. That 
is, x = x’ = dx/dt. Similarly, ¥ = x" = d?x/d£^. 


is an example of a first-order linear homoge- 
neous system, while 


X; = X2 X, = X2 


or 


xX, = —X%1+sint Xp —x1- sint 


is a first-order linear nonhomogeneous system 
because f2 (t) = sin t. A system such as 


x,-x):—x2— xx 
1 ME ci ( denotes d/dt) 


X5 = —X2 + X1X2 
is nonlinear because of the nonlinear terms xZand 
X1X2. Of course, dependent variable names other 
than x1(t), x2(D, ..., xn(t) can be used as well as 
independent variables names other than t. For 
example, the previous system can be written in 
terms of x(s) and y(s) with 


dx/ds = x — x? — xy, 
dy/ds 2 —y + xy. 


We mentioned in Chapter 1 that there is a rela- 
tionship between a single higher order equation 
and a system of first-order equations. We revisit 
that topic now by considering the second-order 
linear ordinary differential equation (ODE) with 
constant coefficients x" — Ax' + 13x = 2 sint. We 
can write this equation as a system of first-order 
equations by making the substitution x’ = y 
so that differentiation with respect to t yields 
x" = y. Solving x" — 4x' + 13x = 2sint for x" 
gives us x" — 4x' — 13x + 2sint. Substitution 
of x" = y and x’ = y into this equation then 
gives us y^ = 4y — 13x + 2sint. Therefore, the 
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second-order equation x" — 4x’ + 13x = 2sint 
is equivalent to the system of first-order linear 
differential equations 


x =y 


y =4y—13x+2sint or C 
0 1 x 0 
i $ 2 @ t E 


Matrices and their operations are reviewed in 
Section 6.2. 


Sometimes, we can reverse this procedure as 
well. If we begin with a system of first-order 
linear equations and transform it into a higher 
order equation. For example, consider the sys- 


tem 
dx/dt = x + 5y XX (1 5\/⁄x 
dy/dt = —x — y Y) X-1-1)ly)' 


If we differentiate dx/dt = x + 5y with respect to 
t, we obtain x" — x' 4- 5y'. Substituting dy/dt — 


y — —x — y into this equation then gives us 


x! = x" +5(—x — y) = x — 5x — 5y. 
Solving x' = x + 5y for y (or in this case, 5y) 


yields 5y = x’ — x so that substitution into 
x" = x’ — 5x — 5y gives us the second-order 
equation x” = x’ — (x' — x) = —4x, or x" +4x = 0, 


which is a second-order equation that is equiv- 
alent to the original system. A general solution 
of this equation is x(t) = c1 cos 2t + c» sin 2t. We 
can use y — i — x) to determine y(t). This 
gives us 


1 
y(t) = 5 [(—2c1 sin 2t + 2c cos 2t) 


— (c1 cos 2t + c» sin 2t)] 

1 1 
= sca + 2c2) cos 2t + 5 (201 — c2) sin 2t. 
Therefore, we have solved the system of first- 
order linear equations by solving the equivalent 
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second-order linear equation. Now, if we had t = 0 corresponds to the point (0,1), while 
considered the IVP t = 7/4 corresponds to (5/2, —1/2), and t = 1/2 
dx/dt=x+5y, x(0) — 0 corresponds to the point (0, —1). Therefore, the 
orientation is clockwise because we move from 


dy/dt 2 —x y, y(0) 2 lor (7) (0,1) to (5/2, -1/2) ast increases. l 
Writing nonlinear differential equations as 
1 5 x a system of first-order nonlinear equations can 
= El 2) Pp sometimes help us study the behavior of the 
x(0) 0 nonlinear equation. 
(o) = Q). 


then we would apply the initial conditions to a EXAMPLE 6.1.1 
general solution of the system. In our case, we 
have x(0) = c4 = 0 so cy = 0. Then, y(0) = 1/5 x Y The Van-der-Pol equation is the nonlinear 


2c7, so C2 = 5/2, and the solution to the IVP is ODE 
5, 1. d?w dw e 
x(t) = 5 sin 2t, y(t) = cos2t — 5 sin 2E v cu (1 = w?) q= 63 

We graph these two functions of t in Observe that the Van-der-Pol equation is similar 
Figure 6.4(a). The graph of x(t) is the solid to those encountered when studying spring-mass 
curve, and that of y(f) is the lighter curve. systems, except that the coefficient of w’ that corre- 
(We can recognize the functions by referring sponds to damping is not constant. Therefore, we 
to the initial conditions.) We can also plot refer to this situation as variable damping and can 
them parametrically in the xy-plane as done observe its effect on the system. 
in Figure 6.4(b). Note: Observe that we include Write the Van-der-Pol equation as a system. 


the orientation of this curve. The value of 
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FIGURE 6.4 (a) Graphs of x(t) = 2 sin 2t and y(t) = cos2t — i sin 2t. (b) Parametric plot of (x(f) = 3 sin 2t, y(t) = cos 2t — 
5 sin 2t). (c) All solutions are periodic around the origin. We say that (0,0) is a stable center. 
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MINAN 
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FIGURE 6.5 (a) Graph of x(t) and y(t) (dashed). (b) The graph of (x(t), y(t)) indicates that the solution approaches an 
isolated periodic solution, which is called a limit cycle. (c) The phase portrait gives us a better understanding of the behavior 
of the solutions of the system. 


Solution 
Let x = w and y =u = x. Then, y 2 w" = 
wd—w*)w! —w = pd—x*)y—x, so the Van-der-Pol 
equation is equivalent to the nonlinear system 
dx/dt = y, 
dy/dt = y (1 — x) Yy=X. (6.3) 
With u = 1, in Figure 6.5(a), we show graphs 
of the solution to the IVP 
Glace = Y, W= 
dy/dt = y (1 — 2) y =x, y(0)=1 
on the interval [0, 25]. Because we let y = x', notice 
that y(t) > 0 when x(t) is increasing and y(t) < 0 


when x(t) is decreasing. Note that these functions 
appear to become periodic as t increases. 


Graph the solution to the IVP w" + (w? —1) 
w +w = 0, w(0) = 1, w'(0) = 1 on the 
interval [0, 25]. 


The observation that these solutions become 
periodic is further confirmed by a graph of x(t) 
(the horizontal axis) versus y(t) (the vertical axis) 
shown in Figure 6.5(b), called the phase plane. We 
see that as t increases, the solution approaches a 
certain fixed path, called a limit cycle. We will find 
that many nonlinear equations are more easily 
studied when they are written as a system of first- 
order equations. 


D EXERCISES 6.1 


Solve each of the following uncoupled sys- 


tems of equations: 


1. x = 6, y' = cost 
2.x —x,y' =1. 
3. x = 0, y! = —2y 
4,Y=Y y =e 


Solve each of the following IVPs. 


EXERCISES 6.1 


5 x; = —3x1, x1 (0) = 

= 1x0) =1, 
6 xj = —x +1,x1(0) = 0, 
: xy = 2,420) = 1. 


Solve each system by solving the equivalent 
second-order vores 


In Exercises 13-18, write each equation as an 
equivalent system of first-order equations. 


13. x" — 3x' + 4x = 0. 

14. x" + 6x’ +9x = 0. 

15. x" + 16x = tsint. 

16. x" +x = é. 

17. y" +3y" + 6y' + 3y =t. 
18. y® +y” — 0. 

19. Rayleigh's equation is 


dx 1 /dx\? | dx 
ag 5 (F) ae 
where n is a constant. 
(a) Write Rayleigh's equation as a system. 
(b) Show that differentiating Rayleigh's 
equation and setting x' — z reduces 
Rayleigh's equation to the Van-der-Pol 
equation. 

20. (Operator Notation) Recall the differential 
operator D — d/dt, which was introduced 
in Exercises 4.2. Using this notation, we can 
write the system 


y" -2y — x +4x 
x +x+y" oy —2y Se 


x=0, 


cost 
t 


as 
(D? + 2D)y — (D — 4)x = cost 


(D? + 1)x + (D? - D - 2)y = ef. 
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Operator notation can be used to solve a system. 
For example, if we consider the system Dx — y, 
Dy = —x or Dx — y = 0, -Dx — D*y = 0, we 
can eliminate one of the variables by applying 
the operator —D to the second equation to obtain 
Dx — y = 0, -Dx — D*y = 0. When these two 
equations are added, we have the second-order 
ODE —D?y — y = 0 or D?y + y = 0. This equation 
has the characteristic equation 7? + 1 = 0, with 
roots 11 2 = +i. Therefore, y(t) = cy cos t-F c» sin t. 
At this point, we can repeat the elimination pro- 
cedure to solve for x, or we can use the equation 
Dy + x = 0 or x = —Dy to find x. Applying —D 
to y yields 
x(t) = —Dy(t) = —D(c¡ cost + c2 sin t) 
= & sint — c» cost. 


Therefore, a general solution of the system is 
x(t) = cı sin t — c» cost, y(t) = c1 cost + co sint. 

In Exercises 21-27, solve the system using the 
operator method. 


21. x! = —2x — 2y + 4, y = —5x + y. 

22. x' = x + 2y + cost, y' =x. 

23. x’ = —3x + 2y — &, y = —3y +1. 

24. x" = 2y — 5x, y" = 2x — 2y. 

25. x” +y” +x +y = 0, y" +2 —2x y — 0. 
26. x' = —3x + 2y + 2z, y! = —2x + 3y + 2z, 


z =x+y. 
27. x! = x + 2y — 2z + cost, y' = x — y + 2z, 
z = =x — y. 


In Exercises 28-30, solve the IVP. For each prob- 
lem, graph x(t), y(t), and the parametric equa- 
tions {x(t), y(t)). 


28.  —x -220,y/ — 2x — y = 0, x(0) = 0, 
y(0) =- 

29. x' - 3x + 2y =0, y — 2x + y = 10, x(0) = 0, 
y(0) — 0. 

30. x” = y — x, y" = y — x + sint, x(0) = 0, 
x (0) = 0, y0) = 0, y/(0) — 0. 

(Degenerate Systems) Suppose that the system of 


linear differential equations has the form Lx + 
Loy = fı (t), Lax - Lay = fo (t) where Ly, Lo, L3, and 
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L4 are linear differential operators. For example, 
in the system 


(D? + 2D)y — (D — Ax = cost, 


(D? +1)x+ (D? -D -2)y = e, 


Lı = -(D — 4), Lz = (D? + 2D), L5 = (D? +1), 
and L4 = (D? -D -2). If » F 
say the system is degenerate, which means that 
the system has infinitely many solutions or no 
Lı L2 fi@) L LAO _ 0 
L3 La fot) La} jlo fp] ^" 
then the system has infinitely many solutions. If 
at least one of the other two determinants is not 
zero, the system has no solutions. 

In Exercises 31 and 32, show that the system 
has no solution. 


= 0, we 


solutions. If 


81. x - x c y — el x! +x+y =2e!. 

32. x" + y = cost, 3x" + 3y' = sint. 

In Exercises 33 and 34, show that the system has 
infinitely many solutions. 


33. x" + y" = #7, 4x" Ay" = AP. 

84. x" — y" = e, 2x" — 2y" = 2el. 

In Exercises 35 and 36, determine the value of k 
so that the system has infinitely many solutions. 
35. x +x- y/ = —t, Ay' - 4x' - Ax = Kt. 

36. y” — kx = cost, 4y" + kx = 4cost. 

In Exercises 37 and 38, determine restrictions on 
c so that the system has no solutions. 


37. x c x' - cy =e 52x! — 8y + 2x = 2e™. 

38. x" + 4y' = cost, 2x" + 8y” = ccost. 

39. Suppose that we have a system of 
second-order equations of the form 


x" = Fi(t,x,y, x,y) and 
y” = F(t, x,y, x,y"). 


If we let xj = x, xo =x = x|, Y1 = y, and 
Y2 = y' = y}, then we can transform the 
original system to a system of first-order 
linear equations. For example, with these 
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substitutions, we transform the 
second-order linear system 


2 

a = —x-2y and 
2 

“4 = 3x—y+5sint 


into the equivalent first-order linear system 
x=% +241, Y= Yr 
Yo = 3x1 — y1 + 5sint. 


/ 
x1 = x2, 


Transform each of the following systems of 
second-order linear equations into a system 
of first-order linear equations: 
(a) d?x/d£? = —3x + y, d?y/d£?? = —x — 2y. 
(b) d?x/d?? = —x + 2y + cost, 
d?y/dt? = —2x + y. 
40. Consider the IVP 
dx/dt = —-2x—-y, x(0)=1, 
dy/dt = 5/Ax, y(0) =0. 
The solution obtained with one computer 
algebra system was 


ros (1-i) eta (Lei) cnm 


5 , 5 A 
p) = je CIDE A C 3H/2t 
and y(t) zie qe ; 
while that obtained with another was 
1 1 
x(t) =e? (cos (5) — 2sin (51) and 


d 4, f1 
y(t) « ze sin (5). 


Show that these solutions are equivalent. 


Often, we can use a computer algebra system to 
generate numerical solutions to a system of equa- 
tions, which is particularly useful if the system un- 
der consideration is nonlinear. (Numerical tech- 
niques for systems are discussed in more detail in 
Section 6.7.) 
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6.2 REVIEW OF MATRIX ALGEBRA 
AND CALCULUS 


BASIC OPERATIONS 
DETERMINANTS AND ÍNVERSES 
EIGENVALUES AND EIGENVECTORS 
MATRIX CALCULUS 


When we encounter a system of linear first- 
order differential equations such as 


dx/dt = —x + 2y, 
dy/dt = 4x — 3y, 


we will find that we often prefer to write the 
system in terms of matrices. Because of their im- 
portance in the study of systems of linear equa- 
tions, we now briefly review matrices and the 
basic operations associated with them. Detailed 
discussions of the definitions and properties dis- 
cussed here are found in introductory linear al- 
gebra texts. 


Basic Operations 


Definition 15 (n x m Matrix). An n x m matrix 
is an array of the form 


411 412 ... Alm 
491 422 ... Am 

AI Ll l1 a (6.4) 
Ani 4n2 ... Anm 


with n rows and m columns. This matrix can be 
denoted A = (aij). 
01 
02 
We generally call ann x 1 matrixv=| . a 


On 
column vector and a 1 xn matrix v = (vi Da *** Un) 
a row vector. 

Definition 16 (Transpose). The transpose of the 
n x m matrix (6.4) is the m x n matrix 
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411 421 *** ani 

" 412 022 ::* üg2 
A = . N (6.5) 

41m 42m *** Anm 


Hence, A! = (aji) 

Definition 17 (Scalar Multiplication, Matrix 
Addition). Let A = (aj) bean n x m matrix and 
c a scalar. The scalar multiple of A by c is then x m 
matrix given by cA = (caj). 

IfB = (bij) is also an n x m matrix, then the sum 
of matrices A and B is the n x m matrix A+B = 
(aij) + (bij) = (aij + bij. 

Hence, cA is the matrix obtained by multiply- 
ing each element of A by c; A + B is obtained by 
adding corresponding elements of the matrices 
A and B that have the same dimension. 


EXAMPLE 6.1 


Compute 3A — 9B if A — z à ea) and 
B= G » j What is A‘? 
Solution 

Because 3A = E a p and —9B 
= (ae ae E 3A — 9B = 3A + (-9B) 


-1 6 
«E Rer 
—2 —10 


Definition 18 (Matrix Multiplication). If A — 
(aij) is an n x k matrix and B — (bij) isankxm 
matrix, AB is the unique n x m matrix C — (ci) 
where 


k 
cy = anbu d anba 4 + abe = Yo abi, 
i=1 
k 
C12 = a11b12 + 3b22 +--+ + abia = abr, 
i=l 
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and 
k 
Cuv = Ay Diy + duaboo + +++ + Aukbko = > auibio- 
al 


In other words, the element cy; is obtained by mul- 
tiplying each member of the uth row of A by the 
corresponding entry in the vth column of B and 
adding the result. 


EXAMPLE 6.2.2 


=] =5 =5 41 
Compute AB and BAifA—|-3 5 3 -2 


—4 4 2 -3 
1 —2 
—4 3 
p= A 
and LOZA 
—5 —3 
Solution 


Because A is 3 x 4and B is 4 x 2, AB is the 3 x 2 


matrix 

| 
—3 x -2+5x3+3x -4+-2x -—3 
—4x -2+4x3+2x —4--—3 x —3 


19 19 
={-1 15]. 
9 2l 


Since the number of columns of B is not the 
same as the number of rows of A, BA is not 
defined. 


1x1+-5x-44+-5x4+4+-4x-5 
=3x1+5x-44+3x4+-2x-—5 
=Ax1+4x-44+2x4+-3x-5 


1 x —2 + —5 x 3+ —5 x —4 + —4 x | 


Definition 19 (Identity Matrix). The n x n 


100...0 
010...0 

matrix is called the n x n identity 
000...1 


matrix, denoted by I or In. 
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If Ais n x n (an x n matrix is called a square 
matrix), then IA = AI = A. 


Determinants and Inverses 


Definition 20 (Determinant). If A = (41), 
the determinant of A, denoted by det(A) or |A], is 


: 411 412 
det(A) = aq; if A = , then 
(A) = ay; if E S do 
ay a 
det(A) = |A| = ONE E 411022 — 412421. 
421 422 


More generally, if A = (aij) is an n x n matrix and 
Aj is the (n—1) x (n—1) matrix obtained by deleting 
the ith row and jth column from A, then 


n 
det(A) = |A| = Y (D'a; det(Aj) 
j=l 
n H H 
= Day Aj]. 
j=l 

The number (—1)'*/ det(Aj) = aco [Aj] 
is called the cofactor of aij. The cofactor matrix, AS, 


of A is the matrix obtained by replacing each element 
of A by its cofactor. Hence, 


Aul —-|Apl| ... ED lA; 
P — |Azil [A22] CD” [Az] 
(71 |A,4] CD” JAn] ... [Ann] 


EXAMPLE 6.2.3 


—4 —2 —1 
Calculate |A| and AS if A= | 5 —4 —3|. 
DENIM 


Solution 


We illustrate that the determinant can be found 
by expanding along any row or column as stated 
in the theorem by computing the determinant in 
two ways. First, we choose to calculate |A| by 
expanding along the first row: 
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= =3 


c cedes ue DY se = 

IA] = (=D? x —4 x 1 PET 1” x -—2 
5-3 4 5 —4 
TE x —1x |, i 


= —4(8 + 3) + 2(—10 + 15) — (5+ 20) = —59. 


On the other hand, when we choose to expand 
along the second column we have: 


Al = (C x -2x p e: n 
Ai : “m 
x 5 pte» x1x 5 A 


2(—10 + 15) — 4(8 + 5) — (12 + 6) = —59. 


The cofactor matrix is given by 


-4-8| |5-3| |5-4 
1-2 b- |5 1 
AS 419 
E = = = 
SF ST Sie al 
ZI EE 
-4-3| |5 -3| |5 -4 


iil =3 25 
—5 13 —6 |. 
2 7226 


Definition 21 (Adjoint and Inverse). B is the 
inverse of the n x n matrix A means that AB — 
BA = I. The adjoint, A", of the n x n matrix A 
is the transpose of the cofactor matrix: A^ = (AS), 

1 
If |A| 4 0and B = — A^, then AB = BA = I. 


|A| 
Therefore, if |A| 4 0, the inverse of A is given by 


p. 1 


= e (6.6) 


If |A| 4 0 so that A^! exists, as an alternative 
to using Equation (6.6) to find A1, consider 
using row operations to reduce the matrix (A|I) 
to the form (I|B). When done correctly, B = A 
(Why?) 
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For a matrix A, the elementary row operations are 


1. Multiply a row by a nonzero scalar. 
2. Interchange two rows. 
3. Add a scalar multiple of one row to another. 


EXAMPLE 6.2.4 


=2=1 1 
Find ATLlifA=| 2 1 0|]. 


9 d il 


Solution 

Using Equation (6.6), we begin by finding |A]. 
Expanding along the third column, the determi- 
nant of A, |A], is given by 


Zu 


Api d 


2 4 


EET 


—2 x 


(2—3) — (-24+ 2) =-1. 


We then calculate the cofactors 


A A ?| = evil E ña =2, 
Aul = TEE Al - - 7] EE 
A22| — E. El — —1, [A23] --[7 zi =-1, 
Az1l = P à =-1, |A»| E 1 =2, 
A33| = ss PES 


Then with Equation (6.6), we have 
—1 0 -1 1 0 il 
-1 1 a 1 
A vq 1 2-12 ]|2|-21-2|. 
Al ¿Nai =1 0 il i @ 


For convenience, we state the following theo- 
rem. The proof is left as an exercise. 
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Theorem 30 (Inverse of a 2 x 2 Matrix). Let 
A= E i) rA = ad — bc 4 0, Then 


1 d —b 
AT- 
ad — bc Es a ) 


EXAMPLE 6.2.5 
Find AT if A = G ah 


(6.7) 


2 3 


Solution 
Because |A] = 5 x 3 — 2 x —1 = 17, applying 


formula (6.7) gives us 


A E 
-iy E J z Rr 5/17) ` 


When performing row operations on matri- 
aR;+BR; 
ces, we will use the convention A l1 5 Bto 
indicate that matrix B is obtained by replacing 
row j of matrix A by the sum of o times row i 
and f times row j of matrix A. 


We almost always take advantage of a computer 
algebra system to perform operations on higher 
dimension matrices. In addition, if you have taken 
linear algebra and are familiar with other tech- 
niques, you can use techniques such as row reduc- 
tion to find the inverse of a matrix or solve a linear 
system of equations. 


EXAMPLE 6.2.6 


1 cost sint 
Y Find A7! if A = | 0 —sint cost |. 
0 —cost — sint 


Solution 


You should verify that |A] = 1 so A^! exists. 
Rather than using formula (6.6), we illustrate how 
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to find A71 by row reducing (A|D) to the form 
(1A?) to find the inverse. 


1 cost sint|100 
0 —sint cost | 010] ————— 
0 —cost —sint|0 0 1 
1 cost sint|1 0 0 
0 1 -—cotft| 0 —csct 0}. 


0 0 —csct| 0 —cott 1 


— csc tR» 
— cot tR» + R3 


Now multiply row three by —sint and reduce 
back up the rows: 


l — cot R3 + Ro 
1 cost sint|1 0 0 — sin tR3 + Ry 
0 1 —cotft| 0 —csct 0 p 
0 0 1 |0 cost —sint 


1 cost 0| 1 —costsint sin? 
0 1 010 -sint  —cost 
0 0 1/0 cost — sint 


Finally, multiply row two by — cost and add to 


row one results in 
1 0 cu O 1 
0 1 00 sint —cost]. 
0 0 1|0 cost —sint 


1 0 1 
Thus, A = | 0 —sint — cost |. 


0 cost —sint 


If A7! exists, it can be used to solve the lin- 
ear system of equations Ax — b. For example, 


to solve 5x — y = —34, 2x + 3y = 17, we 
rewrite the system in matrix form, Ax — b, 
" 5 —-1\/x\  (—34 scd ee 
S |» 3 y 17 | AS we saw previ 
Se 
A x b 

= 3/17 1/17 E 

T _ 1 — 
ously, A™ = a Lp sox = A` b = 


3/17 1/17\ (-34\ (—5 
Er 20) ( 17 ) B ( 9 i 

We will find several uses for the inverse in 
solving systems of differential equations as well. 
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Eigenvalues and Eigenvectors 


Definition 22 (Eigenvalues and Figenvec- 
tors) A nonzero vector v is an eigenvector of 
the square matrix A if there is a number i, called an 
eigenvalue of A, so that 


Av = Av. 


Note: By definition, an eigenvector of a matrix is 
never the zero vector. 


EXAMPLE 6.2.7 
Show that v = (3) and v? = () are 


4 —3 
Ay = —5 and A, = 1, respectively. 


eigenvectors of A = m : ) with eigenvalues 


Solution 


B = 
ecause ( 4 


AA 
mG JOC 


eigenvectors of A with corresponding eigenvalues 
Ay and 25, respectively. 


If v is an eigenvector of A with correspond- 
ing eigenvalue A, then Av = Av. Because 
this equation is equivalent to the equation 
(A — ADv = 0, v z 0, is an eigenvector if and 
only if det(A — AI) = 0. 


9o If det(A — AD) z 0, what is the solution of 


(A — ADv — 0? Can this solution vector be an 
eigenvector of A? 


Definition 23 (Characteristic Polynomial). If 
A isn xn, equation (—1)" det(A — AI) = 0 is called 
the characteristic equation of A; (C1)" det(A — AT) 
is called the characteristic polynomial of A. 

Notice that the roots of the characteristic poly- 
nomial of A are the eigenvalues of A. 
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EXAMPLE 6.2.8 


Calculate the eigenvalues and corresponding 


4 —6 
i fA- : 
eigenvectors o ( 3 z) 


Solution 


The characteristic polynomial of A is 


ES Es 232434 — 10 = (A +5)(1 — 2), 
so the eigenvalues are 4, = —5 and Az = 2. Let 
w= (3) denote the eigenvectors corresponding 
to Aq. e 


(A —A1Dv4 = 0, 


(62)- 969) @) = (). 
626) = (0) 


Note: We generally omit the column of zeros 
when forming the augmented matrix for a 
homogeneous linear system. 


Row reducing the augmented matrix for this 
system, 


3 
9 —6 s LES 
EC A * 
3p 0 0 


When finding an eigenvector v corresponding 
to the eigenvalue A, we see that there is ac- 
tually a collection (or family) of eigenvectors 
corresponding to A. In the study of differ- 
ential equations, we find that we only need 
to find linearly independent members of the 
collection of eigenvectors. Therefore, as we 
did in Example 6.2.8, we usually eliminate the 
arbitrary constants when we encounter them 
in eigenvectors by selecting particular values 
for the constants. 
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shows us that 3x1 — 2y1 — 0. That is for any 


Du : 
nonzero number t, vı = ( t is an eigenvector 


3 
corresponding to 11. Because all these vectors are 
linearly dependent, we can write any one of them 
as a linear combination of particular one. So, we 
al Similarly, let v2 = El denote 
3 y2 

the eigenvectors corresponding to 4». Row reduc- 
ing the augmented matrix for (A — A2I)v2 = 0 
gives us 


choose v4 = ( 


ZR -- R2 


neo al 
> 
3 —9 0 0 
so X? — 3y2 = 0. Choosing y» = 1 gives x? = 3 and 


=O 


EXAMPLE 6.2.9 


Find the eigenvalues and corresponding 


. -4 5 
eigenvectors of A — E ag 2 


Solution 

In this case, the characteristic polynomial is 
-4—A 5 

=i  =%=4 
A2 +61 + 13 = 0 gives us 412 = —3 + 2i. Let 


= 124614 + 13 and solving 


Va (E) denote the eigenvectors corresponding; 
1 
to Ay = —3 + 2i. Then, 
(A — X1Dvi 


~3420(54)) G) = 
(as a ; S x) e x n 


Row reducing the augmented matrix for this sys- 
tem gives us 


Il 
e 


| 
FIA 
Ss e 
LG 
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RRi 
ER 
A-A B Rie Ra 1 —1+2i 
—1 1-2i 0 0 


so x1 + (—1 + 2i)y1 = 0. Choosing yı = 1 gives us 


A 1-— 2i 1 —2A. 
& -1-2iadv = ( 1 ) = Oai 


Sn 


a b 
In the same manner, we find v2 = b) corre- 
2 
sponding to 42 = —3 — 2i by row reducing the 


augmented matrix for (A — A2I)v2 = 0. 


(—1 + 2i)Ro + R4 
—R» 


eap 5 R1 Ra 1 == 
eee aie : 
—] 142i 0 0 


This indicates that x? — (—1 — 2i)y» = 0. Choosing 


1 4 2i 
ya = 1 results in xy = 1 2i and v2 = ( EA IE 


Recall that the complex conjugate of the 
complex number z = «œ + fiisz = a — fi. 
Similarly, the complex conjugate of the vector 


o1 + Bri 01 Bi 
o + Boi 0 E 
v= . = + i = a + bi is 
On + Bni An Bn 
ii a 
a b 
ay — fii 0 P1 
- ag — Pal 02 B|. 
the vector v = : —|.l-^l. Ji= 
An — Bni An Bn 
a — bi. 


In Example 6.2.9, the eigenvectors corre- 
sponding to the complex conjugate eigenvalues 
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are complex conjugates. This is no coincidence. 
We can prove that the eigenvectors that correspond 
to complex eigenvalues are themselves complex 
conjugates. Moreover, if Àj? = a + fi, B 4 0, 
are complex conjugate eigenvalues of a matrix, 
our convention will be to call the eigenvector 
corresponding to A; = a + fi vı = a + bi and 
the eigenvector corresponding to 4? = o — Bi 
vV =a— þi. 


EXAMPLE 6.2.10 


Calculate the eigenvalues and corresponding 


=3 0 = 
eigenvectors of the matrix A = | -1 —1 —3]. 
i @ =3 
Solution 
The eigenvalues are found by solving 
=3=4 0 =i 


1 4 3 
1 0 — —9— 


=—(A +12 + 64410) 20 


= -10— 16a — 732 — 33 


resulting in Ay = —1 and 423 = —3 +i. 
Xi 
Let vj = yi | denote an eigenvector 


Zi 
corresponding to A;. For 41 = —1, (A — A41Dv1 = 0 


—2 0 —1 
has augmented matrix E 0 3) which 
10-2 


100 
reduces to [00 1] sox; = yı = 0 and z is 


000 
0 
(>) For 
1 


ho = —3 +i, (A — A2Dv2 = 0 has augmented 


—2— 3i 0 —1 
matrix -] -3i -3 


1 0 =2= 31 


free. Choosing zı = 1 gives us v; = 


| , Which reduces to 
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10 -i 
0 1 —1 — i | so x2 = izz, y = (1 + z», and z2 
00 0 


rof: 
is free. Choosing z2 = 1 gives us v? = ( + ) = 
1 


0 > 
( Es | 1 ) i. Since eigenvectors of complex con- 


1 0 
jugate eigenvalues are also complex conjugates, 


E 


Definition 24 (Eigenvalue of Multiplicity m). 
Suppose that (A— A4)" where m is a positive integer 
is a factor of the characteristic polynomial of the n x 
n matrix A, while (à — 41) *1 is not a factor of 
this polynomial. Then à = A4 is an eigenvalue of 
multiplicity m. 

We often say that the eigenvalue of an n x n 
matrix A is repeated if it is of multiplicity m 
where m > 2 and m < n. When trying to find the 
eigenvector(s) corresponding to an eigenvalue of 
multiplicity m, two situations may be encoun- 
tered: either m or fewer than m linearly indepen- 
dent eigenvectors can be found that correspond 
to the eigenvalue. 


EXAMPLE 6.2.11 


Find the eigenvalues and corresponding eigen- 


jb ed 01 

3 -2-1 5 
vectors of A — CONT ge eal 

0 @ @ 1 


Solution 


The eigenvalues are the roots of the character- 
istic polynomial 
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1-A -1 0 1 


Dux du. 245—213 4:322 12 —1)2 


—3 1 2-1 -3 
0 0 0 1-A 
For this matrix, the eigenvalues 112 = 0 and 
Xi 
A34 = 1 each have multiplicity 2. Let v; = de 
1 
Wj 


denote the eigenvectors corresponding to A;. For 
À1, the augmented matrix of (A — AiDvi = 0, 


1-10 1 10-10 
SU ean S row reduces to D ED 
=3 i 2 ml 000 1 
0 ( ( i 00 0 0 


This indicates that w; = 0 and z4 is free: there 
is only one linearly independent eigenvector 
corresponding to 11 2 = 0. Choosing z; = 1 yields 


1 
xı = 41 = 1 and vı = ; . For A5, the augmented 
0 
0-10 1 
à 3-3-1 5 
matrix of (A — A3I)v; = 0, rai i-ak row 
00 0 0 
1 0 -1/3 2/3 
reduces to ; a ; " . This indicates that 
00 0 0 


Z3 and w3 are free so we will be able to find two 
linearly independent eigenvectors corresponding 


to A434 = 1. Setting z3 = s and w3 = t, we 
find that x3 = i(s — 2t) and y3 = t. Then, 
1 1 2 
qu 3 = 
t 0 1 4 
v= e A s+ 0 t. Choosing 
t 0 1 
1 
: 0 : : 
s = 3andt = 0 gives us v3 = 3 while choosing 
0 


—2 


s = 0and t = 3 gives us v4 = . Observe that 


3 
0 
3 
v3 and v4 are linearly independent eigenvectors 
corresponding to the eigenvalue 234 = 1. 
Moreover, every eigenvector corresponding to 
this repeated eigenvalue can be expressed as a 
linear combination of these two vectors. 


Matrix Calculus 


Definition 25 (Derivative and Integral of a 
Matrix). The derivative of the n x m matrix A(t) — 
ayi(t) ayo(t) ... Aimlt) 


a211t) a22(D) ... A2mít) a 
; E ; , where aj (t) is differen- 


agi (E) Ay2(t) ... Anmít) 
tiable for all values of i and j, is 


O AO il 
dr ap? ora qm 
d d d 
d Ua Lx — 
qa) = qa) qi bas emi) 


d d d 
ET (t) q720 ee gm O 


The integral of A(t), where ajj(t) is integrable for all 
values of i and j, is 


fan@® dt f ao dt... fano dt 
fan (t) dt fate dt ... fam dt 
fa dt= E : s ; 


fan (tdt fay dt... fanmít) dt 


EXAMPLE 6.2.12 
Find (d/d)A(t and fA(Ddt if A(D- 
cos3t sin3t e^ 
t  tsin£? sect 
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Solution 
We find (d/dt)A(t) by differentiating each ele- 
ment of A(t). This yields 


d (^ sin 3t 


3cos3t cm 
AO) = ) 


1 sin? + 2t? cost? secttant) ` 


Similarly, we find f A(t) dt by integrating each 
element of A(t). 


[a dt 


up 1 = 
3 Sin3t + c11 —3 cos3t + c12 =e Eg 
12 c —5 cos! +p In|sect+ tan f| + c23 í 


where each cj; represents an arbitrary constant. 


D EXERCISES 6.2 


In Exercises 1-4, perform the indicated calcu- 
lation if A = ( 2 B= E a and C = 


0 4 
4 1 
27) 


3. (B + C) - AA, 
4. (A —3C) + (C —5B). 


In Exercises 5-8, compute AB and BA, when 
defined, using the given matrices. 


12 1 -—1 
5. A= (; 3 and B = s ED 


0 -22 

—2 43 3 2-41 

6 a= (7334) md B= 30.4 

—1 —45 

1 -3-4 3 "de 

7. A = | —5 —1 —2 —2 landB= 045 
4 —1 0 -4 


1f cost sint 
01 —sint cost 
m 0 0 —cost —sint and 
00 sint —cost 
1-t 1 —t 
B- 0 1 0 1 


0 0 —cost sint 
0 0 —sint —cost 


In Exercises 9-13, find the determinant of the 
square matrix. 


033 
10. A=| 1 1-2]. 
—3 2-3 
-1200 
—1 —1 0 —1 
11. A = 0001 
0 11 1 
22 1 20 
12 -1-10 
12. A = | 0 —1 —1 0 2 
1 2 -1-10 
21 0 10 
1t cost sint 
13. A— 01 —sint cost 


0 0 —cost —sint 
00 sint —cost 


In Exercises 14-18, find the inverse of each 
matrix. 


-1 41 -2 
1A-|3 2 2 
0 0-2 
022-4 
-11 0 -1 
ia E 0 
10-12 
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1e et 
18. A = | 0 el —e*t |. 
Oe et 


In Exercises 19-28, find the eigenvalues and cor- 
responding eigenvectors of the matrix. 


22. A= 


23. A= 


24. A= 


25. A= 


26. A= 


27. A= 


28. A = 


In Exercises 29-34, find (d/dt)A(t) and f A(t) dt. 


2t 
e 

29. A= : 

o. a= (I) 


6. SYSTEMS OF DIFFERENTIAL EQUATIONS 


sin 3t 
BINA I J 


ar Gon bd 
sint tsint 
—t pot 
e te 

32. A= ( pp ) 


tlint 
34. A= tint |. 
Int 


35. If A = E i) and |A| = ad — bc 4 0, then 


1 = 
show that A71 = a =b . 
ad —bc \—c a 


Many computer software packages and calcula- 
tors contain built-in functions for working with 
matrices. Use a computer or calculator to per- 
form the following calculations to become famil- 
iar with these functions: 


0 0 -2 1 
3 -1 7 2 
36. If A = 60 51 and 
—6 0 1 -2 
-7 —6 —3 -7 
B = : A s , compute (a) 
D> 636 
3A — 2B; (b) B‘; (c) AB; (d) |A], |B|, and 
|AB|; and (e) A-!. 
37. Find the eigenvalues and corresponding 
eigenvectors (numerically) of the matrices 


—4 4 —4 1 3 —5 
A=| 2 3 -4ladB=|5 5 0 
5 0-1 —5-2 3 


38. Find (d/dt)A(t) and f A(t) dt if A(t) = 
tet Psin2t (94-42) 
cos t sec?2t t l(r— 1) . 
4( 


1-2) 12 sinidtcost Psin?t 


6.3 AN INTRODUCTION TO LINEAR SYSTEMS 


: 0 -1 -kK 
39. Calculate the eigenvalues of 


1 2 
and fi 7 


change for —oo < k < 00? 

40. Nearly every computer algebra system can 
compute exact values of the eigenvalues 
and corresponding eigenvectors of ann x n 
matrix for n = 2,3, and 4. (a) Use a 
computer algebra system to compute the 
exact values of the eigenvalues and 
corresponding eigenvectors of 


1-g : 
o) How do the eigenvalues 


3 1 1 1 
—2 —3 2 -3 . 

A= 33-211 Write down a 
0 1 2 0 


portion of the result (or print it and staple it 
to your homework). (b) Compute 
approximations of the eigenvalues and 
corresponding eigenvectors of A. (c) Ina 
sentence, explain which results are more 
meaningful to you. 


6.3 AN INTRODUCTION 
TO LINEAR SYSTEMS 


We first encounter systems of linear equations 
in elementary algebra courses. For example, 
3x — 5y = —13 
—3x + 6y = 15 
written in matrix form as 
(56) = Gs) 
3 6) W 15 


is a system of two linear equations in two vari- 
ables with solution (x,y) = (—1,2), which is 
written in matrix or vector notations using our 


onas (y) - (7) 
convention as = 
y 2 


we can consider a system of linear differential 
equations. 


. Inthe same manner, 
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We begin our study of systems of linear ODEs 
by introducing several definitions along with 
some convenient notation. Let 


xı (t) 
x2 (t) 
x® =|. 


, 


xn(t) 


ay (t) ar2(t) ... ain) 


azı (t) a22 (t) ... aan (t) 


A(t) = , and 


ani (t) an2 (t) ... ann) 

fit) 

t 

ie " ) 
(0 


Then, the homogeneous system of first-order 
linear differential equations 


x, = an (oxi + ay (t)xo + +++ + ainxn(t), 
PA = 491(t)x1 + a22 ()x2 + +++ + Aon Xn(t), 
(6.8) 
v. = an (0x1 + ago (t)X2 +++ + AnnXn(b) 
is equivalent to 
X) = A(DX(D (6.9) 


and the nonhomogeneous system 

xi = antx + ai (Dx) +--+ + ann +f, 

X» = ax (E)xX1 + agg (t)x2 + +++ + a2nXn (t) + fx (t), 
(6.10) 

= dy (t)x1 + an2 (t)X2 + +++ + AnnXn(t) t fn (t) 


is equivalent to 
X' (t) = AXA) + F(t). (6.11) 


For the nonhomogeneous system (6.11), the cor- 
responding homogeneous system is system (6.9). 


296 6. SYSTEMS OF DIFFERENTIAL EQUATIONS 


Xy =X, 
EXAMPLE 6.3.1 : z 
X» = X3, 
(a) Write the homogeneous system 2 ? 
"= —5x+5 : 
Y he in matrix form. (b) Write the " (6.13) 
y =-—5x+y AL s = Xn, 
x =x+2y —sint = An—1Xp — +++ — ü0X3—41X2 — 19x31 +f (D, 


nonhomogeneous system 
y = 4x — 3y + pg ; i ; : 
which can be written in matrix form as 


in matrix form. ; 


xi 0 1 0... 0 Xi 
Solution X2 0 0 1... 0 X2 
== = : : : : : 
(a) The homogeneous system TE : E "M : 
y = —5x +y Xn—1 0 0 0... 1 Xn-1 
i x fg —a, —42 ... —a x 
is equivalent to the system C) = ( 3 i) e " at ý i 
y. =5 1/ W 0 
0 
if / . 
With our notation, C) = (7) + : f (6.14) 
Y Y 0 
(£) 
(b) The nonhomogeneous system f 


i 


pene 


a is equivalent to (5) 
y =4x—3y+t y 


il 23 — im EXAMPLE 6.3.2 
G E () ( e ) Write the equation y” + 5y' + 6y = cost as a 
system of first-order differential equations. 
The nth-order linear equation detan 
y? (£) + ay (Dy? +--+ asy" We let x; = y and x? = x, = y'. Then, 
+ aby + ag(y = f(b, (6.12) x, = y" = cost — 6y — 5y' = cost — 6x1 — 5x2 
so the second-order equation y” + 5y' + 6y = cost 
The nth-order linear equation is discussed in is equivalent to the system 
Chapter 4. x, =x, 


. . . . X) = cost — 6x1 — 5x2, 
discussed in previous chapters, can be written 


as a system of first-order equations as well. Let Which can be written in matrix form as 

xj = y, x? = dxj/dt = y, x3 = dx>/dt = y”, ; 

-<-s Xp-1 = dxy 5/dt = yr), Xn = dx, 41/dt = (2) = ( P ) (3) E ( 0 ) : 
y-), Then, Equation (6.12) is equivalent to the ra su ae cost 


system 
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6.3 AN INTRODUCTION TO LINEAR SYSTEMS 


At this point, given a system of ODEs, our 
goal is to construct either an explicit, numerical, 
or graphical solution of the system of equations. 

We now state the theorems and terminology 
used in establishing the fundamentals of solving 
systems of differential equations. All proofs are 
omitted but can be found in advanced differen- 
tial equations textbooks. In each case, we assume 
that the matrix A = A(t) in the systems 
X' (t) = A(0X(t) (Equation 6.9) and X'(t) = 
A(0X(t) + F(t) (Equation 6.11) is an n x n 
matrix. Definition 26 (Solution Vector). 
A solution vector (or solution) of the system 
X' (t) = AHX + F(t) (Equation 6.11) on the 
interval I is an n x 1 matrix (or vector) of the form 


$(t) 


$»(t) 
$()-]| . 


, 


$n (t) 
where the Q;(t) are differentiable functions, that 
satisfies X' (t) = A(t)X(t) + F(t) on I. 


EXAMPLE 6.3.3 
2t 
Show that Dd (ft) = Ge ) is a solution of 


1-2 
Pf = 
xx 


Solution 


; —4e?! i2 
Notice that ©; (f) = ( m ) ana D 6 ) Dd] = 


1 —2\ [(-2e%Y  (—2e!—2e^  (—4eg | 
2 6 e! Jj VX-4e r6)] MX 2e] 


1-2 
®;. Then, because 6, = E 6 ) pı, ğı isa 


solution of the system. 


Theorem 31 (Principle of Superposition). 
Suppose that dy (t), »(t), ..., m(t) are m solutions 
of the linear homogeneous system X'(t) = A(t)X(t) 
(Equation 6.9) on the open interval I. Then, the linear 
combination 


P(E) = c191(f) + coo (f) +++: +CmPmtt), 


where c1, C2, . . ., Cm are arbitrary constants, is also a 
solution of X (t) = AHX). 


EXAMPLE 6.3.4 
Show that ®9(f) = (25) and ®(f) = 
—2e2t —e9t —2e?! —et Cy 
TER 


1 —2 
luti fo e X. 
are solutions o ( 25 ) 


—e9t 


Solution 


We let the reader follow the procedure used 
in Example 6.3.3 to show that c» satisfies X’ = 
E i) X. By the Principle of Superposition, 
the linear combination of the two solutions 
®, (from Example 6.3.3) and 2 is also a 
solution. We verify this now by first writing 

—2c4 e? — cet 
AOS ( cie?! + 2c7e% 


—4Ac e?! — 5070 au 
2c4 e?! + 10c7e% 
1 —2\ f —4c1e?! — 5e, et 
2 6 J 1 2c¡e% + 1066 
s ( (2201 et ax c?e!) "D 2(c1 e?! m 2c5 e?!) ) 


2(—2c, e? — coe!) + 6(c1e% + 2c5 ef) 


_ (Acie?! — 5070 
~ V2c4 € + 10056 ) ` 


) Then, $'(t) = 


Therefore, the linear combination of the solutions 
is also a solution. 


We define linear dependence and indepen- 
dence of a set of vector-valued functions 5 — 
{®1(t), $5(D,..., Py (t)) in a manner similar as 
to how we defined linear dependence and inde- 
pendence of sets of real-valued functions. The set 
S = {®1(f), $5(D,..., Pn(t)) is linearly dependent 
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on an interval I if there is a set of constants cy, C2, 
..., Cm not all zero such that 


C1D1(t) + c2D2(t) + --- + CmPm(t) = 0; 


otherwise, the set is linearly independent. (Note 
that 0 is the zero vector with the same dimen- 
sions as each of the 9,(t), i = 1, 2, ..., m.) 
As with two real-valued functions, two vector- 
valued functions are linearly dependent if they 
are scalar multiples of each other. Otherwise, 
the functions are linearly independent. For more 
than two vector-valued functions, we often use 
the Wronskian to determine if the functions are 
linearly independent or dependent. 

Definition 27 (Wronskian of a Set of Vector- 
Valued Functions). The Wronskian of S = 


{D1 (6), Bo(f),..., Pn (H} is the determinant of the 
put) 
m zn (t) 
matrix with columns ®ı(t) = , $»(t) = 
oni (t) 
$12(f) Pint) 
$22 (t) p= Qon (t) 
dna (t) NO 
W(S) = W A16), 62(0,..., Pn} 
gut) $120) ... Pint) 
Pal) d22(0) ... PnC) 
=| "MN . [e 46.15) 


Put (t) bn2 (t) tee Pun (t) 


Theorem 32 (Wronskian of Solutions). Suppose 
that 


S = {% (6), D2(t), ..., Pnlt)) 


is a set of n solutions of the linear homogeneous 
system X'(t) = A(t)X(t) (Equation 6.9) on the open 
interval I, where each component of A(t) is continu- 
ous on I. If S is linearly dependent, then W(S) — 0 
on I. If S is linearly independent, then W(S) ¥ 0 for 
all values on I. 


6. SYSTEMS OF DIFFERENTIAL EQUATIONS 


EXAMPLE 6.3.5 
2t 
Verify that (f) = C ) and (t) = 


ait 
( : ) are linearly independent solutions of 


1-2 
E 
v=()2)x 


Solution 


In Examples 6.3.3and 6.3.4, we showed 
that ®;(f) and ®2(t) are solutions of the sys- 


tem X = E ) X. Therefore, we calculate 
—2e?! —e9t z 
W(($1,05) = EM M —3e”*. The 


vector-valued functions are linearly independent 
because W({®1,®}) = —3e"! 4 0 for all values 
of t. 


Definition 28 (Fundamental Set of Solutions). 
Any set 
S = (210, P(t), E $ Dn(t)) 


of n linearly independent solutions of the linear ho- 
mogeneous system X'(t) = A(t)X(t) (Equation 6.9) 
on an open interval I is called a fundamental set of 
solutions on I. 


EXAMPLE 6.3.6 


Which of the following is a fundamental set of 


solutions for 
y 
x\ —2 —8\ /x > 
y 1 2) 
cos 2f sin 2t 
EUM (¡SSA! de 


—2 sin 2t + 2cos 2t 4cos 2t 
sin 2t ' Nsin2t — cos 2t 


6.3 AN INTRODUCTION TO LINEAR SYSTEMS 


Solution 


/ 
We first remark that the equation C) = 


=A AN a à 
E 2 ) C) is equivalent to the system 


nj Eg 
E DRM (a) Differentiating we see that 
y =x+2y 

cos2!V  (—2sin2f y (—20082t — 8sin2t 
sin2t) — \ 2cos2t cos2t--2sin2t jJ’ 


cos 2t 
sin 2t 
of the system. Therefore, S4 is not a fundamental 
set of solutions. (b) You should verify that both 
(^ sin 2f -- 2cos S ( 4cos 2t ) 

E and| . are so- 

sin 2t sin 2t — cos 2t 

lutions of the system. Computing the Wronskian 
we have 


which shows us that ( ) is not a solution 


4cos 2t 
sin 2t — cos 2t 


—2 sin 2t + 2cos 2t 
sin 2t 
= (—2sin 2t + 2cos 2t)(sin 2t — cos 2f) 
— (4 cos 2t) (sin 2£) 
= —2cos* 2t — 2sin? 2t = —2. 


Thus, the set S2 is a set of two linearly indepen- 
dent solutions of the system and, consequently, a 
fundamental set of solutions. 


Show that any linear combination of 
—2 sin 2t + 2 cos 2t 4cos2t 
: and| . 
sin 2t sin2t — cos2t 
is also a solution of the system. 


The following theorem implies that a funda- 
mental set of solutions cannot contain more than 
n vectors, because the solutions would not be 
linearly independent. 

Theorem 33. Any n 4- 1 nontrivial solutions of 
X'(t) = A()X(t) are linearly dependent. 

Finally, we state the following theorems, 
which state that a fundamental set of solutions 


299 


of X' (t) = A(t)X(t) exists and a general solution 
can (theoretically) be constructed. 

Theorem 34. There is a set ofn nontrivial linearly 
independent solutions of X' (t)-A (t)X(t). 


Theorem 35 (General Solution). Let S — 
ou)" 
Da 
(81), P2(f),...,Pn()} = be a 
jj 


fundamental set of solutions of X'(t) = AX 
on the open interval 1, where each component of A(t) 
is continuous on I. Then every solution of X'(t) = 
AHX) is a linear combination of these solutions. 
Therefore, a general solution of X (t) = A(t)X(t) is 
X(t) = C101(t) + co P(t) +--+ + cnt). 


Thus, Examples 6.3.3, 6.3.4, and 6.3.5 im- 
5t 
—e 
+ (2 (25) 
—2c4e — ce — (—2e*# —e* aY is 
cie?! + 2090 J — e% 2e% C2 
A ¡A 


® “Fundamental Matrix” C 


a general solution of X' = E J X. 


ply that X(t) = 


2 6 


EXAMPLE 6.3.7 
=il 
Given that ®;(t) = m ) and 


D1(t) = ( 


1 : 

2) are solutions of 

om (t b py (B s it 
TX Po Eo 

general solution of this equation. 


)x find a 


Solution 


To verify linear independence of these two 
solutions, we compute the Wronskian: 


ži 
| A —-r?-tzQ0. 


gogo 
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Hence, we have two linearly independent solu- 
tions of the equation, so a general solution is given 


l (^) 


X(f) 


Il 
[s] 
Ex 
ES 
=> 
us 
ee 
+ 
[s] 
N 


t 


Il 
ES 

+ 
> | 

mà 
— 
la 
a 
AAA 


9 “Fundamental Matrix” C 


Definition 29 (Fundamental Matrix). Suppose 
1;\ )" 
Da; 


that S =(01(0), ®o(t),..., On(t)) = 


Pqi s 
is a fundamental set of solutions of X'(t) = A(X) 
on the open interval I, where each component of A(t) 
is continuous on I. The matrix 
DA) = (DHA DH... PaA) 
is called a fundamental matrix of the system X' (t) = 
A(t)X(t) on I. 
If P(t) is a fundamental matrix of the system 

X'(t) = A(0X(t), a general solution can be writ- 

Cy 

C2 
ten as X(t) = D(t)C, where C = 


Cn 


The theorems and definitions introduced in this 
section indicate that when solving an n x n ho- 
mogeneous system of linear first-order equations, 
X'(t) = A(t)X(t), we find n linearly independent 
solutions. After finding these solutions, we form 
a fundamental matrix that can be used to form a 
general solution or solve an IVP. 

e72! —8e?t 


Thus, ®(f) = (x i 


) is a fundamental 


matrix for the system X = (Es i) 


because each column vector of ® is a solution of 


the system: 
-15e* 
5e?! 


—2e-?t 
vo = (uera 
(4 -3Vf( et —3e" 
T \-2 -1) Qe? e" 
and because these two vectors are linearly inde- 
pendent 


e-?t — e*t 


3 
2e e | = 7e" #0. 


EXAMPLE 6.3.8 


Oe! i 
Y Showthatd=|+ 1 0]|,t>0, 


is 
is a fundamental matrix for the system X' — 
-(17! -EHD (£10 17 
(o +D (t5 ) Use 
(4-23 -rtitDn3 (40 
this matrix to find a general solution of X = 


-+D -E+N (10-171 
(se CHOT C~ ) 

cn "at en 
Solution 

Because 


t+) E DN CE a DS 


=D =D een 
[en -ti(t-17 (+17! | 
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p —p32 
0 0 
—E? (t 1)! t1 4 1) ) 


=p 
= EX (-07 (+ 
sm — fa MAL e mA 


pl 
O) 
0 
1 
t 
hi pm m pe al ] 


Kei! Gi! (t+ 1)7} 
id LEDO eri: 


all three columns of Y are solutions of the system. 
The solutions are linearly independent because 


the Wronskian of these three solutions is 
0 £11 
t 10 
10 t 


eelfs0 dese). 


A general solution of the system is given by 


0 t1 C1 
aec ( l ) (:) 
4 Qs C3 
0 (~ 1 
= ej (>) E | + c3 (o) 
1 0 t 
ay" PER 
cyt + C2 | 
G ar E 
EXAMPLE 6.3.9 
PE+DX = —Éx-—y-4 tz 
(t+ Dy =-ix+y+z 


t(t- Dz =tx—y+tz 
24) =0,00) = 1,40) m 2, 


X(t) 


Solve 


Solution 


In matrix form, the system is equivalent to 
that in Example 6.3.8 so a general solution is 
x = of 1403, yY = at + c, and z = c + ost. 
Application of the initial conditions results in 
X(l) = c2+c¢c3 = 0,y(1 = a +e = 1, and 
Z=¢1+c3 = 280€, = 3/2, c2 = —1/2 and c3 = 1/2 
and the solution to the IVP is x = —3f1 + 4, 

= 3-4, andz=3 + Ht. 


D EXERCISES 6.3 


In Exercises 1-8, write the system of first-order 
equations in matrix form. (Throughout, ' denotes 
d/dt.) 


x = x + 4y 
y =2x—y 


xX =2x+y 

y =x=5y 

x -x-e 

y =x+y 

x—y=0 

y +x=2sint 

E? — 10x =x-—ty 

tÆ —D)y = 22x + (P + Dy 


re — 2sin? tx + 2sinty 


6. +2t sin 2t — 4t 
(sin 2t — 2)y’ = —2 cos tx + 2 cos? ty 
x =x+y+z+cost 

7. y 22x oz 
z = —2y -z + sint 
Q? —t—1»x =2tx-y-z2 

s. QP-t-1y = —x + 2ty -z 


422 —t-1 
QP? —t—1)z' =—-x-yt+2tz 
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In Exercises 9-14, use the Wronskian to deter- 
mine if the given set of vectors is linearly inde- 
pendent or dependent. 


ef 3e7t 
(2) 
10. 9 (2) 
cos 2t sin 2t 
—2 sin2f )' V —2cos2t J` 


12. cos 2t 1—2sin?t 
a 2t —Asintcost)’ 


M 
m 


—t 


e e 
13. ,{—e |, | e™ 
3et eft 
e e72 ett 
14. | 6e* |, 2 , | 2e* 
3e^! Le ea 


In Exercises 15-22, verify that the given matrix 
is a fundamental matrix for the system. Use the 
fundamental matrix to obtain a general solution 
to the system of first-order homogeneous equa- 
tions X' 2 AX. 


8t t 
15. on - ( po j Ard 


e 
E C 10 
x-(? Xx 
5sint 5 cost 
16. D(t) = (- cost + 2sint 2cost+ Eu) and 
LE: 2 -5 
eE G >) 2 
et 2te^t 
17. (y) and 
ieee —3 -2 
x= )x. 
fo» A 
18. c(t) = ( i e) and x’ = 


(DE ups ee y 
2(P —1) P 1-1 
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2 e 0 
19. 6((02| 2 e e™ | and 
—] =e et 
—3 2 -2 
x=|-2 1 -2|X 
4 —3 2 
20. (f) = 
0 —2cos2t + sin2t cos 2t + 2 sin 2f 
e! 3cos2t+sin2t  cos2t — 3sin2t | and 
O0 3cos2t+sin2t cos2t — 3sin2t 
202 
x2[-41-3]|X. 
—4 0 —2 
Cae] 
21. P(t) =] ¢t 1 0] and 
10 ft 
HOP ata To -2P apa 1 
X= -2 -—t-1)! Bor Sf! 
SOP ogq em. s.p 
BOE 
asp copy darse 
OI = fy 
1 e et 0 
2 -e el -2 
22. (t) = me ME and 
1 =e et 0 
2 1 2-2 
, [112-1 
Mur —-2-1-2 2 à: 
11 2-1 


In Exercises 23-29, use the given fundamental 
matrix to obtain a general solution to the system 
of first-order homogeneous equations X' = AX. 
Find the solution that satisfies the given initial 
condition. Graph the components individually as 
functions of t as well as parametrically (x vs. y as 
functions of t or x vs. y vs. z as functions of t). 


23. 


24. 


25. 


26. 


27. 


28. 


EXERCISES 6.3 


2eM et 12 
P= " le Pe E 37 
x =x+2y 


y = 3x + 2y 
x(0) = 3,y(0) = 2 


3e% act —43 
Pl ra n) = E a 


x = —4x + 3y 
y =-2x+y 
x(0) =1,y(0) = 0 


sint cost 
Pe Mi sint — cos t — - 
x=x+y 
y =-2x-y 
x(0) =0,y(0) = 1 


D(t) = 
e^! (8 cos 3t + sin 3t) 5e—! cos 3t 
2e— sin 3t e! (cos 3t + 3 sin 3f) J' 
/ 
=—5 
ges 
A= 2-2) 11 = 2x — 2y 


ree ( == 1) 9e =) 
T cy ee ae ce ee 
E- DPX = -Px + y 
(t — Dy = —2tx + 2y 
x(2) = 1,yQ) =0 


eg 0 1 24 -2 
$(0-| e? ef 1],A=[1-1 0 |, 
2e7% 2e7% 1 2-2 0 


x! = 2x + 4y — 2z 

y =x-y 

z’ = 2x — 2y 

x(0) = —1,y(0) = 0,z(0) = 1 


29. 


30. 


31. 


32. 
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t 1 1 
(t) = | cos3t —sin3t sin3t |, 
sin3t cos3t —cos3t 


0 cos 3t sin 3t 
0 0 =3 |, 
0 3 0 


x’ = ycos 3t + zsin3t 
y = —3z 


A= 


z = 3y 

x(0) = 0, y(0) = 1,z(0) = —1 
(Modeling the Motion of Spiked Volleyball)! 
Under certain assumptions, the position of a 
spiked volleyball can be modeled by the 
system of two second-order nonlinear 
equations 


xX" = s (Cuero + prn s 
1 M rcgem 
-5CpeAX V Ot? + a) 
1 - 
Ms -g — s (euer toc + ayy 1/2 


1 7 7 7 
+5CpPAY'y (X 2 + (¥ »). 


Write this system of two second-order 
nonlinear equations as a system of four 
first-order equations. 

(Principle of Superposition) (a) Show that any 
linear combination of solutions of the 
homogeneous system X'(f) = A(t)X(t) is 
also a solution of the homogeneous system. 
(b) Is the Principle of Superposition ever 
valid for nonhomogeneous systems of 
equations? Explain. 

Find two linearly independent solutions of 
X = (o 2) X of the form ve^! and 
vze??!. Use the two solutions to find a 


15.5. Kao, R.W. Sellens, J.M. Stevenson, A mathematical model for the trajectory of a spiked volleyball and its coaching 


applications, Journal of Applied Biomechanics, 1994, 95-109. 
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fundamental matrix for the system and a 
general solution of the system. 

33. Find two linearly independent solutions of 

j -3 2 

im E 
Use the two solutions to find a fundamental 
matrix for the system and a general solution 
of the system. 

34. Consider the second-order linear 
homogeneous equations with constant 


X of the form v4e^!! and v2e*2!. 


coefficients, dx + bI + cx = 0, where b and 
c are constants. Let dx/dt = x' = y so that 
d?x/dy? = x" = y. Show that y' = —cx — by 
and that the second-order equation 
(d2x/dt?) + b(dx/dt) + cx = 0 can be written 


as the first-order system 


BV nO 1 x 

y)  X=c-b)Xy) 
(a) What is the characteristic equation for 
dx 
dt 
(b) What is the characteristic equation for 


QNEM T BE NN > 
y)  X=c=b)Xy) 
(c) Solve (a) and (b) for A (or r). How do the 
characteristic equations for (a) and (b) 
differ? 


(d) Generalize what you learned in (a)-(c) 
for higher order equations. 


dx — n? 
qe +5 + cx = 0? 


6.4 FIRST-ORDER LINEAR 
HOMOGENEOUS SYSTEMS WITH 
CONSTANT COEFFICIENTS 


e DISTINCT REAL EIGENVALUES 

* COMPLEX CONJUGATE EIGENVALUES 

+ ALTERNATE METHOD FOR SOLVING IVPs 

* REPEATED EIGENVALUES 

Now that we have covered the necessary 
terminology, we turn our attention to solving 
linear systems with constant coefficients. Let 
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411 412 ... Ain 
A21 22 ... An 


beann x n matrix with 


ant 4n2 ... Ann 

real components. In this section, we will see that 
a general solution to the homogeneous system 
X' = AX is determined by the eigenvalues and 
corresponding eigenvectors of A. We begin by 
considering the cases when the eigenvalues of A 
are distinct and real or the eigenvalues of A are 
distinct and complex, and then consider the case 
when A has repeated eigenvalues (eigenvalues 
of multiplicity greater than one). 


Distinct Real Eigenvalues 
In Section 6.3, we verified that a general so- 


lution of the 2 x 2 system, X' = e 2) X, 


—3 
2 1) are y= —2 
and 42 = 5 and corresponding eigenvectors are 


v= (3) and v; = a) respectively, is 
—2t m 5t 
voc =a (ga) re ) 


1 E = 
C1 (3) e 2t +C2 ( i e. 


More generally, if the eigenvalues of the n x n 
matrix A are distinct, we expect a general solu- 
tion of the linear homogeneous system X' = AX 
to have the form 


where the eigenvalues of (^ 


X(b 


X(t) = c1v4e^f + co ve?! +. + Cp vet, 


where Aj, 22, ..., An are the n distinct real eigen- 
values of A with corresponding eigenvectors 
V1, V2, ..., Vn, respectively. We investigate this 
by assuming that X = ve^! is a solution of 
X' = AX. Then, X = Ave”! and substituting 
into the system of differential equations gives us 


X' = AX, 


Ave = Ave”. 
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Replacing v with Iv — v on the left side of this 
equation yields 


Alve^ = Ave^, 
Ave”! — AIve^! = 0, 
(A — ADve^! = 0. 


Then, because e*! 4 0, we have (A — ADv = 0. 
In order for this system of equations to have 
a solution other than v — 0 (remember that 
eigenvectors are never the zero vector), we must 
have 


lA — AI| =0. 


A solution 4 to this equation is an eigenvalue of 
A, while a nonzero vector v satisfying (A — AI) 
v = 0 is an eigenvector that corresponds to A. 
Hence, if A has n distinct eigenvalues A4, A2,..., 
An, we can find a set of n eigenvectors vi, v5, ..., 
vn. From these eigenvalues and corresponding 
eigenvectors, we form the n linearly indepen- 
dent solutions 


X1 = viet, Xo. = v5e^t, "P ok ve. 


(6.16) 
Therefore, if A is an n x n matrix with n dis- 
tinct real eigenvalues(A;]; ,, a general solution 
of X’ = AX is the linear combination of the set of 
solutions given in Equation (6.16), 


XŒ) = cyvye*"! + ce +- -- + cy vu e^t, 


EXAMPLE 6.4.1 


2x8 
Find a general solution of i m 
y = —4x — 5y 


Solution 


In matrix form, this system is equivalent to 

j : 2 8 

X = AX with A = (2, ae 
2-4 3 

—4 -5-i 

2 = (A+ 2)(A+ 1) = 0. Thus, the eigenvalues of 

A are Ay = —2 and 2? = —1. An eigenvector 


) . The eigenvalues 


of A are found with | =} +34 + 
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v= (3) corresponding to A4 satisfies (A — 
1 
A1Dvi = 0. This system has augmented matrix 
4 3 43 THEN 
t 4 J that reduces to ( 0 a which indicates 
that 4x1 + 3y; = 0. Choosing x1 2 3 and y; = —4 


: 3 E : 
gives us vı = [| 4) Similarly, an eigenvector 


wp = B corresponding to A» satisfies (A — 
A2D va BA The augmented matrix for this system 
reduces to fr o) which shows us that x» 4-y» = 0. 
Choosing x2 = 1 and y? = —1 gives us v2 = 
(! a Thus, two linearly independent solutions 


of the system are 


(Nx Af X M os, 
x -(2)» and x= (1)e 8 


a general solution of the system in matrix form is 


$i m IN as 
C1 (2). +0(_,)e 
3e!  e-t X (cy 
Te recs esL 


What is a fundamental matrix, ®, for this 
system? 


X 


In terms of x and y, X — B x = 3002 + 


coe! and y = —4c¡e? — c2e™. Several solutions 


along with the direction field for the system are 
shown in Figure 6.6(a). (Notice that each curve 
corresponds to the parametric plot of the pair 
$e em 230) 
y = wt) 
c, and c2.) Because both eigenvalues are negative, 
all nontrivial solutions move toward the origin 
as t increases. The arrows on the vectors in the 
direction field show this behavior. 


for particular values of the constants 
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m A TOMRMMINNNNNNO 
IL fg FBS SEE 
Meg eee ie TIERS RA 
TEE A A ASIS 
wi a ie AA PS IO, 
PAD A AAN a (67S RAS 
GLEE REA Mu I LCE ER RAAAY 
OLE o LEE CARA 
ee P AA OA SIR NNNM: 
SD 7 p DAA WA A 
LL p ge \\ =D ))) 
A VA SÓN Y FF 
EA AA MOA SS 
d ieee A x KAS NS L7 

Pip oco E AREA SORIA 
P aa SILA SONS S S 
P. RA Por ae SO Se 
qu MS SS ou 


EA VILAR 


‘ed y id 7 97" KEEKEEKE, ZA 
m n mom A HANA po MO M B6 ANO LT 


P2 


portrait confirms that all solutions tend to the origin as t > oo. (c) We see that all nontrivial solutions spiral away from the 


FIGURE 6.6 (a) All nontrivial solutions of this linear homogeneous system approach the origin as t increases. (b) A phase 
origin. (d) A phase portrait confirms that all solutions spiral away from the origin. 
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Complex Conjugate Eigenvalues 


You may notice that general solutions you obtain 
when solving systems do not agree with those 
of your classmates or those given in Exercise 6.4 
solutions. Before you become alarmed, realize that 
your solutions may be correct. You may have 
simply selected different values for the arbitrary 
constants in finding eigenvectors. 


If A has complex conjugate eigenvalues 
À12 = « + fi with corresponding eigenvectors 
vi = a+ bi, respectively, one solution of 
X' = AX is 
X(t) = vie"! = (a + bi)e* 99! = e*t (a + pie?! 

= e"! (a + bi) (cos Bt + isin Bt) 
= e" (a cos Bt — b sin Bt) 
————— 
named X41 (t) 


+i e% (b cos Bt + asin Bt) 
mn — 


named X» (f) 
= X1 (t) + iX2 (t). 


Because X is a solution to the system X' = AX, 
we have that Xj (f) + iX5(t) = AX4(t) + iAXo(t). 
Equating the real and imaginary parts of this 
equation yields X:(tf) = AX;(f) and X) = 
AX»(t). Therefore, X¡(t) and X(t) are solutions 
to X’ = AX, and any linear combination of 
X1(t) and X»(t) is also a solution. We can show 
that X4 (f) and X2(t) are linearly independent (see 
Exercise 45), so this linear combination forms a 
portion of a general solution of X' 2 AX where 
A is a square matrix with real entries of any size. 

Theorem 36. Let A be a square matrix with 
real entries. If A has complex conjugate eigenvalues 
M12 = a + Bi, B. z 0, with corresponding eigen- 
vectors v1» = a + bi, respectively, two linearly 
independent solutions of X! = AX are Xi(t) = 
e”! (a cos Bt — b sin Bt) and X2(t) = e"! (b cos Bt + 
asin Bt). 
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Notice that in the case of complex conjugate eigen- 
values, we are able to obtain two linearly indepen- 
dent solutions from know one of the eigenvalues 
and an eigenvector that corresponds to it. 


EXAMPLE 6.4.2 


Find a general solution of X' = G E) X. 


Solution 


The eigenvalues of A — i =) are à12 = 


1 + 2i. An eigenvector vı = (2) corresponding 
1 
to A satisfies (A — 41D v1 = 0. This system has 


Duo = ) that reduces 


augmented matrix ( Doc 


to [ 5 1 5) which indicates that (1 — i)x4 — 


yı = 0. Choosing x; = 1, we obtain vi = 


X1 F 1 = i 5 0 . 
(2) = i: El J = (1) +i Gy Therefore, in 
ar —— 
a b 
the notation used in Theorem 36 with a = 1 and 


B — 2, two linearly independent solutions of the 


system are 
X1(t) =e! T cos2t — 0 sin 2t 
1 —1 
E; cos 2t 
E cos 2t + sin 2f 
and 
Xt) = e ( A cos 2t + () sin2t| 


a sin 2t 
i — cos 2t + sin 2t) ` 
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A general solution of the system is then 


X(t) =C1X1(€) + c2X2(t) 


—€— cos 2t Tog sin 2t 
=A \ cos2t + sin 2t ?* | — cos2t + sin 2t 


"S el cos 2t e sin 2t e 
~ Ve'(cos2t + sin2#) e'(— cos2t + sin2t)) \co 


a 


“Fundamental Matrix” 


_ e! (c1 cos 2t + co sin 2t) 
~ Né [(c1 — c2) cos 2t + (c1 + c2) sin2t]J ` 


Figure 6.6(b) shows the graph of several solu- 
tions along with the direction field for the equa- 
tion. Notice the spiraling motion of the vectors 
in the direction field. This is due to the product 
of exponential and trigonometric functions in the 
solution; the exponential functions cause x(t) and 
y(t) to increase, while the trigonometric functions 
lead to rotation about the origin. 


0 Sketch the graphs of x(t), y(t), and 
{x()),y())} in Example 6.4.2 if x) = 0 
and y(0) = 1. For these initial conditions, cal- 
culate limi, oo x(t), limp oo y(t), limi, Loo x(t) 
and limi, —oo y(t). 


Initial-value problems for linear homoge- 
neous systems with constant coefficients can 
be solved through the use of eigenvalues and 
eigenvectors as well. 


EXAMPLE 6.4.3 


o5 3 2 
Solve X = (; —6 B subject to 


6 6 5 
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Solution 
Gis den 2 

The eigenvalues of A = | —6 —6 —5 | satisfy 
6 6 5 

8-4 B 0 

=f cd. = 

A 

= 6-1 5 6 -5 6-6-1 

-6-»| 6 a sn 6 | 


Expand along the first row. 


—(5—2)02 +A) — 5 x 6A 4-2 x 6A = —A(2 — 44 + 13) = 0. 


Hence, Aj = Qand 255 = (4+ 4/16 — 52)/2 = 243i. 
x 

An eigenvector v4 = | yi | corresponding to 44 
21 

satisfies (A — 21 Dv1 = 0. After row operations, 

the augmented matrix for this system reduces to 


110 
k 0 i) which indicates that xı + y1 = 0 and 
000 


=] 

zı = 0. If we choose y1 = 1, vı = ( 1 ) and one 
0 

solution of the system of differential equations 


—1 —1 
is Xi( 2 1 | ext — 1 ) We find two so- 
0 0 


lutions that correspond to the complex conjugate 
pair of eigenvalues by finding an eigenvector v2 = 
x2 
y2 | corresponding to 4» = 2+3i. This vector sat- 
Z2 
isfies the system (A —A5I)v? = 0 whose augmented 
10 -3(1 +i) 
matrix can be reduced to |0 1 1 
00 0 
Therefore, the components of v2 satisfy x2 = id + 
iz? and y = —Z2. If we let z2=2, then 
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X2 1+i 1 1 
w= |m] = 2 | =|-2|+|0|i=a+bi. 
22 2 2 0 


a b 
Thus, two linearly independent solutions of the 


system that correspond to the eigenvalues 123 = 


2 + 3i are 

1 1 

X»(t) = e% —2 | cos 2t — | 0 | sin2t 
2 0 
e” (cos 3t — sin 3t) 
= —2e# cos 3t 
2e?! cos 3t 

and 


1 1 
Xa(D) = e? (o) cos 2t + B ina 
0 2 


e?! (cos 3t + sin 3t) 
—2e?! sin 3t : 


2e?! sin 3t 


It is a good exercise to verify this reduction 
by carefully carrying out the steps by hand. 


Combining these three linearly independent solu- 
tions gives us a general solution of the system, 


X(t) = c1Xq (t) + c2Xo (t) + c2X3(t) 


ei e” (cos 3t — sin 3t) 
—-altíil-co —2e% cos 3t 
0 2e?! cos3t 


e” (cos 3t + sin 3f) 
+63 —2e sin 3t 


2e?! sin 3t 


0 2e?! cos 3t 2e?! sin 3t 


—1 e* (cos 3t — sin 3t) e" (cos3t + sin3t)V /c1 
1 —2e?! cos 3t —2e# sin 3t Co 


C3 


- 


“Fundamental Matrix” 
—c1 + e! [(c2 + c3) cos 3t + (=c2 + c3) sin 3t] 
c1 — 2cre*" cos 3t — 2c3e?! sin 3t | 
2c2e” cos 3t + 2c3e?! sin 3t 


Application of the initial condition yields X(0) — 


—C4 + C2 + C3 0 
c1 — 2c? = | 0], which gives us the sys- 


2c2 2 
tem of equations —c1 + c? + c3 = 0, c1 — 2c? = 0, 
2c? = 2 with solution c? = 1, c1 = 2, and c3 = 1. 
Therefore, the solution to the IVP is 

—2 + e?! cos 3t 
X( = | 2 — 2e” cos 3t — 2e? sin 3t 
2e cos 3t + 2e?! sin 3t 

In Figure 6.7, we graph x(t), y(t), and z(t) and 
show the parametric plot of {x(t),y(t),z(t)} 
in three dimensions. Notice that lim; x(t) 
does not exist, lim; s; y(t) does not exist, and 
limz,s5z(f) does not exist, so over time the 
solution is directed away from the point (0, 0, 2). 


Alternate Method for Solving IVPs 


We can also use a fundamental matrix to help 
us solve homogeneous IVPs. If (t) is a funda- 
mental matrix for the linear homogeneous sys- 
tem X’ = AX, a general solution is X(t) = ®(f)C, 
where C is a constant vector. Given the initial 
condition X(0) = Xo, then through substitution 
into X(t) = P(t)C, 

X(0 = $(0C and Xo- 4(0C so 
C = © !(0)Xp. 
Therefore, the solution to the IVP X = AX, 
X) = Xo is X(t) 2 6(09-1(0)Xo. 


EXAMPLE 6.4.4 


Use a fundamental matrix to solve the IVP X’ = 
wa 1 
( P de X XQ) = E 
Solution 


The eigenvalues of A = (; A are Ay = 2 


and 42 = —3 with corresponding eigenvectors 


310 6. SYSTEMS OF DIFFERENTIAL EQUATIONS 


-40 


(a) 


FIGURE 6.7 (a) Graphs of x(t), y(t) (dashed) and z(t) (light pink; light gray in print versions). (b) Parametric plot of 


{x(t), y(t), z(t)) in three dimensions for 0 < t < 1/2. 


v= a and vz = i) respectively. A funda- 


e% 


—3t 
mental matrix is then given by ®(f)= (5 im) o 


We calculate -!(0) by observing that ®(0) = 


11 am mI 
ie) so $ (0 = aaa (5 a = 


4/5 1/5 
Ge E Hence, 


2t E 4 il 1 
oeoo - (2 425) (12:0) (3) 


ei e 2/5 d SF d 
— € Se] (sl = Za Ds š 
Figure 6.8 shows two graphs of the solution. No- 
tice that as t — oo the values of x(t) and y(t), 
x(t) 
y(t) 
= 0. This means that the solution 


approaches the line y = x because for large values 
of t, x(t) and y(t) are approximately the same. 


where X(t) = ( ) are both close to 2e? because 


lim œ e 


0 Find the solution that satisfies X(0) — (o) 


Repeated Eigenvalues 


We now consider the case of repeated 
eigenvalues. This is more complicated than the 
other cases because two situations can arise. As 
we discovered in Section 6.2, an eigenvalue of 
multiplicity m can either have m corresponding 
linearly independent eigenvectors or have fewer 
than m corresponding linearly independent 
eigenvectors. In the case of m linearly indepen- 
dent eigenvectors, a general solution is found 
in the same manner as the case of m distinct 
eigenvalues. 


EXAMPLE 6.4.5 


il =3 3 
Solve X’ = | 3 —5 3] X. 
6 —6 4 


Solution 


il 935 
The eigenvalues of A = |3 —5 3 | are21 = 4 
6 —64 
and 423 = —2. An eigenvector corresponding to 


1 
21 is v4 = () so one solution of the system is 
2 


6.4 FIRST-ORDER LINEAR HOMOGENEOUS SYSTEMS WITH CONSTANT COEFFICIENTS 311 


We 


Ne f- 
RELL. 
MS A, 7 / / 


SA PERRO SN 
ARSS ON 


(c) 


FIGURE 6.8 (a) Graph of x(t) (dark red; dark black in 
print versions) and y(t). (b) Graph of (x(t), y(t)) along with 
the direction field associated with the system of equations. 


(c) Phase portrait. 


1 X2 
Xt) = [1]e*. Let v? = |y | be an eigen- 
p Zo 


vector corresponding to A23. Then, v2 satisfies 

(A — A231)v2 = 0. The augmented matrix for this 
il — 11 

system reduces to k 0 ] which indicates that 
000 

X2 — Y2 + 22 = 0 and y» and z» are free. Hence, we 

can find two linearly independent eigenvectors 

corresponding to the repeated eigenvalue. In this 


case choosing y» = 1 and then z2 = 1 yields v2 = 


1 =1 1 
1] and v3 = | O |. Then, X = [1| e^? 
0 1 0 


—1 
and X3(f) = | 0 | e? are two additional lin- 


early independent solutions of the system. Hence, 
S = (X1(t), Xo(D, X3(f)} is a fundamental set of 
solutions for the system. We verify linear indepen- 
dence by computing the Wronskian, 

Let 
ene 670) 
2e% 0 et 


ett 


W(S) = =2%0. 


Thus, a general solution of the system is 


X(t) = c1X4 (t) + c2X2(t) + c3X3 (t) 


e e” EN fa 
=| e e” 0 c2 

2# 0 e7” c3 

= a 


- 


Fundamental matrix 


cye# + (cp — c3)e 2 
= cye + coe 2 . 


2c, e* + cz3e 2 


0 Find conditions on xo, yo, and zo, if pos- 
sible, so that the limit as t — oo of the 
solution X(t) that satisfies the initial condition 


Xo 
X(0) = | yo | is 0. 
Zo 


If an eigenvalue of multiplicity m has fewer 
than m linearly independent eigenvectors, we 
proceed in a manner that is similar to the situ- 
ation that arose in Chapter 4 when we encoun- 
tered repeated roots of characteristic equations. 
Consider a system with the repeated eigenvalue 
Ay = Ag and corresponding eigenvector vi. 
(Assume that there is not a second linearly 
independent eigenvector corresponding to 
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ky = Az.) With the eigenvalue A; and corre- 
sponding eigenvector v, we obtain the solution 
to the system X4 = vıe^*. To find a second lin- 
early independent solution corresponding to A1, 
instead of multiplying Xy by t as we did in Chap- 
ter 4, we suppose that a second linearly indepen- 
dent solution corresponding to A, is of the form 
X» = (vot + w»)e^tt, 
To find the vectors v? and w», we substitute X? 
into X' = AX. Because X, = 21 (v2t + w2)e^!! + 
vze*1!, we have 


X) = AX, 

A1(vot + w»)e^! + vzet = A(vot + w»)e^f, 
A1Vot + (AyWo + V?) = Avot + Aw». 
Equating coefficients yields 4;v2 = Av? and 
A1W2 + v2 = Aw». The equation Aiv2 = Av2 
indicates that v? is an eigenvector that corre- 
sponds to 11, so we take v? = vj. Simplifying 

à1W2 + v? = Aw», we find that 
11W2 t V2 = Aw», 
V2 = Aw? — 11 w», 
vo = (A — A41Dw». 
Hence, wa satisfies the equation 


(A—A1Dw? = v1 (because vz = vi). (6.17) 


Therefore, a second linearly independent solution 


corresponding to the eigenvalue 44 has the form 
Xo = (vit woe (6.18) 


where wo» satisfies Equation (6.17). 


Suppose that A has a repeated eigenvalue 41 = 

A» and we can find only one corresponding (lin- 
early independent) eigenvector vı. What happens if 
you try to find a second linearly independent solution of 
the form vate’! as we did in solving higher order equa- 
tions with repeated roots of the characteristic equation 
in Section 4.4? 
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Theorem 37 (Repeated Eigenvalues with One 
Eigenvector). Let A be a square matrix with real, 
constant entries. If A has a repeated eigenvalue 41 = 
Ag with only one corresponding (linearly indepen- 
dent) eigenvector v4, two linearly independent so- 
lutions of X! = AX are Xy = vie"! and X) = 
(vit + w2)e^*, where wa satisfies Equation (6.17). 

If Ais a 2 x 2 matrix with the repeated eigen- 
value 4; = dz with only one corresponding 
(linearly independent) eigenvector vı a general 
solution to X' = AX is 


X(t) — cv] e^t + co(vit+ w»)e^, (6.19) 


where w is found by solving Equation (6.17). 


EXAMPLE 6.4.6 
, > ; (~ 1 
Find a general solution of X' = ( 16 0 js 


Solution 


=8 =1 

à12—-—4. 
16 0 ) der 
An eigenvector v; that corresponds to A satisfies 
the system (A—2A415I)v1 = 0. After row operations, 
the augmented matrix for this system reduces to 

41 - 

( 0 3t which shows us that 4x1 + y1 = 0 and 
that y; is free. There is only one linearly independent 
eigenvector corresponding to 4415. Choosing x1 = 1 


The eigenvalues of A— ( 


yields v1 — ( i A so one solution of the system is 


X1 (6) = & | ee 


To find w = (E) in a second linearly 
2 


independent solution of the form given by 
Equation (6.18), we solve Equation (6.17), whichin 


5 o —4 —1 X2 1 5 
this case is ( wa ) (3) = (E 2 This system 


reduces to TO = P. , Which indicates 
0 0/ \y2 0 


that 4x2 + y2 = —1. If we let x2 = 0, then y, = —1, 
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wa = (2 
E E 


solution of the system is 


ih and a second linearly independent 


313 


and lim;:-+oo y(t) = 0 (why?). In addition, these 
solutions approach (0,0) tangent to y = —4x, 
the line through the origin that is parallel to the 


1 : A y 
X(t) = qe m E e^. vector v4 — ( al (We discuss why this occurs in 
Hence, a general solution is 


OS 


_ e te 4t c 
~ V-4e-* (—4t — De) Ve; 
———— 


E 


Section 6.6.) 


EXAMPLE 6.4.7 
5 3-3 
Y sex 2 z X. 
—4 2 —3 


"Fundamental Matrix" 


- c1 + Cot e 
^ \(—4e1 — c2) — 4cot i 


Figure 6.9 shows the graph of several solutions 
to the system along with the direction field. No- 


Solution 


5 9-9 
The eigenvalues of A = | 2 4 —5 | are deter- 
=4 2 3 
mined with 


tice that the behavior of these solutions differs p p. 3 ? 

from those of the systems solved earlier in the a : 5 2 oe à m Qu D m. 
section due to the repeated eigenvalues. We see 

from the formula for X(f) that lim; x(f) = 0 = -(A-8)(A +1)? =0 
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FIGURE 6.9 (a) All nontrivial solutions approach the origin. (b) A different view of the phase portrait emphasizes the 
behavior of the solutions. 


314 


to be 212 = —1 and A3 = 8. An eigenvector 
x1 

vi = | y1 | that corresponds to 112 = —1 sat- 
Z1 

isfies (A — A12I)v; = 0. After row operations, 


the augmented matrix for this system reduces to 
10 0 
01-1]. Hence, xı = 0 and yı — zı = 0, 
00 0 

so there is only one linearly independent eigen- 

vector corresponding to A15. If we let y; — 1, 


0 
then vq = () Therefore, one solution to the 
1 


0 

system is X;(f) = () e^*. A second linearly 
1 

independent solution of the form X2(f) = (vit + 


w2)e*1! is found by solving (A — MD)w> = vi, 
6 3 —9N fx» 0 

givenby| 2 5 H E = | 1 | forthe vector 
—4 2 -2 Z2 1 


x 
w= (s) . After row operations, the augmented 
22 
10 0| -1/8 
matrix for this system reduces to | 01 —1| 1/4 |, 
000| 0 
which indicates that x» = —1/8 and y» — z2 = 1/4. 


0 
A second linearly independent solution of the 
0 —1/8 
system is then X2(t) = 1]t-[ 1/4 e^t. 
1 0 
A third linearly independent solution is found 
x3 
using an eigenvector va = | y3 | corresponding 
23 
to 13 = 8. After row operations, the augmented 
10 9/2 
matrix for (A — A31)v3 = 0 reduces to | 0 1 7/2 
00 0 


—1/8 
Hence, if z2 = 0, y? = 1/4, so w? = 1/4 |. 
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so the components of v3 must satisfy 2x3 +9z3 = 0 


and 2y3 + 7z3 = 0. If we choose z3 = —2, then 

x3 = 9 and ys = 7. Hence, v3 = 3 and a 

third linearly independent solution ue system 

is given by X3(t) = : e*'. A general solution 
-2 


of the system is then given by 
X(t) = c1X1(6) + c2X2 (t) + esXa (0) 


0 0 —1/8 
allilet+c 1|t+ | 1/4 et 


1 1 0 
9 
+c3 | 7 e 
—2 
0 O a 
= |e* (t+ 1) eH ya” c2 
e te! —2e8 J Nea 
- 


“Fundamental Matrix” 
= sce! + 9c3e% 
ce + (t d 1) cope? + 7c3e% 


ciet + cote? — 2c3e% 


A similar method is carried out in the case of 
three equal eigenvalues à = 41,23, where we can 
find only one (linearly independent) eigenvector 
v1. When we encounter this situation, we assume 
that 


X1(t) = vie®t, X(t) = (vot + w;)e^!, and 
1 2B At 

X3(t) — "MH + wat + ug Je”. 

Substitution of these solutions into the system of 

differential equations yields the following sys- 


tem of equations, which is solved for the un- 
known vectors v», w2, V3, W3, and uz: 


À1V2 = Avo, (A—A1Dw2-— vo, A4Vs = Ava, 
(A —A1iDws = v3, (A—24Dus = w3. 
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Similar to the previous case, v3 = vo = vı, 
w2 = wz, and the vector us is found by solving we can find only one (linearly independent) 
the system eigenvector corresponding to 4123 = 2. Using 
(A — A1Dus = wo. (6.20) this eigenvalue and eigenvector, we find that one 
; : ; 0 
The three | 1 lut h 
Fi nun IDEAS BOCPOUHORUSOLIMONS HV solution to the system is X41 (t) = vje? (= gi 
1 
Xi(f) = vie, X(t) = (vit + woe", and X2 
1 The vector w2 = [|y»]| in a second linearly 
X3(t) = | zi + wot e^t, 
3(t) (v + w +0) a 


independent solution of the form X(t) = 


Notice that this method is generalized for in- (vit + wa)Je? is found by solving the system 


stances when the multiplicity of the repeated 


f . (A — A1Dw2 = vi. The augmented matrix for 
eigenvalue is greater than 3. 11 110 
this system is 2 —1-1|-1][, which after 
EXAMPLE 6.4.8 =3 2 211 
111 100|-1 
Y Solve X = | 2 1-1|X row operations reduces to | 0 1 1| —1 |. Hence, 
—32 4 000| 0 
x2 = —l and y2 + z = -—1, so if we choose 
Solution a 
The eigenvalues are found by solving z2 = 0, then y2 = —1. Therefore, w2 = (=) 
0 
Di. a =(1 mee A g = 
= 2 4-1 so X(t) = —1 | t+ | -1] | e. Finally, 
—3 2 4-1 
1 0 
—1x 2 Des p id x3 
-34-1 no we must determine a vector uz = | y3] in 
= c 6)? dcn qe 23 
= 29e a third linearly independent solution of the 
form X3(t) = (¿mé + wat + us) e^it by solving 
Hence, 4123 = 2. We find eigenvectors vj = 


system (6.20) for u3. The augmented matrix 


x1 
=i 1 1| el 
(^) corresponding to A, with the system for this system is | 2 -1 -1|-1|, which 
Z1 ' =3 2 X] U 
(A — A1Dv4 = 0. With elementary row operations, 100 -2 
the augmented matrix for this system reduces to : i 
100 after row operations reduces to |0 1 1| —3 [. 
0 1 1 |. Thus,x1 = Oand yi +21 = 0. If we select quc qM Ed "o x 2m ae 
000 pi = ys E = : e 
0 select z3 = 0, then y3= — 3. Hence, u3= | —3 |, 
zı = 1, then y; = —1 and vı = | —1 |. Therefore, 0 
1 


so a third linearly independent solution is 
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1 0 =í] =2 
X(t) = E (= [P (=) t+ 5) e. A 
1 0 0 
general solution is then given by 


X(t) = c1X1 (t) + c2X2(t) + c3X3(t) 


AA: 
QO 


0 —e?! (—t — 2)e# Cy 
e? (-t- De! (FP -— t- 3)” | | co 
e% te% 5 £ e% 
——————— 
"Fundamental Matrix" 
Oye’ alt= = Dre’ 
ae + rt Del c (P — t — 3)e” 
cre?! + cate?! + 10428?! 


e» EXERCISES 6.4 


In Exercises 1-12, use the given eigenvalues 
and corresponding (linearly independent) eigen- 
vectors of the matrix A to find a general solution 
of X' = AX. 


5-1 1 
1. A-( Tan (3):00=4, 
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N 
> 
ll 
Lem 
w 
NS 
a 
> 
E 
N 
| 
Ó 
H- 
N 
= 


e 


—1 4 -2 1 
A=|-34 0 J;A,;=1,v,=]1]; 
—31 3 1 
2 1 
A2 =2,v2 = 134543 =3,v3 = 13]. 
3 4 
300 
9.A—|021]|;31222,v2|1 
002 


o o 
— 
=> 

[et 
ll 
e 


0 —10 +i 
11. A= {1 0 Of;A12=+i,v12=] 1 |; 
002 0 


3.2 -3 
12. A=|1 1 1 |;112=-2xi 


In Exercises 13-34, find a general solution of the 
system. 


1 -10 
f s 
13. X “(4 mx 


14 


15 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


x =x — 2y 
` |y =2x+6y 


dx/dt = 6x — y 
` |dy/dt = 5x 


Iq *9 

x= (5 3)x 
X X 
y = 5x — 8y 
dx/dt = 8x + 9y 
dy/dt 2 —2x — 3y 


fo ee. oS 
à -G 0) * 
x’ = 8x + 5y 
y' = —10x — 6y 


dx/dt = —6x — 4y 
dy/dt = —3x — 10y 


,_ (1 8 

x= (2 5) 
x = —6x + 2y 
y = —2x — 10y 


, 008 
x = (25) 
, (08 
x«(5)x 


x =y 
y = —13x — 4y 


40 1 
X2[0-20]X 
00 -1 


= —3x + 3y — 4z 


—3y 


x! 
y 
z = —5y — 4z 


EXERCISES 6.4 


dx/dt = —5x + 4y — 5z 
dz/dt=5x+y+z 

x = x + 2y + 3z 

31. y =y+2z 

z = —2y +z 

x =y 

y =z 

z =x—y+z 
x’ = —2x + 4y + 2z — 2w 
y' = 6x — 10y — 7z + 4w 
z’ = —6x + 10y + 7z — 4w 
w = 9x — 16y — 10z + 7w 


33. 


, (-40 _ (8 
36. x - (5 1) XX(0) = 9) 
,_ f4 (8 
s. x = (2x xo - (5) 
, (48 _ (8 
38. X =; 1) % xo = (5). 
, (0-4 _ (0 
39. x= (y 9) xo - 3 
"NE (0183 | (0 
w x - (*, 8)x x= (5) 
401 -1 
41. X=|-210|X,X(0) = 
201 
1 0 2 4 
42. X =|-1-1-1|XXx0=|0|. 
-10-2 8 
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-41 8 -3 0 
EA 10 BE 

T dd REM (XO m 
2 -1-6 3 0 
2-2 4 1 

,„ |1100 | [0 

4 X—| 75 [XXe [s 
-1 2 0 -3 1 


45. Show that if a and b are constant vectors, 
then X1 (t) = e?! (a cos Bt — b sin Bt) and 
X2 = e?! (b cos Bt + asin £t) are linearly 
independent vector-valued 
functions. 

46. Show that in the 3 x 3 system X' = AX with 
the eigenvalue A of multiplicity 3 with one 
corresponding (linearly independent) 
eigenvector vj, three linearly independent 
solutions of the system are X, = ve”, 
X» = (vit + w;)e^!, and 
X3 = (i1? + wot + us) e^t, where uz 
satisfies (A — AI)u5 = wo and wo» satisfies 
(A — ADwp = v1. 

47. Show that both 


$ = e” (c1 cost — c2 sin t) 
and 


y = e” (c2 cos t + c1 sin f) 
l e-t 2it «(it 
x= ge [ci (1 + e21) + ci (e?it — 1)] 
js "HS 
y= 28m [c2 (1 + e”) + cri(1 — eif] 


are general solutions of the system 


x =2x— y 
y =x+2y 
/—9 —" 
48. Solve the systems (a) ; T 
y = —x+ 3y 
x = 2x x =x+4 
o eb i 
y =3x+ 2y y =-2x-y 


subject to x(0) = 1 and y(0) = 1. In each 
case, graph the solution parametrically and 
individually. 


49. 


50. 


51. 


52. 
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Find a general solution of the system 
x’ = 3z 
y =x-—4y+2z .Graph the solution for 
z= —4y +z 
various values of the constant. 
How do the general solutions and direction 
1 A X change as 
A ranges from —2 to 0? Solve the system for 
25 equally spaced values of A between —2 
and 0 and note how the solution changes. 
1 -7/3 
—2 —8/3 * 
x(0) 2 xo, y(0) = yo. (a) Graph the direction 
field associated with the system 
X= (3 E a) X. (b) Find conditions on 
xo and yo so that at least one of x(t) or y(t) 
approaches zero as f approaches infinity. (c) 
Is it possible to choose xo and yo so that both 
x(t) and y(t) approach zero as t approaches 
infinity? 


field of the system X' — C 


Consider the IVP X' = 


(a) Find a general solution of X' = AX if 
xl 4000 
_ | x2 aa [0400 
X(t) = and (i) A — 0020 , (ii) 
X4 0004 
4100 4100 
0400] .. 0110 
A= 0020 , (iii) A = 0020 ,and 
00024 00024 
4100 
0110 , 
(i) A= 0011 . (b) For each system in 
0004 


(a), find the solution that satisfies the initial 
—1 
0 
1 
2 
then graph x1, x2, x3, and x4 for 0 < t < 10. 
How are the solutions similar? How are 

they different? (c) Indicate how to 


condition X(0) — if à = —1/2 and 


6.5 FIRST-ORDER LINEAR NONHOMOGENEOUS SYSTEMS 


generalize the results obtained in (a). How 
would you would find a general solution of 
X' 2 AX for the 5 x 5 matrix 


41000 
01100 
A=|001410|? How would you find a 
00011 
000024 
general solution of X' = AX for then x n 
410...00 
041...00 
matixXA—-|' " | ^ "4? 
000...4 1 
0-0. :0- cl UNA 


6.5 FIRST-ORDER LINEAR 
NONHOMOGENEOUS SYSTEMS: 
UNDETERMINED COEFFICIENTS 

AND VARIATION OF PARAMETERS 


e UNDETERMINED COEFFICIENTS 
e VARIATION OF PARAMETERS 


In Chapter 4, we learned how to find a par- 
ticular solution of a nonhomogeneous differen- 
tial equation through the use of undetermined 
coefficients or variation of parameters. Here, we 
approach the solution of systems of nonhomoge- 
neous equations using these methods. 


x1(t) 
x2(t) 
lex = x =]. [A = aw = 
xn) 
an (t) ayo(t) ... aint) fa (t) 
azı (t) a2(t) ... aos (t) hA 
f EC T Y E . pad 
Ani (t) an2(t) ... ann (t) n(t) 


c(t) be a fundamental matrix of the correspond- 
ing homogeneous system X' = AX. Then a gen- 
eral solution to the corresponding homogeneous 


system X’ = AX is Xp = D(t)C where C = 


Cn 
is an n x 1 constant matrix. 

To find a general solution to the linear non- 
homogeneous system X' — AX + F(f), we pro- 
ceed in the same way we did with linear non- 
homogeneous equations in Chapter 4. If Xp(t) 
is a particular solution of the nonhomogeneous 
system, then all other solutions X of the system 
can be written in the form X(t) = Xp(t) + Xp(t) = 
P (t)C + Xp(t) (see Exercise 36). 


Undetermined Coefficients 


We use the method of undetermined coeffi- 
cients to find a particular solution Xp to a non- 
homogeneous linear system with constant co- 
efficient matrix in much the same way as we 
approached nonhomogeneous higher order lin- 
ear equations with constant coefficients in Chap- 
ter 4. The main difference is that the coefficients 
are constant vectors when we work with systems. 
For example, if we consider X' = AX+F(t) where 


-2t 
the entries of A are constant and F(t) = E ) = 


4 

(o) + (à 

satisfy the corresponding homogeneous system 
X' = AX, we assume that a particular solution 
has the form X5 (f) = ae? + b where a and b 
are constant vectors. On the other hand if A = 2 
is an eigenvalue of A (with multiplicity one), we 
assume that Xp (f) = ate ?'-- be^?! +c. (Note that 
even in this situation, a could be the zero vector.) 


and none of the terms in F(f) 


For constant vectors, a, b, c, ..., our convention 
a1 by ci 
az ba C2 
willbethata= | . |,b= uec s 
An bn Cn 
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EXAMPLE 6.5.1 
OS e 
Solve X’ = p o) X+ ( ; ) 
Solution 


at 
In this case, F(f) — p ) = (5) e+ E) tand 


a general solution of the corresponding homoge- 

D —2 
neous system is Xp (f) = c1 a et +c ( i ) et, 
Notice that none of the components of F(t) are 
in Xp (t), so we assume that there is a particular 
solution of the form Xp(t) = ae” + bt + c. Then, 
X, = 3ae*' +b and substitution into the nonhomo- 
geneous system X' = AX+F(t), where A = E 2 
yields 


1 
3ae" + b = Aae” + Abt + Ac + (5) e E (E) t 


Collecting like terms, we obtain the system of 
equations 


3a = Aa + (5) (Coefficient of e?^, 


b = Ac (Constant terms), 


0 


as (0 


) = 0 (Coefficients of t). 
From the coefficients of e*, we find that (A — 
—1 —3 8 a —1 7 
= = . Th 
à» = ()e(7 a) (a) = (3) m 
. - —3/7 
system has the unique solution a = : 


Djy 


1 


0 8Y (bi 0 E : 
E 2) (3) = (í ,) for b. This yields the unique 


ro Finally, we solve b — Ac 


asirai — (-1/2 , y 
or E o) i = ( 0 ) for c, which gives 


Next, we solve the system Ab + @ = 0 or 


solution b = ( 
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0 a : 
usc — (_ 1/1 J A particular solution to the 


nonhomogeneous system is then 


Xp(t) = ae” + bt + c = (22) eng (v) 


257 0 
0 
* (ine). 


so a general solution to the nonhomogeneous sys- 


tem is 
Nee = Ways = 
X(t) = Xn(t) + Xp(t) = 


E 2 
qe“ F coe 4t a n 


To give another illustration of how the form 
of a particular solution is selected, suppose that 


F(t) = (em - (5) sin2e + nx in 


Example 6.5.1. In this case, we assume that 
Xp(t) = acos2t + bsin2t + ce”? and find the 
vectors a, b, and c through substitution into the 
nonhomogeneous system. 


0 Find a particular solution to X' — E o) 


X 4 E =) 
e 


EXAMPLE 6.5.2 
Solve X' = AX + F(t) if A = ie 5) and (a) 


F(t) = (3) et and (b) F(t) = E e. 


Solution 
A general solution of the corresponding 
homogeneous system X = m 5) X is 


6.5 FIRST-ORDER LINEAR NONHOMOGENEOUS SYSTEMS 


AW = cm () e^! + c () ef. (a) Because an 


e! term is a solution to the corresponding ho- 
mogeneous system, we search for a particular 
solution of the nonhomogeneous system of the 
form Xp(t) = ate! + be’. Differentiating gives us 
X, = ate’ + (a + b)e' and substituting into the 
nonhomogeneous system results in 


ate! + (a+ b)e/ = A (ate! + be^) + (=) e! 
ate’ + (a+ b)e! = Aate + (ab + m el. 
Equating coefficients gives us the system 


a = Aa (A-Da=0 


a+b=AB+(—;) i a—(A-Db- m 


1 1 


The equation (A — Da — 0 has solution a — cv 
where v is an eigenvector corresponding to the 


il 
eigenvalue A = 1. Choosing v = ( il gives us 


& e£ a The equation (A — Ib = (7) + aor 


—4 4N fbi 3 1 i 
iS 3 (5) = () +c (1) has zero solutions 


unless 3 + c = 2(1 + c) which yields c = 1. 


: —4 4N fbi 4 
With c — 1, z 5) @ - (3) so —b1 + b2 — 1. 


Choosing b; =0 and b2=1 gives us b= (a) 


Then a particular solution of the nonhomo- 
geneous system is 


Xp(t) = ate! + be' — () te! 4- (1) e 
and a general solution is 
X(t) = Xn(t) + Xp(t) =c (7) et +c (i) e 
DE 
«(De «(De 


(b) Proceeding in the same manner as in (a), 
we assume that a particular solution of the 
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nonhomogeneous system has the form Xp(t) — 
ale! + be'. Differentiating gives us X, = ate'+ 
(a + b)e! and substituting into the nonhomoge- 
neous system results in 


A (ate! + be!) + E) e, 


Aate! + (ab ES (2) el. 


Equating coefficients gives us the system 


ate! + (a + bye! 


ate! + (a + bye! 


a= Aa (A-Da=0 


—4N or T4 
a+b=AB+ (7) a-a- pb - (5). 


The equation (A — Da — 0 has solution a — cv 
where v is an eigenvector corresponding to the 


eigenvalue à = 1. Choosing v = () gives us 


& e f The equation (A — Ib = (3) +aor 


pon iD e ens nce T lution: 
-2 2) (bv) co 1 ) has zero solutions 


unless 4 + c = 2(2 + c) which yields c = 0. With 


—4 4) (b 4 , 
BED MIR 


Choosing bı = 0 and b2 = 1 gives us b = 
n Then a particular solution of the nonhomo- 


geneous system is 
Xp) = ate! + be’ = n el 
and a general solution is 


X(t) = X«(D +Xp() — ci (7) e^ 
1 
«Qe 


Find a particular solution to X’ = AX + 


xA. He (AN 4 
F(t) if A= E 3 and F(t) = i 
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Variation of Parameters 


Variation of parameters can be used to solve 
linear nonhomogeneous systems as well. In 
much the same way that we derived the method 
of variation of parameters for solving higher 
order differential equations. 

Let o (t) be a fundamental matrix for the cor- 
responding homogeneous system of the linear 
system X’ = AX+F(t). We assume that a particu- 
lar solution has the form Xp (t) = P (HU), where 


uy (ft) 


U(t) = . Differentiating Xp(t) gives us 


"I 
Xp (t) = P HUH + PAUA). 
Substituting into equation X = AX + F(t) 
results in 
9 (Uh + &(£U'(t) = AS(DU(t) + FH), 
c (t)U'(t) = Fb, 
U'(t) = © NEO, 


U(t) = J $-(ÓF(b dt, 


where we have used the fact that ®’(f)U(t) — 
AO(DU() = (0 — Ad(t)) U(t) = 0 because 
the fundamental matrix e(t) satisfies the cor- 
responding homogeneous system X' — AX. It 
follows that 


Xp(t) = (t) J DTITHE) dt. (6.21) 
A general solution is then 


X(t) = Xp(t) + Xp(t) 


= eic oc | e" coro at 


D(t) (c+ J ©! (F(t) at) 


DH J ©! (F(t) dt, 


where we have incorporated the constant vector 
C into the indefinite integral f 97! (f)F(f) dt. 


Remember that if ad — bc 4% 0, the inverse of the 


2 x 2 matrix ab go ¿Me 
cd ad—be\-c a) 


EXAMPLE 6.5.3 
dx/dt 2 —3x + 9y 
Solve 1 dy/dt = —2x + 3y + tan3t 
x(0) = 1,y(0) = —1, 71/6 < t < 1/6 


Solution 


In matrix form, the system can be written as 


X' = AX + F(t), where X = (9. AG E 2 
y =2 3 


and F(t) = ( ) A has eigenvalues A15 = +3i 


tan 3t 


y à 1 3 
with corresponding eigenvectors vj? = B £ 


i) i. Then, two linearly independent solutions 


of the corresponding homogeneous system, 
X’ = AX, are 


3 -3)\. 3cos3t + 3sin 3t 
X1(t) = B cos3t — DESS ( AEN: ) 


and 


ON =3 —3 cos 3t + 3 sin 3t 
xo- (7) sin 3t + (o) ( 2sin3t ) 


so a fundamental matrix for the corresponding 
homogeneous system is 


D 3 cos3t + 3sin3t —3 cos 3t + 3sin 3t 
v 2 cos3t 2 sin3t 


Remember that a general solution of the 
corresponding homogeneous system is Xy = 


®(£)C, where C = p 
C2 


with inverse 
1 


1 
sin 3t 2 (cos3t 


1 ; 
Ss cos3t 2 (cos3t + sin 3t) 


sin 3t) 


of) = 


6.5 FIRST-ORDER LINEAR NONHOMOGENEOUS SYSTEMS 


We now compute: 


U(t) = Í $-(tE(f) dt 


1 1 
sin3t (cos 3t — sin 3f) 
- | 2 a 9 Jar 
1 1 tan 3t 


E cos 3t 2 (cos 3t + sin 3f) 


1 il 
— sin 3t — — sin 3t tan 3t 
l p p dt 


1 1 
— sin 3t + — sin 3t tan 3t 
2 2 


1 1 
— sin 3t — ~(sec3t — cos 3t) 
il 2 2 dt 


1 1 
2 sin 3t + 2 (sec3t — cos 3t) 
1 (C cos 3t — In(sec3t + tan 3£) + sin 2) 


T 6 V — cos3t + In(sec3t + tan 3t) — sin 3t 


Then, a particular solution to the nonhomoge- 
neous system is 


Xp(t) = D(t) f DHE) dt 
— cos3t In sec3t + tan 3t 
= : [71 — cos 3t In sec 3t + tan 3t + In (sec 3t + tan 35] sin 3t 
and a general solution is given by 


x(t) = c1(3 cos3t + 3sin 3t) + co(—3 cos 3t + 3 sin 3t) 
— cos 3t In sec 3t + tan 3t 
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and 
y(t) = 2c1 cos 3t + 2c» sin 3t 
+; [21 — cos 3t In sec 3t + tan 3t 
+ In (sec 3t + tan 3t)] sin 3t. 


Applying the initial conditions gives us that 


3c, = 3c» 1; 
2c = —1, 
so c1 = —1/2 and c? = —5/6 so the solution to the 
IVP is 
1 . 5 a 
x(t)=-— 2 (3 cos 3t+3 sin 3t) — cim cos 3t 4- 3 sin 3f) 
— cos 3t In sec 3t + tan 3t 
and 5 
y(t) = —cos3t + 3 sin 3t 
1 
+ 3 [-1 — cos 3t In sec3t + tan 3t 
+ In (sec3t + tan 3t) ] sin 3t, 
which are graphed individually (x = x(t) and 


y = y(t) as functions of t) in Figure 6.10(a) and 
parametrically (x vs. y) in Figure 6.10(b). 


FIGURE 6.10 (a) Plots of x and y (light red; light gray in print versions) as functions of t. (b) Parametric plot of x versus y. 
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EXAMPLE 6.5.4 
dx/dt = —4x + y — 6z + sect 
Y Solve a ra 
dz/dt = 3x — y + 4z — tant 
x(0) = 0,y(0) = —1,z(0) = 1 
=1/2<t<zx/2. 


Solution 


In matrix form, this system is equivalent to 


—4 1 -6 
x = —1 0 -2]| X + FE, where F(t) = 
3 -1 4 


Sy 94 


A 


sect 
0 | . A has eigenvalues 41 =0and 425 = +i 
— tant 


—2 
with corresponding eigenvectors vı = (+) and 


1 
=3 1 
v23 = | —1 | + | 1 | i. The corresponding homo- 
2 0 
—— sa 
a b 


/ = AX, has fundamental ma- 


—2 —3cost — sint cost —3sint 
trix (f) = E —cost— sint cost—sint | 
1 2cost 2sint 
with inverse oh = 
1 —1 il 
HE cost — 3sin f) 5 (cost +sint) —2sint 
1(83cos t — sint) ic cost + sint) 2cost 
Thus, a general solution of the corresponding 
homogeneous system is X t) = HC = 


Xp (t) 
yn(t) |, where 
Z(t) 


xh(t) = —2cy + (—3c2 + c3) cost — (co + 3c3) sint 


geneous system, X 


Vn(f) = —2c1 + (—c2 + c3) cost — (co + c3) sint 


and 


Zh(t) = c1 + 2c2 cos t + 2c3 sint. (6.22) 


We now use Equation (6.21) to find a partic- 
ular solution of the nonhomogeneous system. 
First, 


U(t) = f ©”! (t)F(t) dt 
sect + tant 
=| 5 [-1- G+ 4sind tant] dt 
5 G- Asin t — tant) 
F In(sect + tan t) + Insect 


3 
- a z Insect + 2sint — 2In(sect + tant) 


1 
pm 2cost — gin Secr 


Then, a particular solution of the nonhomoge- 


Xp (#) 
neous system is Xp(t) = e(DU(t) = | yp(f) |, 

zp(f) 
where 


Xp (t)=-2 (1 + In(secf) + In(sec t + tan £)) 
+ cos t (3t + 4In(sec t) + 6 In(sect + tant) 
+ (-4t+3 In(sec t) + 2 In(sec t + tan £)) sint, 
Yp(t) = —2 (1 + In(sect) + In(sect + tan £)) 
+ cost (In(sec t) + 2 (t + In(sec t + tan £))) 
+ (—t+ 21In(sec f) + 2 In(sect+ tan £)) sint, 


and 


Zp(t) =In(sect) + In(sect + tan t) 
— cost (t + 3ln(sect) + 4In(sect + tan t)) 
+ (31 —In(sec t)) sint. (6.23) 


Adding Xy and Xp gives us a general solution of 
the nonhomogeneous system, 
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Xp (f) + Xp(t) e» EXERCISES 6.5 
X(t) = Xn) + Xp(t) = | yn(t) + yp(D |, (6.24) 
Zh(t) + zp(f) In Exercises 1-26, solve the system by undeter- 


cin D ay ome roy llaman GO) mined coefficients or variation of parameters. 


and xp, yp, and zp are given by Equation (6.23). LX- 22 x —b5ef 
To solve the IVP, we apply the initial condi- 77 1-11 et JF 
tions, which results in the system of = 
Exe ae ( a 


equations 


—2 —3 2t+1 
Weed n m e =A, dx/dt = —5x — 4y — 13t + 4 
y(0) = -2- 201 —c2+03=-1, ` | dy/dt = 6x + 5y + 16t — 8 
20) = 26 21 q [dv/dt = 2x — y + 20% 
that has solution c4 = 2, c? = —1/2, and c3 = 9/2. ` dy/dt = 3x — 2y + 11e? 
We substitute these values into Equation (6.24) 1-3 —2 cost + Asint 
and show the graphs of x — x(t), y — y(t), and 5. X = E 3) X ( — cost -- 5sint i 


z = z(t) in Figure 6.11. 


i 2 2 —4e 2 
x= (4, 5) (2) 


X, Y, Z 
15r 
10r 
5 27N 
^ 
^ | 
+ 
E, 1 1 i 
1.5 S25 0:5 1 T. 
p eem H 
| 
| 5 
| 
—10F 
=15L 


FIGURE 6.11 Plots of x = x(t), y = y(t) (in pink; light gray in print versions), and z = z(t) (dashed). 


Q2 
N 
ON 
o 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


x = E 2 Fa (5) 

x - (ipe Gs) 

x= E d ^w es) 

X= E ES s (E) 

xim t = X + Cx) 

xe seen un 
x =x-—6y+f1(t) where 


y =x —4y +frlt) 
(a) fi (t) = 0, fo(t) = 0. 
(b) fi(t) = 0, f(t) = —2e! 
(c) fit) = —2e™, f(t) = —e7 
XxX = : E X + F(t) for 
(a) F(t) = 0. 
(b) F(t) = ( 


FES 
X=(_3_4 
(a) F(t) = 0. 


-t 
(b) F(t) = ee) 


(c) F(t) = ee j) 


i = —y + 4tant 


—2 cost + 4sint 
2sint 


) X + F(t) for 


y =x 


—n/2«t«myJ2. 


y rus 


Y =y 


,QO«t«m. 
y = —x —2cott 


p=: | 


—n[2«t«mj2. 
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dx/dt = —2x — 2y — 2z + 1 
20. ¿dy/dt = —2y + z + £ 
dz/dt = —2y — 5z + t 


0 0 4 t 
2. X =| 2 2 5|x-^[1]. 
—3 4 -1 gp 


1 -1 -2 
22. X = | —4 1 4 |+F®if 
Dy osi c8 
(a) F(t) = 0. 


2e7f 
(b) F(t) = | -4e^ |. 
2e-t 


=-2x+y-2+f1(t) 
28. (y = 5x — 2y + 5z + f(t) 
z = 2x — 2y+z+fa(t) 
(a) f(t) = 0,i= 1, 2,3. 
(b) fi (t) = 3e! — cos 3t + sin 2t, 
fat) = —5e! + 2 cos2t — 7 sin 2t, 
fat) = —2e! + 4 cos2t — sin 2t. 


3 3 1 0 

24. X’= | —3 -3 -1] + 0 ; 
—8 —4 0 sec 2t 
3. 3 1 0 

25. X = | —3 —3 -1 | + 0 : 
—8 —4 0 cos 2t 


dx/dt = —x — 3y — 2z + tan3t 
26. 1 dy/dt = —6x — 3y — 12z 
dz/dt = 2x + 3y + 4z 


In Exercises 27-35, solve the IVP. 


E EC t _ (0 
27. x = (F 3) x+ (0) x0 = (9). 

,„ (0 1 0 | (0 
as x - (5 3 e 2.) x0= (9). 


x’ = 3x + 4y 
29. (y =2x+y+e! 
x(0) = —1, y(0) = 1 


, Where 


30. 


31. 


32. 


33. 


35. 


36. 


EXERCISES 6.5 


x’ = 6x — 3y +t 
y =2x+y+2-1 
x(0) =0,y(0) =1 


2i o 0 Ee 
, (3-1 cost (9 
Au la 3) Nur E n (e) 


x = —x + 5y — tan 2t 
y =—x+y-+sec2t 
x(0) =1,y(0) — 0 
dx/dt = x — y + e! sec 3t 
dy/dt = 13x — 3y , 
x(0) =0,y(0) =1 

—n/6 « t « n6. 
dx/dt = —4x + 5y 
dy/dt = —4x + 4y + tan2t , 


x(0) =1,y(0) 20 
—n[2-«t«mnj2. 
x1(t) 


,—-n[4 «t < n/A4. 


Let X = X(t) =  AcAÀQ)- 
xal) 

ay (t) alt) ... Ain(t) fil) 
ari (t) a22(t) ... ap, (t) "" fe 


, , 


Ani (t) an2(t) ... ann(t) n(t) 


and c(t) be a fundamental matrix for the 
linear homogeneous system X' = AX. (a) 
Show that if X (t) and X2(t) are any two 
solutions of X’ = AX + F(t), then 

X4(t) — X2(t) is a solution to X’ = AX. (b) 
Show that if Xp(t) is a particular solution of 


X' = AX + F(t) and Xany(t) is any solution of 


X’ = AX + F(t), then there is ann x 1 
Cy 
constant vector C = so that 


Cn 
Xany (t) = d(t)C + Xp(t). 
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37. Given that (f) = (; E > (0, isa 
fundamental matrix for 
1 1 
x = | (2424) vt (2-28) 12 |x, 
0 p 
solve 
1 1 
X = | (242 vt (2-2/5) | x 
0 pl 


1 
-3/2 3/2 
(2 (-1 y t+t )) 
—- 


Int —1 
fundamental matrix for 


38. Given that (t) = ( 1 25a ES 


In(t) 1 
x [t^ tint? -t— Hn? 
= 1 In(t) 


X, solve 


Ent? t4 fln(? 
In(t) 1 
ic O O 
X = 1 In(t) X 


Ein t fint? 
1 
MEL tln(? 
In(t) 


4 Hn(? 


39. Assume that f(t) is a differentiable function 


of t. Given that (f) = 


1 f(t)\. 
(t) ET 


fundamental matrix for 


fO fq) 


xo | +f? i-feX 
ANOS. ORO 


l-f( icf 


X, solve 
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form fe f 
pel ERA A a 14 f(f 
X= Fr faro PL po 
leg uy 1+f(t) 


40. Assume that f(t) is a twice differentiable 
function of t. Given that ®(t) = 
( FO —f(0 
FO fq 
f (fX) - f") SO HOO 
xl fere — fO+fo 
Fay -faof'e f(Qo(fo-f"q0) 
f fray fa +f 


solve 
f (fà -f') LO HOO 
xc FOROS TOFO 
fe —-fof'. FOFO O) 
fe -fo fey? +f")? 
FO - fof of" 
fe fray 
fe (FO e rore) 
fo fray 
41. Use a computer algebra system to solve 
each of the following IVPs. In each case, 
graph x(t), y(t), and the parametric 
equations (x(t), y(t)) for the indicated 
values of t. 
x = —7x— 3y +1 
(a) y = —2x — 2y +te™ ;0<t<10. 
x(0) =0,y(0) =1 
x’ = 8x + 10y + 2e 
(b) į y' = —7x — 9y — te! 
x0) = 1,y(0) = 0 
x’ = 2x — 5y + sin 4t 
(c) {y = 4x — 2y — tef 
x(0) = 1,y(0)= 1 


) is a fundamental matrix for 


+ 


;0xtx10. 


;0xtz2m. 


42. (a) Show that 


" 6 9 3 boss 
x= 3° + 13? 3° ce f(s) ds 


16 t 
+e“ Í e"f (s) ds 
0 


3-4 , 16 4 8 ak —9s 
=- — d 
y 13* +33 13° a f (s) ds 


8 —4t ; As 
+33 fe f (s) ds 


is the solution to the IVP 

dx/dt = —7x + 6y + f(b) 

dy/dt = —8x + 12y 

x(0) =0,y(0) 21 

(b) Is it possible to choose f(t) so that 

limi, x(t) = 0? So that 
limi, oo y(t) = 0? So that both 
limi, oo x(t) = 0 and limi; y(t) = 0? 
Why or why not? Provide evidence of 
your results by graphing various 
solutions. 


In Exercises 43-45, graphically compare solu- 
tions to each nonhomogeneous system and the 
corresponding homogeneous system. 


dx/dt = —5x + 6y + 1 
43. (dy/dt = —7y + t 
x(0021,y(0 = —1 
dx/dt = —6x + t 
44. } dy/dt = —x — 6y + ? 
x(0) = 0,y(0)= 1 
dx/dt = 9x + 5y + e* sin 2t 
45. 1dy/dt = —8x — 3y + e* 
x(0) =1,y(0) =0 
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6.6 PHASE PORTRAITS 


REAL Distinct EIGENVALUES 
REPEATED EIGENVALUES 

COMPLEX CONJUGATE EIGENVALUES 
STABILITY 


In this section, we consider solutions of 


dx/dt = ax + by, 


dy/dt = cx + dy (6.25) 


from a geometric point of view. We have solved 
many systems of this type using the eigenvalues 


cd 
and have seen that the solutions vary greatly. 
Notice that (0, 0) is a solution of the system of 
equations obtained by setting the right sides of 
the differential equations equal to zero, 


and corresponding eigenvectors of A — (: J 


ax + by =0 
cx +dy =0 (6.26) 


for all values of a, b, c, and d. In fact, if |A| = 


i A A 0, then the only solution of this system 


is the origin. We call (0, 0) an equilibrium point (or 
rest point) of the system of ODEs (6.25) because 
(0, 0) satisfies the corresponding system of alge- 
braic equations (6.26). That is, (x = 0,y = 0) is 
a constant solution of the system. In this section, 
we investigate the properties of the equilibrium 
point based on the eigenvalues and correspond- 
ing eigenvectors of the coefficient matrix A by 
viewing the phase portrait, a picture of a set of 
solutions (trajectories) and equilibrium point(s) 
of the system. 


Note: We make the assumption that |A| 
throughout this section. 

In fact, (0,0) is the only constant solution of 
system (6.25). 


z 0 


The behavior of the solutions of system (6.25) 
and the classification of the equilibrium point 
depend on the eigenvalues and corresponding 
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eigenvectors of the system. We more thoroughly 
investigate the cases that can arise in solving this 
system by considering the classification of the 
equilibrium point (0,0) based on the eigenvalues 
and corresponding eigenvectors of A. 


Real Distinct Eigenvalues 


Suppose that 41 and 2? are real eigenvalues 
of A where 42 < 11 with corresponding eigen- 
vectors vı and v», respectively. Then, a general 
solution of X’ = AX is 


y(t) 


= e^! (civi + co voe 020, 


X(t) = Ca) = cywye"! + cov?! 


1. If both eigenvalues are negative, with 
A2 < Ay < 0 then 42 — 41 < 0. This means that 
e®27%t is very small for large values of t, so 
X(t) ~ c1v1e^! is small for large values of t. If 
c1 Z 0, then limi, X(t) = 0 along the line 
through (0, 0) in the direction of v1. If c1 = 0, 
then X(t) = czvze**, Again, because A» < 0, 
limi. X(t) = 0 along the line through (0, 0) 
in the direction of vo. In this case, (0,0) is a 
stable improper node. 

2. If both eigenvalues are positive, with 
0 < 42 < 41. Then e^!! and e^?! both become 
unbounded as f increases. If c1 4 0, then X(t) 
becomes unbounded along the line through 
(0, 0) in the direction of v1. If c; = 0, then X(t) 
becomes unbounded along the line through 
(0, 0) in the direction given by v». In this case, 
(0,0) is an unstable improper node. 

3. If the eigenvalues have opposite signs with 
Az «0 < Ay and c1 4 0. Then, X(t) becomes 
unbounded along the line through (0, 0) in 
the direction of v; as it did in (2). However, if 
cı = 0, then due to the fact that A» < 0, 
limi. o; X(t) = 0 along the line through (0, 0) 
determined by v». If the initial point X(0) is 
not on the line through (0,0) determined by 
v2, then the line given by vı is an asymptote 
for the solution. We say that (0, 0) is a saddle 
point in this case. 
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EXAMPLE 6.6.1 
Y Classify the equilibrium point (0,0) in the 


systems (a) E ES and (b) E =y 


y y =x 
Solution 


(a) The coefficient matrix in this case is A = 
( 2) so we identify the eigenvalues of A by 
—A 0 
0 2-A 
eigenvalues 4; = 1 and Az = 2 are real and un- 
equal, so we classify (0, 0) as an unstable improper 
node. Substitution of A; = 1 into (A — 4¿Dv¡ = 0 


solving 


| = @- 30-3 = 0 The 


T IN. : 

indicates that vj = ( jj is an eigenvector asso- 

ciated with A; = 1. Similarly, we find that vz = 
OY. : : 

( J is an eigenvector corresponding to 12 = 2. 


Therefore, a general solution of the system is 


1 0 cie! 
verse) 


x = ce! 
or 


y = cet 


Notice that both components of the solution 
move away from zero (lim;œ x(t) = oo and 
lim+> oo y(t) = 00) as t > oo while both approach 
zero as t > —oo. (Explain?) 

There is a relationship between solutions of the 
system and the eigenlines, lines through the equi- 
librium point in the direction of the eigenvectors. 
In this case, the eigenlines corresponding to v1 
and v» are the y-axis and the x-axis, respectively. 
To see the relationship between solutions and the 
eigenlines, we find trajectories of the system by 
writing the system as the first-order equation 


dy  dy/dt _ 2y 
dx  dx/dt x 
Separating variables, integrating, and simplify- 
ing give us y = Cx’, where C is an arbitrary 
constant, so solution curves are parabolas with 
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vertices at the origin. (We can obtain the same 
result by eliminating the parameter from the so- 
lution for X(t) found earlier.) To sketch the phase 
portrait, we begin by graphing the eigenlines. Be- 
cause each is associated with a positive eigen- 
value, we place arrows directed away from the 
origin on each eigenline. Next, we graph several 
parabolas (Figure 6.12(a)). These trajectories are 
also directed away from the origin because of the 
positive eigenvalues. We can also graph several 
members of this family along with the direction 
field of the system, as done in Figure 6.12(b), 
to view the orientation of trajectories. Based on 
our earlier observation, solutions become tangent 
to one eigenline, the x-axis, as t — oo (as we 
move against the direction of the arrows) and be- 
come parallel to the other eigenline, the y-axis, as 
t > —oo. (We will find that this behavior holds in 
other systems that include a node.) Notice that the 
trajectories are tangent to the eigenline associated 
with the smaller eigenvalue (in absolute value). 
They become parallel to the eigenline associated 
with the larger eigenvalue (in absolute value). 


(b) By solving E A = 12 — 1 = 0, we find 
that the eigenvalues are 41 = 1 and Az = —1. 


In this case, one eigenvalue is positive and one 
is negative, so we classify (0,0) as a saddle point. 
Note that the eigenvectors corresponding to 41» = 

1 
+1 are v12 = e 
associated with vı and v2 are y = x and y = —x, 
respectively. A general solution is 


7 IW s 1N 4 _ [at + coe 
Res (i) io ien Se pr — coe-t 


t 


) respectively, so the eigenlines 


x =cye! + c7e7 
or ; 


y = ae — coe 


To determine the behavior of solutions as t > oo, 
notice that if cy % 0, then X(t) becomes like 


1 A 
c ( » ef because lim; 4, e? = 0. In other words, 


solutions become asymptotic to the eigenline 
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FIGURE 6.12 (a) Phase portrait of (x' = x,y’ = y). (b) Solutions with direction field of (x' = x,y' = y). 


associated with the positive eigenvalue, y — x, 
as t — oo. In a similar manner, we determine the 
behavior of solutions as t > —oo. In this case, 
solutions are dominated by the term c» ie e^! 
(if co 4 0) because lim; —..e' = 0. Therefore, 
solutions approach the eigenline associated with 
the negative eigenvalue, y = —x, ast — —oo. 
Also, if c2 = 0 and c1 Æ 0, then the solution 
approaches the origin along the eigenline y — x as 
t — oo. When we solve 


dy dy/dt x 


dx  dx/dt y’ 


we obtain x? — y? — C, which represents a family 
of hyperbolas (for C # 0) and the lines y = +x 


(for C = 0). When we sketch the phase portrait in 
Figure 6.18, we begin by drawing the eigenlines. 
The line y — x is associated with a positive eigen- 
value so we place arrows directed away from the 
origin on this line. In contrast, y — —x corre- 
sponds to a negative eigenvalue, so the arrows 
are directed toward the origin on this line. Next, 
we sketch hyperbolas centered at the origin and 
assign orientation based on that of the eigenlines 
(asymptotes of the hyperbolas). Observe that all 
solutions approach the eigenlines. They become 
asymptotic to the eigenline y — x associated with 
Ay = 1 (the positive eigenvalue) as t£ — oo 
and become asymptotic to the eigenline y — —x 
associated with A; = —1 (the negative eigenvalue) 
ast > —oo. This is a property linked to other 
saddle points we encounter. 
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FIGURE 6.13 Phase portrait of (x' = y,y' = x}. 


Note: Eigenlines are trajectories of the system be- 
cause each can be obtained by setting one of the 
arbitrary constants c1 or c? in the general solution 
equal to zero. Therefore, other trajectories cannot 
intersect the eigenlines because doing so would 
contradict the uniqueness of solutions of IVPs in- 
volving a first-order linear homogeneous system 
of ODEs. 


EXAMPLE 6.6.2 


Classify the equilibrium point (0,0) of 
the systems and sketch the phase portrait: 


"= 5x43 (=e=2 

(a) M Do Da NE tg 
y = —4x — 3y y = 3x — 4y 

(o x = —x — 2y 
y = 3x + 4y 


Solution 


(a) The eigenvalues are found by solving 


(A — 3)( +1) =0. 


5=k 3 
Eq E 


|= -2-3 


Because the eigenvalues 14 = 3 and à? = —1 
have opposite signs, (0,0) is a saddle point. Note 
that the eigenvectors corresponding to 441 and A2 


-3 1 ‘ 

are vq = ( " and v2 = e respectively. 
To obtain an idea about the behavior of solu- 
tions of this system, we find equations of the 
eigenlines. An equation of the eigenline associ- 
ated with vı is y = —2x/3 and an equation of 
the eigenline associated with v2 is y = —2x. We 
sketch the phase portrait in Figure 6.14(a). First, 
we draw the eigenlines, y — —2x/3 and y — 
—2x, with arrows directed toward and away from 
the origin, respectively. Then, we draw curves 
using the eigenlines as asymptotes and follow 
the directions associated with the eigenlines to 
assign the proper orientation to the trajectories. 
As mentioned in a previous example involving 
a saddle point, solutions become asymptotic to 
the eigenline associated with the positive eigen- 
value as £ — oo and they become asymptotic 
to that associated with the negative eigenvalue 
ast — —oo. 


Note: To find an equation of the eigenline as- 
sociated with the eigenvector v — in elimi- 
nate the parameter from x = at, y = bt: t = x/a 
so y — bt — bx/a. 
For another interpretation of the behavior of 
solutions as t — oo, notice that in a general 


solution of this system, X(t) = cy m gh d 


C2 (35) e^! if c1 4 0, then as t — oo, X(t) behaves 
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FIGURE 6.14 (a) Phase portrait for Example 6.6.2, solution (a). (b) Phase portrait for Example 6.6.2, solution (b). (c) Phase 
portrait for Example 6.6.2, solution (c). 


more like cy ES eX because lim; e™ = 0. 


In other words, solutions become asymptotic to 
the eigenline associated with v; as t — oo. In a 
similar manner, we can determine the behavior 
of solutions as + — -—oo. In this case, solutions 


are dominated by the term c» e e (if co 4 


0) because lim; -œ e* = 0. Therefore, solutions 
approach the eigenline associated with v2 as t > 
—oo. Notice that the behavior of the solutions 
agrees with what we observed in our earlier dis- 
cussion. 

(b) Because the characteristic equation is 


es =2 


7 Es +3A4+2=(A4D(4+2)=0, 


the eigenvalues A; = —1 and 4? = —2 are distinct 
and both negative; (0,0) is a stable improper node. 
In this case, corresponding eigenvectors are v; = 


1 2 
( a and v2 = ( J so the solutions approach 


(0,0) along the lines through (0, 0) in the direction 
of these vectors, y — x and y — 3x/2. Based on 
our earlier findings concerning nodes, we know 
that trajectories are tangent to one eigenline and 
become parallel to the other. To better understand 
the shape of the phase portrait, we convert the 
system to the first-order equation 


dy  dy/dt 3x—4y 
dx d/d x-2% 


and we observe that trajectories have horizontal 
tangent lines, where dy/dx = 0 (when 3x—4y = 0). 
In other words, trajectories cross the line y = 3x/4 
horizontally. This fact and the vectors in the 
direction field indicate that trajectories approach 
the eigenline y = x as t — oo and are parallel to 
y = 3x/2 as t > —oo. (Remember that trajectories 
cannot cross eigenlines. We also recall from 
Example 6.6.1 that trajectories are tangent to the 
eigenline associated with the smaller eigenvalue 
(in absolute value), y — x, and becomes parallel 
(as t > +00) to the eigenline associated with the 
larger eigenvalue (in absolute value), y — 3x/2. 
We graph the phase portrait in Figure 6.14(b). 
The line y — 3x/4 is dashed. Both eigenlines 
have associated with them arrows directed 
toward the origin because both eigenvalues are 
negative. 
(c) Because 


=1-4 -2 
9 A 


|-£-3 92-0. - 26 - 0 


the eigenvalues 4; = 2 and A» = 1 are real and 
unequal. Therefore, (0,0) is an improper node. 
Note that corresponding eigenvectors are vj = 
2 il 
E J and v2 = (_ 2 respectively. The solu- 
tions become unbounded along the lines through 
(0,0) determined by these vectors, the eigenlines 
y — —3x/2 and y — —x. We graph these eigen- 
lines in Figure 6.14(c) and place arrows on them 
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directed away from the origin due to the positive 
eigenvalues. Based on our earlier findings, trajec- 
tories are tangent to y = —x as t > oo and become 
parallel to y = —3x/2 as t > —oo. Following a 
method similar to that in (b), we see that trajecto- 
ries cross the line y — —3x/4 horizontally (this line 
is dashed in Figure 6.14(c)). 


Repeated Eigenvalues 


We recall from our previous experience with 
repeated eigenvalues of a 2 x 2 system that the 
eigenvalue can have two linearly independent 
eigenvectors associated with it or only one (lin- 
early independent) eigenvector associated with 
it. We investigate the behavior of solutions in the 
case of repeated eigenvalues by considering both 
of these possibilities. 


1. If the eigenvalue A = 41, has two 
corresponding linearly independent 
eigenvectors v; and v», a general solution is 


X(t) = cyvye"" + cove! = (cyvy + cova)e^. 


If A > 0, then X(t) becomes unbounded along 
the lines through (0,0) determined by the 
vectors c1v4 + Cov2, where c4 and cz are 
arbitrary constants. In this case, we call the 
equilibrium point an unstable star node. 
However, if A < 0, then X(t) approaches (0, 0) 
along these lines, and we call (0, 0) a stable 
star node. 


Note: The name "star" was selected due to the 
shape of the solutions. 


2. If the eigenvalue A = 41, has only 
one corresponding (linearly 
independent) eigenvector v = v4, a general 
solution is 


X(t) = cive + co(vt + w)e^! 
= (cv + cow)e” + covte?! 


where w satisfies (A — 1D)w = v. If we write 
this solution as 


1 
X(t) = te^ [ev + cow) 1 + cav] F 


we can more easily investigate the behavior 
of this solution. If à < 0, then limi œ te^! = 0 
and lim; ol (c1v + czw) (1/t) + cov] = cov. 
The solutions approach (0,0) along the line 
through (0, 0) determined by v, and we call 
(0,0) a stable deficient node. If à > O, the 
solutions become unbounded along this line, 
and we say that (0,0) is an unstable deficient 
node. 


EXAMPLE 6.6.3 
Y Classify the equilibrium point (0,0) in 


J = 9 
the systems: (a) NI and (b) 
y = =x — 5y 
X = Die 
y = 2y 
Solution 


(a) The eigenvalues are found by solving 


m 9 


=X +4 +4= (2)? — 0. 
ze +4.4+4=(A+2)? =0 


Hence, 41,2 = —2. In this case, an eigenvector 


s" 295 $ 9 x1 0 ; 
vi (5) satisfies E 2) E OE ic 


is equivalent to 6 3 (2) = (o) so there 


is only one corresponding (linearly independent) 


eigenvector vj — T ») = i=) y1. Because 
1 


A = —2 < 0, (0,0) is a degenerate stable node. 
In this case, the eigenline is y = —x/3. We graph 
this line in Figure 6.15(a) and direct the arrows 
toward the origin because of the negative eigen- 
value. Next, we sketch trajectories that become 
tangent to the eigenline as + > oo and associate 
with each arrows directed toward the origin. 
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(b) 


FIGURE 6.15 (a) Phase portrait for Example 6.6.3, solution (a). (b) Phase portrait for Example 6.6.3, solution (b). 


(b) Solving the characteristic equation 


2-1 0 2 
Po VS ero 
we have à = 245? = 2. However, because an 
eigenvector vj — (3) satisfies the system 
1 
( >) a) = n any nonzero choice of 


vı is an eigenvector. If we select two linearly 


independent vectors such as vi = (5) and 


v = m we obtain two linearly independent 


eigenvectors corresponding to A15 = 2. (Note: 
The choice of these two vectors does not change 
the value of the solution, because of the form 
of the general solution in this case.) Because 
à = 2 > 0, we classify (0,0) as a degenerate 
unstable star node. A general solution of the 


system is X(t) = c1 (5) e +o (3) e^, so when 


we eliminate the parameter, we obtain y = c7x/c1. 
Therefore, the trajectories of this system are lines 
passing through the origin. In Figure 6.15(b), we 
graph several trajectories. Because of the positive 
eigenvalue, we associate with each an arrow 
directed away from the origin. 


Complex Conjugate Eigenvalues 


We have seen that if A is a matrix with real 
entries two eigenvalues of A are 112 = a + fi, 
B z 0, with corresponding eigenvectors v12 = 
a + bi, then two linearly independent solutions 
of the system X' = AX are 


X1(t) = e% (acos Bt — bsin Bt) and 
X2(t) = e% (b cos Bt + asin Bt) 
If A is 2 x 2, a general solution of the system is 


X(t) = c1X4(t) + c2X2(t), so there are constants 
Aj, A», By, and B» such that x(t) and y(t), where 


X(t) = E y are given by 


X(t) = x(DY — (A1e*! cos Bt + Aze™ sin Bt 
~ \yt)) ~ \ Bye“ cos Bt + Boe? sin Bt ) ` 


1. If œ = 0, a general solution is X(t) = b = 


y(t) 
41 cos Bt + A» sin Bt 
E eos ra Boi Both x and y are 
periodic. In fact, if A2 = B1 = 0, then X(t) = 
x(t)\ (Arcos Bt 
C " = ( Bis ciet . In rectangular 
coordinates, this solution is (1/41? + 
(1/B3)y? = 1 where the graph is either a 
circle or an ellipse centered at (0, 0) 
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depending on the value of A4 and B2. Hence, 
(0,0) is classified as a center. Note that the 
motion around these circles or ellipses is 
either clockwise or counterclockwise for all 
solutions. 

. If œ 4 0, the e*! term is present in the 
solution. The e® term causes the solution to 
spiral or to away from the equilibrium point. 


If a > 0, the solution spirals away from (0, 0), 


so we classify (0,0) as an unstable spiral point. 
If a < 0, the solution spirals toward (0,0), so 
we say that (0, 0) is a stable spiral point. 


EXAMPLE 6.6.4 
Y Classify the 
the systems: (a) l 


equilibrium point (0,0) in 
y 


= x = x — 5y 
/— 


Y and(b) 
y = x — 3y. 


Solution 
(a) The eigenvalues are found by solving 


E —1 


c aede 
à m "EST 


Hence, 41,2 = +i. Because these eigenvalues have 
a zero real part (i.e., they are purely imaginary), 
(0,0) is a center. We can view solutions of this sys- 
tem by writing the system as a first-order equation 
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with 


t = 
- = - - = -= Separating variables, we 


have y dy = —x dx, so that integration yieldsiy? = 
— 4x? +C, or x +y? = K (where K = 2C). 
Therefore, solutions of the system are circles (if 
K > 0) centered at the origin. The solution is 
(0,0) if K — 0. Several solutions are graphed 
in Figure 6.16(a). The arrows indicate that the 
solutions move counterclockwise around (0,0). 
We see this by observing the equations in the 
system, Y = —y and y/ = x. In the first quadrant 
where x > 0 and y > 0, these equations indicate 
that x’ < O andy’ > 0. Therefore, on solutions in 
the first quadrant, x decreases while y increases. 
Similarly, in the second quadrant where x « 0 and 
y > 0,x' < Oand y' < 0, so x and y both decrease 
in this quadrant. (Similar observations are made 
in the other two quadrants.) 
(b) Because the characteristic equation is 


1-1 -—5 2 

the eigenvalues are 4142 = ¿(-2+v4=8) = 
—1+i. Thus, (0,0) is a stable spiral point because 
a = —1 < 0. To better understand the behavior 
of solutions, consider a general solution of this 
system, 


E " L 
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(a) 


FIGURE 6.16 (a) Phase portrait for Example 6.6.4, solution (a). (b) Phase portrait for Example 6.6.4, solution (b). 
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—C1 COS t + (—2c1 + 5c?) sin t 
Co cost + (cy — 2c?) sint 


X(t) =e! ( 


The trigonometric functions cause solutions to ro- 
tate about the origin, while e™ forces both compo- 
nents to zero as t — oo In Figure 6.15(b), we graph 
the phase portrait. Solutions spiral in toward the 
origin. 


Note: In the case of centers and spiral points, 
the direction field may be particularly useful 
in determining the shape of solutions as well 
as their orientation. 


Stability 


We now understand the behavior of solutions 
of systems of linear equations based on the 
eigenvalues of the coefficient matrix. In addition, 
we would like to comment on the stability of 
the equilibrium point of the system using the 
same information. Looking back, we classified 
equilibrium points as saddle points, nodes, 
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spirals, or centers. In the case of saddle points, 
some nodes, and some spiral points in which 
at least one eigenvalue is positive or has a 
positive real part, trajectories move away from 
the equilibrium point as t > oo. Each of these 
classes of equilibrium points is unstable. Then, 
when we consider nodes and spiral points 
in which both eigenvalues are negative or 
have a negative real part, solutions converge 
to the equilibrium point as £ — oo. These 
equilibrium points are asymptotically stable 
because of this convergence. Finally, centers are 
stable if a solution that starts sufficiently close 
to the equilibrium point remains close to the 
equilibrium point. An equilibrium point that is 
not stable is considered unstable. We summarize 
our findings in Table 6.1. 


Note: In the case of a saddle point, all solutions 
except the eigenline associated with the nega- 
tive eigenvalue move away from the equilibrium 
point as t > oo. 


To better understand the meaning of the terms 
unstable, asymptotically stable, and stable, we take 
another look at graphs of solutions to several 


TABLE 6.1 Classification of Equilibrium Point in Linear System 


Eigenvalues Geometry Stability 

21,42 real; Ay > Ap > 0 Improper node Unstable 

À1,À2 real; Ay = A2 > 0; 1 eigenvector Deficient node Unstable 

21,42 real; Ay = A2 > 0; 2 eigenvectors Star node Unstable 

A1,Az2 real; Az < 24 < 0; Improper node Asymptotically stable 
21,42 real; Ay = A2 < 0; 1 eigenvector Deficient note Asymptotically stable 
21,4 real; Ay = A? < 0; 2 eigenvectors Star node Asymptotically stable 
21,22 real; Az < 0 < 24 Saddle point Unstable 

Ay =Q + fido =a — pif 40,a>0 Spiral point Unstable 

Ay =a + Pi, à2 =a — Bi, B 40,a < 0 Spiral point Asymptotically stable 
Ay = Bid = — Bi, B £0 Center Stable 
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(e) (f) 
FIGURE 6.17 Graphically illustrating unstable, asymptotically stable, and stable. 


EXERCISES 6.6 


systems in the example problems. Instead of 
graphing these solutions in the phase plane, 
however, we graph them in the tx- and ty- 
planes. Consider the system in Example 6.6.2 
that included a saddle point with general 


c (2) ef + c (2) et, 


When we graph x(t) = —3c¡e% + ce! and 
y(t) = 2cye** — 2c,e7* for various values of ci 
and c? in Figure 6.17(a) and (b), we see that 
some solutions diverge from x(t) — 0 and 
y(t) = 0, which are the coordinates of the 
equilibrium point of this system. We therefore 
call the equilibrium point in this case unstable. 
In contrast, in Figure 6.17(c) and (d), when we 
graph x(t) = e^! [=c] cos f + (—2c + 5c?) sin t] 
and y(t) = e'[cocost+ (c1 — 2c2 sin t)], so- 
lutions in Example 6.6.4(b) that involved a 
stable spiral point, we see that all solutions 
asymptotically approach x(t) = 0 and y(t) = 0. 
Therefore, we classify the equilibrium point in a 
system possessing this property as asymptotically 
stable. Finally, when we graph solutions to the 
system in Example 6.6.4(a) containing the center 
x(t) = cy cos t--c? sint and y(t) = c? cos t— c; sin t 
in Figure 6.17(e) and (f), we notice that solutions 
neither converge to nor diverge from x(t) = 0 
and y(t) = 0. Hence, the equilibrium point is 
stable. 


solution X(t) = 


D EXERCISES 6.6 


In Exercises 1-12, classify the equilibrium 
point (0, 0) of the system. 


1. x’ = —5x — 4y, y' = —9x — 5y. 
2. x = —x — 7y, y = —3x + 3y. 

3. x! = 8x — Ay, y' = 9x — Ay. 

4. x! = 4x — 2y, y! = —6x + 8y. 

5. x’ = —10x — 2y, y = —2x — 10y. 
6. x’ = 6y, y” = —3x — 9y. 

7. x = —x, y = —y. 

8. x = 3x, y = 3y. 

9. x! = —9y, y' = 6x + 4y. 
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10. x’ = —8x + 5y, y = —2x — 2y. 
11. x’ = —3x + 5y, y' = —10x + 3y. 
12. x' = —4x — 4y, y' = 8x. 
13. (Linear Systems with Zero Eigenvalues) 
(a) Show that the eigenvalues of the system 
x’ = —2x, y! = —4x are Ay = 0 and 
À» = —2. 
(b) Show that all points on the y-axis are 
equilibrium points. 
(c) By solving dy/dx = (—4x)/(—2x) = 2, 
show that the trajectories are the lines 
y = 2x + C, where C is an arbitrary 
constant. 
(d) Show that a general, solution of the 


system is X(t) = ce 7 
y B cy + 2c2e 7% f 
(e) Find limp. X(t). 
(£) Use the information in (c) and (e) to 
sketch the phase portrait of the system. 


Follow steps similar to those in Exercise 13 to 
sketch the phase portrait of each of the following 
systems. 


14. x’ 22x — y, y = —4x — 2y. 
15. x = 2x, y = —4x. 
16. x' = 12x — 6y, y' = 18x — 9y. 


In Exercises 17-20, use the given eigenvalues to 
(a) develop a corresponding second-order linear 
equation; (b) develop a corresponding system 
of first-order linear equations; (e) classify the 
stability of the equilibrium point (0, 0). 


17. 4422,25 = —1. 

18. Ay =-3,12=-—1. 

19. Ay = -3,A2 = —3. 

20. Ay = 3i, Ag = —3i. 

21. (Linear Nonhomogeneous Systems) Consider 


x =x-1 
the system |, 
y =x+y 
(a) Show that (1, —1) is an equilibrium 
point. 


(b) Show that with the change of variables 
u=x-—1landv=y+1, we can 


340 


/ =u 
transform the system to y , 
v —udv 


(Notice that if the equilibrium point is 
(xo, Yo), then the change of variables is 
u = x — Xy and v = y — yo.) 

(c) Classify the equilibrium point (1, —1) of 
the original system by classifying the 
equilibrium point (0,0) of the 
transformed system. 

(d) Sketch the phase portrait of the original 
system by translating that of the 
transformed system. 


For each of the following systems, follow steps 
similar to those in Exercise 21 to locate the equi- 
librium point of the system, classify, the equilib- 
rium, and sketch the phase portrait. 


22. 
23. 
24. 


25. 


26. 


x =2x +y, y = -y + 6. 

X = —2x + y — 6, Y = x — 2y. 

x =x— 2y- 1,4 =5x-y-5. 

x = ax + by 
y = cx + dy 
a, b, c, and d are real constants. Show that 
the eigenvalues of this system are found by 
solving A? — (a + d)à + (ad — bc) = 0. If we 
let p = a + d and q = ad — bc, show that the 
eigenvalues are 415 = 5 (P + JB) where 


A = p* — 4q. Show that each of the 

following is true of the equilibrium point. 

(a) (0,0) is a node if q > 0 and A > 0. It is 
asymptotically stable if p «0 and 
unstable if p > 0. 

(b) (0,0) is a saddle point if q < 0. 

(c) (0, 0) is a spiral point if p # 0 and A < 0. 
It is asymptotically stable if p < 0 and 
unstable if p > 0. 

(d) (0,0) is a center if p = 0 and q > 0. 

(e) Place the classifications in parts (a)-(d) in 
the regions shown in Figure 6.18. The 
parabola is the graph of A — p?—4q — 0. 

Suppose that substance X decays into 

substance Y at rate kj > 0 which in turn 

decays into another substance at rate kz > 0. 

If x(t) and y(t) represent the amount of X 


Consider the system where 
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FIGURE 6.18 Graph of A = p? — 4q — 0. 


27. 


and Y, respectively, then the system 

x’ = -—kx . . 
! is solved to determine 

y —-khx- ky 
x(t) and y(t). Show that (0,0) is the 
equilibrium solution of this system. Find 
the eigenvalues of the system and classify 
the equilibrium solution. Also, solve the 
system. Find limi, x(t) and limi, œ y(t). 
Do these limits correspond to the physical 
situation? 
In the circular chemical reaction, 
compounds A, and A» combine at rate k to 
produce compound B1. This compound 
reacts with compound B» at rate kg to form 
C1, which in turn combines with compound 
C» at rate kc to form A. Therefore, the 
system of equations 


dA1/dt = kcC1C» — kAA145, 

dB4/dt = k4414) — kgB1B, 

dC¡/dt = kgB¡B2 — kcC1C5, 
models this situation. Let Kj = k44», 


Ky = kB, and K3 = kcC5, and determine 
the equilibrium solutions of the system. 


6.7 NONLINEAR SYSTEMS 


6.7 NONLINEAR SYSTEMS 


We now turn our attention to systems in 
which at least one of the equations is not linear. 
These nonlinear systems possess many of the 
same properties as linear systems. In fact, we rely 
on our study of the classification of equilibrium 
points of linear systems to assist us in our 
understanding of the behavior of nonlinear 
systems. For example, consider the system 


dx/dt = y, 


dy/dt = x 4 x?, (6.27) 


which is nonlinear because of the x? term in the 
second equation. If we remove this nonlinear 
term, we obtain the linear system 


dx/dt = y, 


dy/dt = x. (6.28) 


This system has an equilibrium point at (0,0), 
which is also an equilibrium point of the system 
of nonlinear equations. Using the techniques 
discussed in Section 6.6, we can quickly show 
that the linear system has a saddle point at 
(0, 0). We show several trajectories of this system 
together with its direction field in Figure 6.19(a). 
Next, in Figure 6.19(b), we graph several 
trajectories of the nonlinear system along with 
its direction field. We see that the nonlinear term 
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affects the behavior of the trajectories. However, 
the, behavior near (0,0) is “saddle-like” in that 
solutions appear to approach the origin but 
eventually move away from it. When we zoom 
in on the origin in Figure 6.19(c), we see how 
much it resembles a saddle point. Notice that 
the curves that separate the trajectories resemble 
the lines y = x and y = —x, the asymptotes of 
trajectories in the linear system, near the origin. 
These curves, along with the origin, form the 
separatrix, because solutions within the portion 
of the separatrix to the left of the y-axis behave 
differently than solutions in other regions of the 
xy-plane. In this section, we discuss how we 
classify equilibrium points of nonlinear systems 
by using an associated linear system in much 
the same way as we analyzed systems (6.27) 
and (6.28). 


The equilibrium solutions to a system of differen- 
tial equations in which each differential equation 
does not explicitly depend on the independent 
variable (typically, t) are the constants solutions 
of the system. Thus, the equilibrium solutions of 
x; = finu x»... Xn), Xa = f2(X1,X2,---,Xn), sss 
X, = fn(%1,%2,...,Xn) are found by solving the 
system fı (x1,x2,. .., Xn) = 0, fo(%1,X2,...,Xn) = 0, 


we oy fair X2, . Xn) = 0 for x1, xo, ..., Xn. 


FIGURE 6.19 (a) Trajectories of corresponding linear system with direction field. (b) Trajectories of nonlinear system with 
direction field. (c) Trajectories of nonlinear system with direction field near the origin. 
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When working with nonlinear systems, we 
can often gain a great deal of information 
concerning the system by making a linear 
approximation near each equilibrium point of the 
nonlinear system and solving the linear system. 
Although the solution to the linearized system 
only approximates the solution to the nonlinear 
system, the general behavior of solutions to the 
nonlinear system near each equilibrium point 
is the same as that of the corresponding linear 
system in many cases. The first step toward 
approximating a nonlinear system near each 
equilibrium point is to find the equilibrium 
points of the system and to linearize the system 
at each of these points. 

Recall from multivariable calculus that if z — 
F(x,y) is a differentiable function, the tangent 
plane to the surface S given by the graph of z = 
F(x,y) at the point (xo, yo) 


z = Fx (xo, yo) (x—xo) -Fy (xo, yo) (y —Vo) +F (xo, y0). 

(6.29) 
Near each equilibrium point (xo, yo) of the (non- 
linear) autonomous system 


dx/dt = f(x, y), 


dy/dt = g(x,y), (6.30) 


System (6.30) is autonomous because f(x,y) and 
g(x,y) do not explicitly depend on the indepen- 
dent variable, which is t in this situation. 


under certain conditions the system's solution(s) 
can be approximated with the system 


dx/dt = f (xo, yo) (x — xo) + fy(Xo, Vo)(y — Yo) 


t f (xo, yo), 
dy/dt = gx(xo, yo) (x — xo) + 2y(Xo, Vo) (y — Yo) 
+ g(Xo, Yo), (6.31) 


where we have used the tangent plane to approx- 
imate f (x, y) and g(x,y) in the two dimensional 
autonomous system (6.30). Because f (xo, yo) = 0 
and 9(xo, Yo) = 0 (Why?), the approximate sys- 
tem is 


dx/dt = f (xo, yo) (x — xo) + fyGo, Yo) (y — Yo), 
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dy/dt = gx(xo, yo) (x — xo) + &y (x0, YO (y — Yo), 
(6.32) 


which can be written in matrix form as 


Y _ (filo, yo) fyo yo) | (x — xo 
= . (6.33) 

y &x(X0, Yo) Sy(%o, Yo) NV — Yo 
Note that we often call system (6.33) the lin- 
earized system corresponding to the (nonlinear) sys- 
tem (6.30) or the associated linearized system due 
to the fact that we have removed the nonlinear 


terms from the original system. 
If f (xo, yo) = 0 and g(xo, yo) = 0, the equilib- 


dx/dt = f(x,y) 


dy/dt = g(x,y) 
is classified by the eigenvalues of the matrix 


_ (fe(Xo, Yo) 2: 
Jio yo) = a 8y(Xo,Yo)) ' pay 


which is called the Jacobian matrix. After deter- 
mining the Jacobian matrix for each equilibrium 
point, we find the eigenvalues of the matrix in 
order to classify the corresponding equilibrium 
point according to the following criteria. 


rium point (xo, Yo) of the system 


Notice that the linearization must be carried out 
for each equilibrium point. 


Classification of Equilibrium Points of a 
Nonlinear System 


Let (xo,yo) be an equilibrium point of 
system (6.30) and let A; and Az be eigenvalues 
of the Jacobian matrix (6.34) of the associated 
linearized system about the equilibrium point 
(Xo, Yo)- 


1. If (xo, yo) is classified as an asymptotically 
stable or unstable improper node (because 
the eigenvalues of J(xo, yo) are real and 
distinct), a saddle point, or an asymptotically 
stable or unstable spiral in the associated 
linear system, (xo, yo) has the same 
classification in the, nonlinear system. 

2. If (xo, yo) is classified as a center in the 
associated linear system, (xo, yo) may bea 
center, unstable spiral point, or 
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TABLE 6.2 Classification of Equilibrium Point in Nonlinear System 


Eigenvalues of J(xo, yg) Geometry Stability 

21,4] real; 41 > 22 > 0 Improper node Unstable 

27,47 real; 44 225 > 0 Node or spiral point Unstable 

21,22 real; Az < Ay < 0 Improper node Asymptotically stable 
A1,Az2 real; 44 = 22 < 0 Node or spiral point Asymptotically stable 
27,42 real; 4 <0< Ay Saddle point Unstable 

à1ı =a + pi, à2 =Q — pi, p #0, > 0 Spiral point Unstable 

Ay =Q + Bi,Ao =a — Bi, B 40,a < 0 Spiral point Asymptotically stable 
1 = i, à2 = —fipz0 Center or spiral point Inconclusive 


asymptotically stable spiral point in the 
nonlinear system, so we cannot classify 
(Xo, Yo) in this situation (see Exercise 28). 

. If the eigenvalues of J(xo, yo) are real and 
equal, then (xo, yo) may be a node or a spiral 
point in the nonlinear system. If 41 < A» < 0, 
then (xo, yo) is asymptotically stable. If 
Ay € Az > 0, then (xo, yo) is unstable. 


These findings are summarized in Table 6.2. 


EXAMPLE 6.7.1 


Find and classify the equilibrium points of 


x =1-y 
y = x2 = y 
Solution 


We begin by finding the equilibrium points of 
l=y=0 

xX -y =0 
Because y = 1 from the first equation, substitution 
into the second equation yields 3? — 1 = 0. 
Therefore, x — +1, so the two equilibrium points 
are (1,1) and (-1,1). Because f(x,y) = 1-y 
and g(x,y) = x? — y, fiy) = 0, fy y) = —1, 
gx(x,y) = 2x, and gy(x,y) = —2y, so the Jacobian 


0 -—1 : 
oe » Next, we classify 


this nonlinear system by solving 


matrix is J(x,y) — ( 


each equilibrium point by finding the eigenvalues 
of the Jacobian matrix of each linearized system. 
For (1,1), we, obtain the Jacobian matrix 


= : : , 
JA = E ; with eigenvalues that satisfy 
=4 =l 

= 2 24 2 = (0, Isl 
| 2 E + + 0. Hence, 
Mo = -—1 c i. Because these eigenvalues are 


complex-valued with negative real part, we 
classify (1,1) as an asymptotically stable spiral in 
the associated linearized system. Therefore, (1, 1) 
is an asymptotically stable spiral in the nonlinear 
system. 
: 0 —1 

For (-1, 1), we obtain J(-1,1) — (e e 
In this case, the eigenvalues are solutions of 
— =i 
m 29 
ài = $(-2 + 2V3) = -1+ V3 > 0 and 
à) = 1(-2- 2V3) = —1 — V3 > 0 so (-1,1) is 
a saddle point in the associated linearized system 
and this classification carries over to the nonlinear 
system. In Figure 6.20(a), we graph solutions to 
this nonlinear system approximated with the use 
of a computer algebra system. We can see how 
the solutions move toward and away from the 
equilibrium points by observing the arrows on 
the vectors in the direction field. 


= X +21 —2 = 0. Thus, 
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FIGURE 6.20 (a) (1,1) is a stable spiral and (—1,1) is a saddle. (b) (0,0) is an unstable node, (0,5) is an asymptotically 
stable improper node, (7, 0) is an asymptotically stable improper node, and (3, 2) is a saddle point. 


Note: In Example 6.7.1, the linear approxima- 


/ 
. " o 0 —1 x—1 
tion about (1, 1) is C) = b 3) C ^ a) y 


aepo 
2x — 2y y = 2x — 2y 
(nonhomogeneous) linear system has an equi- 
librium point at (1, 1). With the change of vari- 
able u = x— 1 and v = y — 1, where the change 


of variable for the equilibrium point (x9, yo) is 
u = x—xo and v = y—yo, We can transform this 


. Notice that this 


u!--—o 


, with equilibrium 
229 
point (0,0). Finding the eigenvalues of the 
matrix of coefficients indicates that (0,0) is a 
saddle point, and we can sketch the phase por- 
trait of the linearized system by translating 


the axes back to the original variables. 


system to | 


EXAMPLE 6.7.2 


Y Find and classify the equilibrium points of 


xy = x(7 — x — 2y) 
y =y6-x-y) 


Solution 


The equilibrium points of this system satisfy 


doe m Thus, [x = 00r7 — x — 2y = 0] 
JO ==) e. 
and [y200r5—-x—-y 20] .If x = 0, then 
y(5 — y) = 0so y = 0 or y = 5, and we obtain the 
equilibrium points (0,0) and (0,5). If y = 0, then 
x(7 — x) = 0, which indicates that x = 0 or x =7. 
The corresponding equilibrium points are (0, 0) 
(which we found earlier) and (7,0). The other 
possibility that leads to an equilibrium point is 
== Dy =U 
Bs 
and y — 2, resulting in the equilibrium point (3, 2). 
The Jacobian matrix is J(x,y) = 
( n ER 2y 5 2i T We classify each of the 
equilibrium points (xo,yo) of the associated lin- 
earized system using the eigenvalues of J(xo, yo): 


the solution to | , Which is x = 3 


J(0,0) = i j^ =7, 2 = 5; (0,0) is an 
unstable node. 


3 0 
J(0,5) = e Sys = =3, Ag = = (0,5) 


is an asymptotically stable improper node. 
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—7 —14 


is an asymptotically stable improper node. 


—9 =6 : 
J(G,2) = E zy ^ = IL, A2 = m (3,2) 1S 
a saddle point. 


In each case, the classification carries over to the 
nonlinear system. In Figure 6.20(b), we graph 
several approximate solutions and the direction 
field to this nonlinear system through the use of 
a computer algebra system. Notice the behavior 
near each equilibrium point. 


EXAMPLE 6.7.3 


Y Investigate the stability of the equilibrium 
point (0,0) of the nonlinear system 


sE yr xe ry). 


i wr) 


Solution 


First, we find the Jacobian matrix, J(x,y) — 


32 dp 
2x ay 1 rs A 2 |- Then, at the equilibrium 
N mm pU 


point (0,0), we have J(0,0) = ( © 3i so the 


—1 0 
linear approximation is 


dx/dt = y dy/dt= —x 


with eigenvalues 112 = +i. Therefore, (0,0) is a 
(stable) center in the linearized system. However, 
when we graph the direction field for the original 
(nonlinear) system in Figure 6.21(a), we observe 
that (0,0) is not a center. Instead, trajectories ap- 
pear to spiral away from (0, 0) (see Figure 6.21(b)), 
so (0,0) is an unstable spiral point of the nonlinear 
system. The nonlinear terms not only affect the 
classification of the equilibrium point but also 
change the stability. Note: This is the only case 
in which we cannot assign the same classification 


to the equilibrium point in the nonlinear system 
as we do in the associated linear system. When 
an equilibrium point is a center in the associated 
linear system, then we cannot draw any conclu- 
sions concerning its classification in the nonlinear 
system. 


D EXERCISES 6.7 


In Exercises 1-20, classify the equilibrium 
points of the nonlinear system. If you have access 
to software that lets you plot direction fields for two- 
dimensional systems, verify your results by plotting 
the direction field for each system. 


Lx =y, y =x- x. 

2. xX =x +y, y = x + xy. 

3.x =y +y, y =x+y. 

4. x! = 2y, y 22x + y. 

5. x =y, Y! = —x-4 xy. 

6. x = 4y, y! = —4x +. 

7. x =x +y +y, y =y. 

8. x =y + xy, Y — x4 y. 

9. x! = —2x + x? — xy, y' = —4y + y? + xy. 
10. x' = 10x — 2x2 — 2xy, y! = —4y + 2xy. 
11. Y = —3y — xy — 4, y =y?-x?. 


12, Y =y, y = sinx. 


13. x' = 32 — 10x +16,y' =y +1. 
14. x = xB — y), y =x+y+1. 
15. x = y — x, y' = x + y — 2xy. 
16. x =1-— x, y' =y. 

17. x! = xy, y = x2 +4? — 4. 


Im 
oo 


.x=2x+y, y = —2x + 4y. 

.x =1-= xy, y =y- w. 

. xX =y— Ix, y =1-xy. 

. (Population) Suppose that we consider the 
relationship between a host population and 
a parasite population that is modeled by the 
nonlinear system 


NN E 
EC oO 


dx/dt = (a — b1x — cy)x, 
dx/dt = (—az + cox)y, 
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FIGURE 6.21 (a) The direction field indicates that (0,0) is unstable. (b) All (nontrivial) trajectories spiral away from the 
origin. (c) Phase portrait. 


where x(t) > 0 represents the number (or 


density) in the host population at time f, 
y(t) > 0 the number (or density) in the 
parasite population at time t, a, > 0 the 
growth rate of the host population, a? > 0 


the death rate of the parasite population, 


and b1 > 0 the death rate of the host 
population. The constants cı and c» relate 
the interactions between the two 
populations leading to decay in the host 
population and growth in the parasite 
population, respectively. Find and classify 
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the equilibrium point(s) of the 
system. 

22. (Economics) Let x(t) represent the income of 
a company and y(t) the amount of consumer 
spending. Also suppose that z represents 
the rate of company expenditures. A system 
of nonlinear equations that models this 

dx/dt = x — ay 

dy/dt = b(x — y — z) 

a>landb> 1. 

(a) If z = zp is constant, find and classify the 
equilibrium point of the system. Also 
consider the special case if b — 1. 

(b) If the expenditure depends on income 
according to the relationship z — zo 4- cx 
(c > 0), find and classify the equilibrium 
points (if they exist) of the system. 


situation is , Where 


Compare Hamiltonian systems to first-order exact 
equations, which we discussed in Section 2.4. 


23. (Hamiltonian Systems) As we saw in 
Chapter 2, solving nonlinear equations is 
usually difficult with the exception of some 
special situations, such as with first-order 
exact equations. The same situation is 
encountered with systems of differential 
equations. Systems of differential equations 
that correspond to first-order exact 
equations are called Hamiltonian systems. 
For the two-dimensional autonomous 

dx/dt = f(x, y) 

dy/dt = g(x,y) 

df /üx, df /dy, dg/dx, and dg/dy are 

continuous on a region R in the xy-plane. 

The system is a Hamiltonian system if and 

only if (8f/8x)(x,y) = —(dg/dy) (x, y). If a 

system is Hamiltonian, then there is a 

function H (x, y) (called a Hamiltonian for the 

system) so that 9H (x,y)/0x = —g(x,y) and 
9H(x,y)/8y = f (x, y). Level curves of 

z — H(x, y) correspond to trajectories of the 

system. By displaying the trajectories 


system assume that f, g, 
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together with the direction field or using the 

linearization techniques discussed in this 

section, we can (usually) classify the 
equilibrium points. 

(a) Verify that the system 

dx/dt 2 —2xy cos(x?y) + y? sin(xy?) 
dy/dt = x? cos(x*y) — 2xy sin(xy?) 
is Hamiltonian. 

(b) Integrate either 
dH (x, y)/9x = x? cosy) — 2xy sin(xy?) 
or dH(x,y)/0y = —2xy cos(x?y) + 
y? sin(xy?) to obtain a formula for 
H(x,y). 

(c) Differentiate the result obtained in (b) 
with respect to the other variable and set 
the result equal to the other unknown 
partial (be sure to take sign into 
account). Integrate to obtain your 
unknown function and then form H. 

(d) Verify that your result is equivalent to 
the Hamiltonian H (x, y) = cos (xy?) + 
sin(x?y) (see Figure 6.22). 


In Exercises 24-27, verify that the system is 
Hamiltonian and find a Hamiltonian for the 
system. If you have access to software that lets you 
plot direction fields and level curves, confirm your 
results by graphing both and displaying the results 
together on R. 


24. x’ = 2y, y/ = 2sin2x; R = [—7,71] x [77,77]. 
25. à =2y+x y? y 2—x-x?y 1; 
R = [0.01, 5] x [0.01,5]. 
26. x' = —2y + x cos xy, y' = 2x — y cos xy; 
R = [—z,z] x [^7,7z]. 
27. x! = xcos xy — sin2y, y” = —y cos xy + sin 2x; 
R = [7z,z] x [7,7]. 
28. Consider the nonlinear system 


dx/dt = y + ux (x? + y) 
dy/dt = —x + uy (x? + y) 


(a) Show that this system has the 
equilibrium point (0, 0) and the 
linearized system about this point is 
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FIGURE 6.22 Direction field for dx/dt = —2xy cos(x?y) + y? sin(xy?), dy/dt = x? cos(x?y) — 2xy sin(xy?) along with plots 
of H(x, y) = C for various values of C. 


dx/dt = rd0 /dt to obtain the system in polar 
| ió y . Also show that (0, 0) is dr/dt — yr 

dy/dt = —x coordinates 
classified as a center of the linearized d0/dt = —1 
system. (c) What does the equation d9/dt = —1 


(b) Consider the change of variables to 
polar coordinates x = r cos 0 and 


indicate about the rotation of solutions 
to the system? According to dr/dt = ur’, 


y = rsin. Use these equations with the 
chain rule to show that 

dx/dt = cos 9 (dr/dt) — rsin0d0/dt 

and dy/dt = sin 0 (dr/dt) 

+r cos 0d0 /dt. Use elimination with 
these equations to show that 

dr/dt = cos 0 (dx/dt) + sin6dy/dt and 
rdédt = — sin 6(dx/dt) + cos0dy/dt. 
Transform the original system to polar 
coordinates and substitute the equations 
that result in the equations for dr/dt and 


does r increase or decrease for r > 0? 
Using these observations, is the 
equilibrium point (0,0), which was 
classified as a center for the linearized 
system, also classified as a center for the 
nonlinear system? If not, how would 
you classify it? 


29. (a) Find a general solution of the system 


x = —x 


y =y+x by solving the first equation 


2 


30. 


31. 


EXERCISES 6.7 


and by substituting the result into the 
second. (b) Sketch the phase plane and 
determine if the origin is a stable 
equilibrium point. (c) Solve the linearized 
system about (0,0) and compare the result 
to that found in (b). Is (0,0) assigned the 
same classification as in (b)? 

Consider the Lorenz system 


dx/dt = —ox-F oy, 
dy/dt = rx — y — xz, 
dz/dt = —bz + xy, 


which was developed in the 1960s by 
Edward Lorenz to study meteorology. (a) 
Show that (0, 0, 0) is an equilibrium point. 
(b) If0 <r « 1,0 > 0, and b > 0, show that 
the system is asymptotically stable at 

(0,0, 0). (c) Graph the solution to the Lorenz 
equations if o = 7, r = 27.2, and b = 3 if the 
initial conditions are x(0) = 3, y(0) 2 4 and 
z(0) — 2. Suggestion: Generate 
two-dimensional plots of (t, x), (t, y), (t, z), 
(x,y), (y, Z), and (x,z) for 0 < t < 25 and 
then for 950 « t < 1000. Then, generate a 
three-dimensional plot of (x, y, z) for the 
same interval. (d) How do the results 
change if you change r from 27.2 to 28. 
(The Chen System:? Anti-Control of the Lorenz 
System) In some cases, scientists and 
engineers try to create chaos through the 
use of anti-control techniques. In this 
problem, we try to destabilize existing 
stable equilibria in the Lorenz system. 
Consider the controlled Lorenz system 


dx 

qe (U—=x) 

Y a-xu-ytu where the 
dz " b 

dicem 


parameters a, b, c > 0 are not in the range to 


32. 
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produce chaos and u, the linear feedback 

controller, is given by u = k1x + koy + kaz. 

(kı, k2 and kz are gains that must be 

determined.) 

(a) Show that the Jacobian of this controlled 
system evaluated at the equilibrium 
point (x*, y*, z*) is given by 

—ü a 0 
J=| c+k¡-2*k-1k3x* |. 
y* x* —b 

(b) Show that one of the equilibrium 
solutions is (0,0, 0) and that nonzero 
equilibria satisfy 
x=y= isl +4b (c 4- k1 +k — 1). 

(c) Evaluate the Jacobian at (0, 0,0) and 
show that the corresponding 
eigenvalues do not depend on kz. 


(d) For simplicity, let kz = 0. Also consider 
kı = —a and k = 1 + c. Show that the 
resulting system is 


ar = (yx) 

Y - (c—a)x—xz+cy ,Whichis 
dz 

qg o 


known as the Chen system. 

(e) Let a = 35, b — 3, and c = 28, Show that 
the resulting nonzero equilibrium points 
are unstable. 

Consider the nonlinear system 

dx/dt = 2x — xy 

dy/dt 2 —3y 4- xy 
direction field associated with the system 
for 0 <x < 6 and 0 < y < 6. Use the 
direction field to sketch the graph of the 
solutions that satisfy the initial conditions 

(b) x(0) = 2 and y(0) = 3; and (c) x(0) = 3 

and y(0) = 2. (d) How are the solutions 

alike? How are they different? 


. (a) Graph the 


2L, Jinhu, C. Guanrong, A new chaotic attractor coined, International Journal of Bifurcation and Chaos, 12(3), 2002, 
659-661. 
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33. An exciting system to explore is the system 
dx/dt — uxy - x +y?), 


dy/dt — uy -x-y (à +), 


for fixed values of ju. 

(a) Show that the only equilibrium point of 
the system is (0, 0). 

(b) Show that the eigenvalues of the 
Jacobian matrix evaluated at (0, 0) are 
21,2 = H + i and classify the equilibrium 
point (0,0). 

(c) How do you think the direction field of 
the system changes as u ranges from —1 
to1 

(d) Graph the direction field and various 
solutions of the system for several 
values of u between —1 and 1. 

(e) How do your results in (d) differ from 
your predictions in (c)? 


6.8 NUMERICAL METHODS 


e EULER'S METHOD 

e RUNGE-KUTTA METHOD 

* COMPUTER ALGEBRA SYSTEMS AND OTHER 
SOFTWARE 


Because it may be difficult or even impossible 
to construct an explicit solution to some systems 
of differential equations, we now turn our atten- 
tion to some numerical methods that are used 
to construct solutions to systems of differential 
equations. 


Euler? Method 


Euler's method for approximation, which was 
discussed for first-order equations, can be ex- 
tended to include systems of first-order equa- 
tions. The IVP 

dx/dt = f(t,x,y), 
dy/dt = g(t,x,y), 
x(to) = Xo, y (to) = yo 
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As you have seen throughout this text Leonhard 
Euler (1707-1783) made such significant contribu- 
tions to mathematics that he may have been the 
best and most prolific mathematician to have ever 
lived, yet. 


is approximated at each step by the recursive 
relationship based on the Taylor series expansion 
of x and y with stepsize h, 

Xn+1 = Xn + hf (tn, Xn, Yn), 

Yn+1 = Yn + hg (tn, Xp, Vn), 
where t, = to + nh, n = 0,1,2, .... 


EXAMPLE 6.8.1 
Use Euler's method with h = 0.1 and h = 0.05 
to approximate the solution to the IVP: 


dx/dt = x—y-- 1, 
dy/dt = x - 3y e t, 
x(0) = 0,y(0) — 1. 
Compare these results with the exact solution to 
the system of equations. 


Solution 
In this case, f(x,y) = x — y +1, g(x,y) = x + 
3y + e^, to = 0, xo = 0, and yo = 1, so we use the 
formulas 
Xn41 = Xn +h x (xa — ya +1), 
Vni = Yn thx (xa + 3ys +e"), 


where t, = 0.1 x n,n =0,1,2,.... 
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If n = 0, then 
xi = xo +h x (xo — yo +1) 2 0, 
yı = yo +h x (xo + 3yo +e”) = 14. 


The exact solution of this problem, which can be 
determined using the method of undetermined 
coefficients or variation of parameters, is 


3 1 31 11 
a) = = ou tet 
x(t) 1 9° T 6 e7, 
T 35 11 
Ns Se 2% 2t ON 
y(t) 1 gE F 36 SF 7 e 


In Table 6.3, we display the results obtained with 
this method and compare them to rounded values 
of the exact results. 

Because the accuracy of this approximation 
diminishes as t increases, we attempt to improve 
the approximation by decreasing the increment 
size. We do this by entering the value h = 0.05 
and repeating the above procedure. We show the 
results of this method in Table 6.4. Notice that 
the approximations are more accurate with the 
smaller value of h. 


TABLE 6.3 Numerical Results 


tn Xn (approx) xn (exact) y„ (approx) y, (exact) 
0.0 0.0 0.0 1.0 1.0 

0.1 0.0 —0.02270 1.4 1.46032 
02  —0.04 —0.10335 1.91048 2.06545 
0.3 | —0.13505 —0.26543 —2.5615 2.85904 
0.4 —0.30470 —0.54011 13. 39053 3.89682 
0.5 | —0.57423 —0.96841 4. 44423 5.24975 
0.6 | —0.97607 —1.60412 5.78076 7.00806 
0.7  —1.55176 —2.51737 7.47226 9.28638 
0.8 | —2.35416 —3.79926 9. 60842 12.23 

0.9 —3.45042 —5.56767 12. 3005 16.0232 
10  —49255 —7.97468 15. 6862 20.8987 
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Runge-Kutta Method 


Because we would like to be able to improve 
the approximation without using such a small 
value for h, we seek to improve the method. 
As with first-order equations, the Runge-Kutta 
method can be extended to systems. In this case, 
the recursive formula at each step is 


Xn41 = Xn + gh (ky + 2ko + 2k3 + k4) 
Yn+1 = Yn + th (mı + 2m» + 2m3 + ma) 


(6.35) 
TABLE 6.4 Numerical Results 
ty Xn (approx) x, (exact) y, (approx) y, (exact) 
0.0 0.0 0.0 1.0 1.0 
0.05 0.0 —0.00532 1.2 1.21439 
010  —0.01 —0.02270 1.42756 1.46032 
0.15  —0.03188 —0.05447 1.68644 1.74321 
0.20  —0.06779 —0.10335 1.98084 2.06545 
0.25 | —0.12023 —0.17247 2.31552 2.43552 
0.30 | —0.192013 —0.26543 2.69577 2.85904 
0.35  —0.28640 —0.38639 3.12758 3.34338 
0.40 —0.40710 —0.54011 3.61763 3.89682 
0.45 —0.55834 —0.73203 4.17344 4.52876 
0.50 | —0.74493 —0.96841 4.80342 5.24975 
0.55  —0.97234 — 1.25639 5.51701 6.07171 
0.60 | —1.24681 —1.60412 6.32479 7.00806 
0.65  —1.57529 —2.02091 7.23861 8.07394 
0.70 | —1.96609 —2.51737 8.27174 9.28638 
0.75  —2.42798 —3.10558 9.43902 10.6645 
0.80 | —2.97133 —3.79926 10.7571 12.23 
0.85 | —3.60776 —4.61405 12.2446 14.0071 
0.90  —4.35037 —5.56767 | 13.9222 16.0232 
0.95  —5.214 —6.68027 15.8134 18.3088 
1.00  —6.21537 —7.97468 17.944 20.8987 
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Carle David Runge (1856-1927) and famous 
physicist Max Planck were good friends. In 
1877, Runge's interests turned from physics to 
mathematics. 


where 


b dica mi =g (tn, Xn,yn), (6.36) 


1 
o + hy Xn + aku Yn + jm). 


: 1 1 
=g 25g (t + z” Xn + alk Vn T jm). 
(6.37) 


1 1 1 
=f tn + at Xn + zk Vn + jm). 


1 1 1 
m3 = seal + 5h Xn + ¿kz Vn + TA 
(6.38) 
ka =f (tn +h, xn + hk3, Yn + hms) , 


ma = g (tn +h, Xn + hks, yn + hms) . (6.39) 


EXAMPLE 6.8.2 


Use the Runge-Kutta method to ap- 
proximate the solution of the IVP from 
Example 6.8.1 using h = 0.1. Compare these 
results to those of the exact solution of the system 
of equations as well as those obtained with Euler’s 
method. 


Solution 


Because f(x,y) = x—y+ 1, g(x,y) =x+3y+e*, 


to = 0, xo = 0, and yo = 1, we use formulas (6.35) 
where 


ky =f (ta, Xn,Yn) — Xn — Jn +1 


= g(fn, Xn, Yn) = Xn + 3yn +e 


m, 
1 il 
ko = | Xn + hk1 | — Yn + -hm; | +1, 
2 2 
1 1 —(tn+h/2) 
m = | Xn + jh +3( yn + jm +e" ? 
1 1 
k3 = | xn + zhko] — | yn  zhmo | +1, 
2 2 
1 1 = (ty-+h/2) 
m3 = Xn b ¿Ha +3 Yn + ¿ha di ma 


k4 = (xn + hks) — Yn + hms) +1 
ma = (Xy + hks) + 3(yn + hmg) + e 6. 


tn 
, 


For example, if n = 0, then 
ky = w= loa Ll =O= 141 =O, 
mj = xo +3y0 +e =0+3+1=4, 


1 1 
ko = | xn + =hk1 | — Yn + hm] +1 
2 2 
1 
= -1- 2 x4x0.1+1 = -0.2, 
1 1 —(to+h/2) 
mz = | xo + ¿Aka +3 | yo + jh +e “0 
1 
= 3 (1+ ¿to 01) + e700 
& 4.55123, 
1 1 
ka = c + zi) = (vo + sla) + 1 


1l Jl 
> x0.1x0.2-1-— 2 x 0.1 x 4.55123 + 1 
& —0.23756 


1 1 
m3 = (x ue shi) +3 (vo + zm) a 


1 
= 2 x 0.1 x 02+3(1+ : x 0.1 x 455123) 


+ e 95 x 4.62391, 


6.8 NUMERICAL METHODS 


k4 = (xo + hk3) — (yo + Ima) +1 
= 0.1 x —0.23756 — 1+ +0.1 x 4.62391 + 1 
& —0.48615, 
and 
ma = (xo + hks) + 3(yo + hms) + e or 
= 0.1 x —0.23756 + 3 (1 + 0.1 x 4.62391) 
+ e01 ~ 5.26826. 


Therefore, 
1 
xı = Xo + 6 x 0.1 x (ky + 2k2 + 2k3 + k4) 
1 
=0+ 6 x 0.1 x (0+2 x —0.2 
+2 x —0.23756 + —0.48615) = —0.226878 
and 
1 
yi = yo- = x 0.1 x (m +2m + 2m3 + ma) 


6 
1+ : X 0.1 x (4 + 2 x 4.55123 
+ 2 x 4.62391 + 5.26826) ~ 1.46031. 


In Table 6.5, we show the results obtained with 
this method and compare them to rounded val- 
ues of the exact results. Notice that the Runge- 
Kutta method is much more accurate than Euler’s 
method. In fact, the Runge-Kutta method with 
h = 0.1 is more accurate than Euler’s method with 
h = 0.05 for this IVP. (Compare the results here to 
those given in Table 6.4.) 


Detailed discussions regarding the error involved 
in using Euler’s method or the Runge-Kutta 
method to approximate solutions of systems of 
differential equations can be found in advanced 
numerical analysis texts. 


The Runge-Kutta method can be extended 
to systems of first-order equations so it can be 
used to approximate solutions of higher order 
equations that can be written as systems of 
first-order equations. This is accomplished by 
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TABLE 6.5 Numerical Results 


ty Xn (approx) xn (exact) y, (approx) y, (exact) 
0.0 0.0 0.0 1.0 1.0 

0.1 —0.02269 —0.02270 1.46031 1.46032 
0.2  —0.10332 —0.10335 2.06541 2.06545 
0.3 | —0.26538 —0.26543 2.85897 2.85904 
0.4 | —0.54002 —0.54011 3.8967 3.89682 
0.5  —0.96827 —0.96841 5.24956 5.24975 
0.6 | —1.60391 —1.60412 7.00778 7.00806 
0.7  —2.51707 —2.51737 9.28596 9.28638 
0.8 | —3.79882 —3.79926 12.2294 12.23 
0.9 —5.56704 —5.56767 | 16.0223 16.0232 
10  —7.97379 —7.97468 20.8975 20.8987 


transforming the higher order equation into a 
system of first-order equations. We illustrate 
this with the pendulum equation that we have 
approximately solved in several situations by us- 
ing the approximation sin x ~ x for small values 
of x. 


EXAMPLE 6.8.3 


Y Use the Runge-Kutta method to approxi- 
mate the solution of the IVP x” + sinx = 0, 
x(0) =0, x'(0) =1. 


Solution 


We begin by transforming the second-order 
equation into a system of first-order equations. 
We this by letting x’ = y, soy’ = x” = —sinx. 
Hence, f(t, x, y) = y and g(t, x, y) = sin x. With the 
Runge-Kutta method, we obtain the approximate 
values given in Table 6.6 under the heading 
^R-K." Also in Table 6.6 under the head- 
ing "linear" we give the corresponding val- 
ues of the solution of the IVP x” + x = 0, 
x(0 = 0,x(0 = 1, which is x = sint 
with y = Y = cost. We approximate the 
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TABLE 6.6 Numerical Results 


ta Xn (R-K) Xn (linear) y, (R-K) y, (linear) 


0.0 0.0 0.0 1.0 1.0 

0.1 0.09983 0.09983 0.99500 0.99500 
0.2 0.19867 0.198669 0.98013 0.98007 
0.3 0.29553 0.29552 0.95566 0.95534 
0.4 0.38950 0.389418 0.922061 0.92106 
0.5 0.47966 0.47943 0.87994 0.87758 
0.6 0.56523 0.56464 0.83002 0.82534 
0.7 0.64544 0.64422 0.77309 0.764842 
0.8 0.71964 0.71736 0.70999 0.69671 
0.9 0.78726 0.78333 0.641545 0.62161 
1.0 0.84780 0.84147 0.568569 0.54030 


nonlinear equations x" + sinx = 0 with the linear 
equation x" + x = 0 because sinx ~ x for small 
values of x. Because the use of the approximation 
sinx & x is linear, we expect the approximations 
of the values of the solution to the nonlinear prob- 
lem obtained with the Runge-Kutta method to 
be more accurate than the approximations of the 
values of the solution to the nonlinear problems 
obtained with the linear IVP. 


Computer Algebra Systems and 
Other Software 


Numerical and graphical solutions generated 
by computer algebra systems and other software 
packages are useful in helping us observe and 
understand behavior of the solution(s) to a dif- 
ferential equation, especially when we do not 
wish to carry out the implementation of numer- 
ical methods like Euler's method or the Runge- 
Kutta method. 


EXAMPLE 6.8.4 
Rayleigh's equation is the nonlinear equation 
(d2x/dt?) + (5(dx/dty? = 1) (dx/dt) +x = 0 
and arises in the study of the motion of a violin 


string. We write Rayleigh’s equation as a system 
by letting y = dx/dt. Then, 


dy dix T cde \ de 
dt d \3\dt dt 


= -(37-1)v-= 


so Rayleigh’s equation is equivalent to the system 


d cy and E - E 1)y ES 
By examination, we see that the only equilibrium 
point of this system is (0, 0). (a) Classify the equi- 
librium point (0,0). (b) Is it possible to find yo # 
0 so that the solution of the IVP xX = y, y” = 
- Gr - 1) y — x, x(0) =0, y(0) = yo is periodic? 


Solution 


(a) The associated linearized system about the 


point (0,0) is X' = e ; 


) X and the eigenvalues 
—11 

unstable spiral point. This result is confirmed by 

the graph of the direction field for —5 < x < 5 and 

—5 < y < 5, shown in Figure 6.23(a) and (b). 

In the direction field (Figure 6.23(b)), we see 
that all solutions tend to a closed curve, L. Choos- 
ing initial conditions for x(0) and y(0) inside and 
outside of L have the same result: the solution 
tends to L. 


of ( À j) are Aig = 3 (1+ 81) so (0,0) is an 


Approximate the period of the periodic solu- 
tion in Example 6.8.4. Hint: Graph x(t) and 
y(t) together for 0 < t < T for various values of T. 
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EXERCISES 6.8 
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FIGURE 6.23 (a) If x(0) and y(0) are both close to 0, the solutions spiral outward while if x(0) and y(0) are both sufficiently 


large, the solutions spiral inward. (b) All nontrivial solutions tend to a closed curve, L. (c) An isolated period solution like this 


is called a limit cycle. This limit cycle is stable because all nontrivial solutions spiral into it. (d) Finding L. 


D EXERCISES 6.8 


(b) Can we find L? We use Figure 6.23(c) to ap- 
proximate a point at which L intersects the y-axis. 


We obtain y = 1.9. We find a numerical solution 
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0 and 


y(0) = 1.9 and graph the result in Figure 6.23(d). 


The solution does appear to be periodic.! 


.), Nonlinear ODEs: An 


that satisfies the initial conditions x(0) 


1See D.W. Jordan, P. Smith (Eds. 


x(0) — 1, 


Y —x-y 
t=1. 


, 


x+y+t 
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2. X 


= 
É 
> 
3 

e) 
Ea 
Re 
ofa 
PES] 
HE 
CE: 
ES 
Ge} 
aS 
| 
S 
i 
[7] 
10) 
H 
2 


Introduction to Dynamical Systems 


University Press, 1999, 
cycles and their significance. 
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3. x! =3x— 5y, y = x — 2y + £, x(0) = —1, 
y(0) 20,t- 1. 

4. x = x + 2y + cost, y' = 5x — 2y, x(0) = 0, 
y(0) 21,t- 1. 

5. x =x? —y, y =x +y, x(0) = —1, y(0) = 0, 
t=1. 

6. x = xy, y = x — y, x(0) = 1, y0) =1,t=1. 


In Exercises 7-12, use the Runge-Kutta method 
with h = 0.1 to approximate the solution of the 
IVP at the given value of t. 


7. Y = x — 3y + el, y 2 —x + 6y, x(0) = 0, 
y(0) =1,t=1. 

8. x = Ax — y, y = —x + 5y + 6sint, x() = —1, 
y(0) 20,y 21. 

9. x! = x — 8y, y = 3x — y + e'cos2t, x(0) = 0, 
y(0) — 0, — 1. 

10. x 25x y - Jt 1,y = x — 2y, x(0) = 0, 
y(0) — 0, t — 2. 

11. x' = 2y, y = —xy, x(0) =0,y(0) = 1,t = 1. 

12. x = EY y = x — y, x = 1, y0) = 1, 
t=2. 


In Fxercises 13-18, use Euler’s method with h = 
0.1 to approximate the solution of the IVP by 
transforming the second-order equation to a sys- 
tem of first-order equations. Compare the ap- 
proximations with the exact solution at the given 
value of t. 


13. x" +3x' + 2x = 0, x(0) = 0, x' (0) = —3,t = 1. 

14. x" + Ax' + 4x = 0, x(0) = 4, x (0) = 0,t = 1. 

15. x" +9x = 0, x(0) = 0, x' (0) = 3,t = 1. 

16. x" +4x' + 13x = 0, x(0) = 0, x (0) = 12,t = 1. 

17. t2x” + tx’ + 16x = 0, x(1) = 0, x (1) = 4, 
t=2. 

18. 2x" +3tx' +x = 0, x(1) = 0, x (1) =2,t =2. 


In Exercises 19-24, use the Runge-Kutta method 
with h = 0.1 to approximate the solution of the 
IVP in the earlier exercise given. Compare the 
results obtained to those in Exercises 13-18. 


19. Exercise 13 
20. Exercise 14 
21. Exercise 15 
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22. Exercise 16 
23. Exercise 17 
24. Exercise 18 


In Exercise 25-27, find the exact solution of 
the IVP and then approximate the solution with 
the Runge-Kutta method using h = 0.1. Compare 
the results by graphing the two solutions together. 


25. x! = y, y' = 2x — y, x(0) = 0, y(0) =1, 
0xtz5. 

26. x = y, y! = —13x — 4y, x(0) = —1, yO) = 1, 
0<t<10. 

27. x =y,y' = —x — 2y, x(0) = 2, yO) =0, 
0O<t<2. 

28. (a) Graph the direction field associated with 

the nonlinear system dx/dt = y, 

dy/dt = —sinx for —7 < x x 7 and 

—4<y<4. 

(b) (i) Approximate the solution to the 

IVP x, =Y1 y, = —sinx1, 
x1(0) — 0, y1(0) — 1. 

(ii) Graph (xi(,31(0) for0 € t € 7 
and display the graph together 
with the direction field. Does it 
appear as though the vectors in the 
vector field are tangent to the 
solution curve? 

Approximate the solution to the 
IVP x, = ya, y» = — sinxo, 

x2(0) = 0, y2(0) = 2. 

Graph (x2(t), yo (t)) for0 <t <7 
and display the graph together 
with the direction field. Does it 
appear as though the vectors in the 
vector field are tangent to the 
solution curve? 

(v) Graph (x1(t) + x2(t), y1(t) + y2¢)} 
for 0 < t < 7 and display the graph 
together with the direction field. 
Does it appear as though the 
vectors in the vector field are 
tangent to the solution curve? 

(c) Approximate the solution to the IVP 

x =y, y' = —sinx, x(0) = 0, y(0) 23 


(iii) 


(iv) 
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and graph the solution parametrically 
for 0 < t < 7. ls this the graph of 
{x1(t) + x2 (t), yi) + y2(t)) found in 
(b) (v)? 

(d) Is the Principle of Superposition valid 
for nonlinear systems? Explain. 


CHAPTER 6 SUMMARY: ESSENTIAL 


CONCEPTS AND FORMULAS 


System of ODEs: A system of ODEs is a 
simultaneous set of equations that involves 
two or more dependent variables that 
depend on one independent variable. A 
solution to the system is a set of functions that 
satisfies each equation on a common 
interval I. 
Matrices and their Operations: Matrix, 
transpose of a matrix, scalar multiplication, 
matrix addition, matrix multiplication, 
identity matrix, determinant, eigenvalues 
and eigenvectors, characteristic polynomial, 
eigenvalue of multiplicity m, derivative and 
integral of a matrix. 
Solution Vector: A solution vector of the 
system X’ = A(t)X(t) + F(t) on the interval I 
x1(t) 
f : x2(t) 
is ann x 1 matrix of the form X(t) = , 


xa (t) 
where the x;(t) are differentiable functions, 
that satisfies X' = A(t)X(f) + F(t) on I. 
Fundamental Set of Solutions: A set 
{®;(t)};_, of n linear independent solution 
vectors of X' = A(DX(t). 

Wronskian: |®(f)| = |®1 0, ... | 

General Solution: ®(t) = 377 4c16;(f) 
Fundamental Matrix: ®(t) = (6, ®2 ... Pn) 
General Solution of X’ = AX(f): Distinct real 
eigenvalues, complex conjugate eigenvalues, 
repeated eigenvalues 


General Solution of X' = A(t)X(t) + F(t): 
Undetermined coefficients, variation of 
parameters: 


X(f) 


PHC + Xy(t) 
= PHC + PH) / ot) F(t) dt. 


Stability Analysis: Improper node, deficient 
node, star node, saddle point, spiral point, 
center. 

Numerical Methods: Euler’s method, 
Runge-Kutta method 
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In Exercises 1-7, find the eigenvalues and corre- 
sponding eigenvectors of A. 


-16 
1. A- (4 a 


2 13 
2. A= E 2) 
1 


In Exercises 8-22, find a general solution of each 
homogeneous system or solve the IVP. 


EN DES 
x= (7 2) 
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9. x=(2 Fal 30. xe AES 


-15 ` —54 — sec3t 
10. x = —4x + 2y, y = —3x + y, x(0) = 0, 31. x = —x t z-4 ft, y = —9x + 3y + 9z — Vt, 
y(0) — 1. z —2x—y-2z4 Wt. 
11. Y = 4x + 2y, y = —9x — 5y. 32. Find and classify the equilibrium points for 
12. x! = —4x + 5y, y' = —5x + 4y. the system 
j —48 0 
13. X — [ i) X, X(0) — m dx/dt = x(x — 1)(y + 1) 
14. x = =x — 13y, y 2 x + 5y. dy/dt = (x + 1yy(y — 1). 
15; ae me +17y, y = —x—3y, x0) =0, Check your result by graphing the direction 
y ( ede j associated with this nonlinear system on an 
16. x’ = —x — 3y, y/ = 3x — y, x0) = 1, y(0) = 0. appropriate region. 
17.X' = ( E E X. 33. Find and classify the equilibrium points for 
$ 3 i the system 
IA E 2 XX = a dx/dt=x(1 —x)(y-1, dy/dt = y( + 1). 
19. x = —5x + 6y — 4z, y' = —4x + 4y — 42, Check your result by graphing the direction 
icis oe ; associated with this nonlinear system on an 
20. x = x +2z,y = 2x — y +2z,z = —3x — 4z, appropriate region. 
x(0) = 0, yO) = —1, 2(0) = 1. 34. (Modeling Testosterone Production) The level 
f 60-5 1 of testosterone in men can be modeled by 
21. X = o A = X, X(0) = Y ; the system of delay equations? 
31-2 dR/dt = f(T) — bYR, 
22. X’ = | —5 2 —3 | X. dL/dt = gıR — baL, 
101 dT/dt = goL(t — t) — b3T. 
In Exercises 23-31, find a particular solution Show that if /(0) > 0 and f(T) isa 
and general solution of each nonhomogeneous one-to-one decreasing functions, then the 
system. equilibrium point of this system is 
^ 7-2 21J** b3To b3b2To 
Li ~=, Ros- d 
24. X' = G EU X+ (5) ett, $2 $182 
E : bıbzbsTo 
25. x! = 3x + Ay +1, y =2x +y- 1. MM 
26. x = 3x + 3y — 1, y' = —4x — 10y + 1. 
27. x = —y — sint, y' = x + cost. and that the associated linearized system is 
28. x' = —3x — Zy + > sin 2, dx/dt = f'(To)z — bix, 
y. = 4x + 3y + 2cos2t — 3 sin 2t. dy/dt = g1x — bzy, 
29. x' = —6x + 9y — Int, y/ = —4x + 6y + Int. dz/dt = goy(t — Tt) — b3z. 


3].D. Murray, Mathematical Biology, Springer-Verlag, 1990, pp. 166-175. 


DIFFERENTIAL EQUATIONS AT WORK 


DIFFERENTIAL EQUATIONS 
AT WORK 


A. Modeling a Fox Population in Which 
Rabies Is Present 


Under various assumptions, the nonlinear 
system of differential equations 
dX/dt = rX — y XN — BXY, 
dlI/dt = BXY — (o +b+yN)I, 
dY/dt = ol — (a+ B + yN) Y, 
dN/dt = aX — (b+ yN)N —aY 


(6.40) 


has been successfully used to model a fox pop- 
ulation in which rabies is present. Here, X(t) 
represents the population of foxes susceptible to 
rabies at time t, I(f) the population that has con- 
tracted the rabies virus but is not yet ill, Y(t) the 
population that has developed rabies, and N(t) 
the total population of the foxes. The symbols a, 
b, r, y, c, a, and f represent constants and are 
described in the following table: 


1. 
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Generate a numerical solution to the system 
that satisfies the initial conditions 

X(0) = 0.93, I(0) = 0.035, Y (0) = 0.035, and 
N(0) = 1.0 valid for 0 < t < 40 using the 
values given in the previous table if K — 1, 2, 
3, 4, and 8. In each case, graph X(t), IŒ), YŒ, 
and N(t) for 0 < t < 40. 


. Repeat (1) using the initial conditions 


X(0) = 0.93, I(0) = 0.02, Y(0) = 0.05, and 
N(0) = 2.0. 


. For both (1) and (2), estimate the smallest 


value of K, say Kr, so that Y (t) is a periodic 
function. 


. What happens to Y(t) for K < Kr? Explain 


why this result does or does not make 
sense. 


. Define the basic reproductive rate R to be 


= oBK _ (o +a\(a@ +a) 


Show that if R > 1 then K > Kr andif R < 1 
then K < Kr. 


Constant Description Typical Value(s) 
a a represents the average per capita birth rate of foxes. 1 
b 1/b denotes fox life expectancy (without resource limitations), which is typically 0.5 
in the range of 1.5-2.7 years. 
r r = a — b represents the intrinsic per capita population growth rate. 0.5 
Y K = r/y represents the fox-carrying capacity of the defined area, which is Varies 
typically in the range of 0.1-4 foxes per km”. We will compute K and r and 
then approximate y. 
o 1/o represents the average latent period. This represents the average time (in 12.1667 
years) that a fox can carry the rabies virus but not actually be ill with rabies. 
Typically, 1/0? is between 28 and 30 days. 
a o represents the death rate of foxes with rabies. 1/a is the expectancy (in years) 73 
of a fox with rabies and is typically between 3 and 10 days. 
B B represents a transmission coefficient. Typically, 1/8 is between 4 and 6 days. 80 


^ R.M. Anderson, H.C. Jackson, R.N. May, A.M. Smith, Population dynamics of fox rabies in Europe, Nature 289, 1981, 


765-771. 
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6. Use the values in the table to calculate Kr. 
Compare the result to your approximations 
in (3). 

7. Predict how the solution would change if the 
transmission coefficient 6 were decreased or 
the death rate a were increased. What if the 
average latent period o were increased? 
Experiment with different conditions to see if 
you are correct. 


B. Controlling the Spread of a Disease 


See the subsection Modeling the Spread of a 
Disease at the end of Chapter 2 for an intro- 
duction to the terminology used in this section. 


If a person becomes immune to a disease after 
recovering from it, and births and deaths in the 
population are not taken into account, then the 
percentage of persons susceptible to becoming 
infected with the disease S(t), the percentage 
of people in the population infected with the 
disease I(t), and the percentage of people in the 
population recovered and immune to the disease 
R(t) can be modeled by the system 


dS/dt = —ASI, 
dI/dt = ASI — yl, 


S(0) = So, I(0) = Io, RCO) = 0. 


Because S(t) + I(t) + R(t) = 1, once we know 
S and I, we can compute R with RŒ) = 1 — 
S(t) — I(t). This model is called an SIR model 
without vital dynamics because once a person has 
had the disease, the person becomes immune to 
the disease, and because births and deaths are 
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not taken into consideration. This model might 
be used to model diseases that are epidemic to 
a population: those diseases that persist in a 
population for short periods of time (less than 1 
year). Such diseases typically include influenza, 
measles, rubella, and chicken pox. 


1. Show that if Sy < y/A, the disease dies out, 
while an epidemic results if Sy > y/A. 

2. Show that dI/dS = —((AS — y)D/ 
ASI = —1 + p/S, where p = y/A, has 
solution I + 5 — pInS = lp + Sy — p ln So. 

3. What is the maximum value of I? 
When diseases persist in a population for 
long periods of time, births and deaths must 
be taken into consideration. If a person 
becomes immune to a disease after 
recovering from it and births and deaths in 
the population are taken into account, then 
the percentage of persons susceptible to 
becoming infected with the disease S(t) and 
the percentage of people in the population 
infected with the disease I(t) can be modeled 
by the system 


dS/dt = -ASI + u — uS, 
dI/dt = ASI — yI— pl, 
5(0) = So, I) = Ip: 


This model is called an SIR model with vital 
dynamics? because once a person has had the 
disease, the person becomes immune to it, 
and because births and deaths are taken into 
consideration. This model might be used to 
model diseases that are endemic to a 
population: those diseases that persist in a 
population for long periods of time (10 or 20 
years). Smallpox is an example of a disease 
that was endemic until it was eliminated in 
1977. 


(6.41) 


5H.W. Hethcote, Three Basic Epidemiological Models, in: Applied Mathematical Ecology, S.A. Levin, T.G. Hallan, L.J. 
Gross (Eds.), Springer-Verlag, 1989, pp. 119-143. R.M. Anderson, R.M. May, Directly transmitted infectious diseases: 
control by vaccination, Science, 215, 1982, 1053-1060. J.D. Murray, Mathematical Biology, Springer-Verlag, 1990, 


pp. 611-618. 


DIFFERENTIAL EQUATIONS AT WORK 


4. Show that the equilibrium points of 


system (6.41) are (So, lo) = (1,0) and 


(Sala) = (Y+pM)/A MA (y +0 1/M(y+)). 


Because S(t) + I(t) + R(t) = 1, it follows that 
S(t) FIG) <1. 

. Use the fact that S(t) + I(t) < 1 to determine 
conditions on y, u, and A so that 

system (6.41) has the equilibrium point 

(Sa, IA). In this case, classify the equilibrium 
point. 

. Use the fact that S(t) + I(t) < 1 to determine 
conditions on y, u, and A so that 

system (6.41) does not have the equilibrium 

point (Sa, DA). 

The following table shows the average 
infectious period and typical contact 
numbers for several diseases during certain 
epidemics: 


Infectious) Typical 

Period Contact 

(Average) Number 
Disease ly y o 
Measles 6.5 0.153846 14.9667 
Chicken pox 10.5 0.0952381 11.3 
Mumps 19 0.0526316 8.1 


Scarlet fever 17.5  0.0571429 8.5 


Let's assume that the average lifetime is 1/4 
is 70 years so that u = 0.0142857. 

. For each of the diseases listed in the 
following table, use the formula 

o = A/(y + p) to calculate the daily contact 
rate A. 


Disease X 


Measles 
Chicken pox 
Mumps 
Scarlet fever 


Diseases such as those listed above can be 
controlled once an effective and inexpensive 
vaccine has been developed. It is virtually 


10. 
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impossible to vaccinate everybody against a 
disease; we would like to determine the 
percentage of a population that needs to be 
vaccinated to eliminate a disease from the 
population under consideration. A 
population of people has herd immunity to a 
disease when enough people are immune to 
the disease so that if it is introduced into the 
population, it will not spread throughout the 
population. To have herd immunity, an 
infected person must infect less than one 
uninfected person during the time the 
infected person is infectious. Thus, we must 
have oS < 1. Because I + S + R = 1, when 
I = 0 we have that S = 1 — R; consequently, 
herd immunity is achieved when 
c(1—r)«lor o-—oR=<l, 


—oR «1-0, 


. For each of the diseases listed in the 


following table, estimate the minimum 
percentage of a population that needs to be 
vaccinated to achieve herd immunity. 


Minimum Value of R 


Disease to Achieve Herd Immunity 


Measles 
Chicken pox 
Mumps 
Scarlet fever 


. Using the values obtained in the previous 


exercises, for each disease in the tables, 
graph the direction field and several 
solutions (I(t), S(t), R(t), and (S()),I(t)) 
parametrically as S vs. I) using both models. 
Discuss scenarios in which each model is 
valid and note any significant differences 
between the two models. 

What are some possible ways that an 
epidemic can be controlled? 
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C. FitzHugh-Nagumo Model 


Under certain assumptions, the FitzHugh- 
Nagumo equation, which arises in the study of 
the impulses in a nerve fiber, can be written as 
system of ODEs 


dV/d£ — W, 
dW/d& = F(V) +R- uW, 
dR/dé = = OR- V-a), 


were F(V) = iy? ey 


1. Graph the solution to system (6.42) that 
satisfies the initial conditions V(0) — 1, 
W(0) = 0, R(0) = 1, if e = 0.08,a = 0.7, b = 0, 
and u = 1. 

2. Graph the solution to system (6.42) that 
satisfies the initial conditions V(0) = 1, 
W(0) = 0.5, R(0) = 0.5, if e = 0.08, a = 0.7, 
b — 0.8, and u = 0.6. 

3. Approximate the maximum and minimum 
values, if they exist, of V, W, and R in (1) 
and (2). 


D. An Agricultural Model 


Consider the following model of an insect 
population that is hunted by two spider popu- 
lations, which are distinguishable because they 
live in two different habitats,’ 


T =1p (1 — E) — APS. — bpse, 
ds, 


Sc 
rsen) 
In this model, p represents the size of the 
insect population, while s,, and s; represent the 
sizes of the webbuilder spider populations living 
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in two separate habitats. The positive constants 
a and b represent the per capita prey capturing 
rates for the spiders in the different habitats, and 
e (0 « e « 1) stands for the conversion coefficient 
of turning the prey into new biomass. The spi- 
ders compete with each other intra-specifically 
at rates 1/W and 1/V, respectively, and their 
mortality rates are po and uc, respectively. 


1. Acommon approach to working with 
applied models is to make the system 
dimensionless. Use the dimensionless 
variables P = p/K, S, = aso /r, Se = bsc/r and 
t = rT to obtain the dimensionless system 


dP 
— = P (1 = P) — PSẹ — P 
di ( ) S Sc 
dS, S? 
LO = oP Sw oOo -2 
qo So — Ww. 
dS, S? 

= BSP =m E 
dt BS: Se Vi 


where a = eaK/r, B = ebK/r, do = nor, 
óc = uc/r, Wy = aW, and V1 = bV. 

2. Show that the point (P, So, Se) = (0,0,0) is an 
equilibrium point. If P — 0, show that the 
resulting coordinates for Se and 5, are less 
than or equal to zero so that (0, 0,0) is the 
only equilibrium point that corresponds to 
P=0. 

3. Show that if Se = 0, then the coordinates of 
the resulting equilibrium point are 

1-&Vi (B — 82) V1 
= — — and S: = ———— — 
1+ BV, 1+ BV 
restriction on the parameters so that the 
solution is feasible? 

4. Show that if S, = 0, then the coordinates of 
the resulting equilibrium point are 
P = (1 + ôo W1)/(1 + @W)) and 
So = ((a — 8.) W1)/(1 + W1). 


. Is there a 


$ J.D. Murray, Mathematical Biology, Springer-Verlag (1990), pp. 161-166. A.C. Scott, The electrophysics of a nerve fiber, 
y, SY, opring 8 PP pay: 


Reviews of Modern Physics, 47(2), 1975, 487-533. 


7 M. Sen, M. Banerjee, E. Venturino, A model for biological control in agriculture, Mathematics and Computers in 


Simulation 87, 2013, 30-44. 
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5. Show that the only interior equilibrium 
point has coordinates P = (1 + 8,,W1 
+9.V1)/(1 + aW + 8V4), 

So = (la (1 + 8.V1)-8,(1 + BV1)1W1)/ 
(1+aW + V1), and 

Sc = (LBC. + 8,W1) — & (aW; + 1)1V1)/ 

(1 + 4W4 + BV4). Are there restrictions on 
the parameters so that the solution is 
feasible? 

6. Use the parameter values a = 2, B = 3, 

oo = 0.1, 6. = 0.2, W1 = 2, and V4 = 2.5 and 
initial conditions P(0) = 0.6, S,,(0) = 0.4 and 
S¿(0) = 0.2 with a CAS to investigate the 
stability of the resulting solutions. 


E. Modeling the Spread of Dengue in 
Indonesia 


Dengue is a virus spread in Indonesia through 
mosquito bites. We can present a simple model 
for this situation with the system of equations? 


dHs 
rx. Qs — dsHsMps — ig Hs 
dH 
ra = ósMpsHs — y Hp — uuHp 
dHg 
—— = yHp- H 

d; VHD — unHn 
dM 
UE = Rs — PBsMsHp — vsMs 
dM 

a = BsMsHp — vsMps 


where Hs, Hp, and Hg represent the susceptible, 
dengue-infested, and recovered human popula- 
tions, respectively; and Ms and Mpg represent 
the susceptible mosquito and dengue-infected 
mosquito populations, respectively. The param- 
eters Qs and Rs represent the susceptible human 
and mosquito recruitment rates while fis rep- 
resents the dengue infection rates from human 
to Mps mosquitos and ós represents the dengue 
infection rates to human from Mps mosquitos. In 
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addition, the parameter y represents the recov- 
ery rate of humans from dengue, uy represents 
the human mortality rate, and vg represents the 
natural mortality rate of the Ms mosquitos. 

Since there is no commercially available vac- 
cine for dengue, a prevention approach is to 
reduce the mosquito population. In one such 
treatment, a wolbachia (bacteria) infection is in- 
troduced to the mosquito population. This leads 
to the more extensive mathematical model 


dH. 
ex = Qs — ósHsMps — ówHsMpw — “Hs 
dH 
a = (dsMps + ówMpw) Hs — y Hp — ugHp 
dHg 
= yHp — H 

dr ^ "Hb - Hap 
dM. 
E = Rs — aMsMw — BsMsHp — vsMs 
dM 
E = Rw + aMsMw — Bs (1 — ¿Mw) 

xMwHp — vs (1 + Mw) Mw 

dM 

m = BsMsHp — vpsMps 
dM 

T = fs (1 — ¿Mw) MwHp — vpwMpw 


where in addition to the variables used in 
the simple model, Mw and Mpw represent 
the wolbachia-infected mosquito and dengue- 
infected mosquito from the wolbachia-infected 
population, respectively. The parameter fw rep- 
resents the dengue infection rates from human 
to Mpw mosquitos. Similarly, ów represents the 
dengue infection rates to human from Mpw 
mosquitos. In addition, the parameters vps, 
vw, and vpw represent the natural mortality 
rates of the Mps mosquitos and the wolbachia- 
induced mortality rates of the Mw and Mpw 
mosquitos. Also important to the model are 
the parameters o (the wolbachia infection rate 


8 A.K., Supriatna, Anggriani, N., System dynamics model of wolbachia in dengue transmission, Procedia Engineering 


50, 2012, 12-18. 
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among mosquitos and Ry (the wolbachia 
infected recruitment rate). In this case, the 
wolbachia-induced mortality rate is assumed to 
be vs (1 + Mw) while the dengue infection rate 
from human to Mpw mosquitos is assumed to be 
Bs (1 — £Mw) where £ and £ are small positive 
constants. 


1. Show that the simple model has two 
pie solutions, 
a = (His Hóp, Hor Mis, Mops) where 
Hos = Qs/un, Mog = Rs/vs and all other 
PL are zero; and El = (His, Hip» 
Her Mis Mens) where His = (vsQsfs 
+(y + ug)v3)/ (s (Res + UHOS)), 
Hi, = (QsRsfsós — un(y + ug)v2)/ 
d + uu) (Rss + ugs), 
Hp = (yQsRsfisós — y ua(y + ug)v3)/ 
(Bsun(y + HH)(Rsds + uas), Mis = 
(Q^ + B) (Ssós + unvs))/(ês(Qsßs + (y + 
uH)vs)) and Mens = = (OsRsfsós— 
unly + 1)03)/(8sUs (Qs Bs + (y + 1H)0s)). 
(Use of a computer algebra system is 
suggested.) Note that Ej is the disease-free 
equilibrium while E? is the endemic 
equilibrium. 
2. Find the Jacobian for the simple system. 


3. In the simple model, consider the parameter 


values Qs = 50, ês = 0.0001, uy = 0.1, 

y = 0.35, Rs = 1000, Bs = 0.0005, and 

vs = 0.25. Use these values to determine the 
stability of the system at Ej. Reinvestigate 
the stability of Ef if y is changed to y = 0.25. 
Research shows that the disease-free 
equilibrium is stable if the system's 
reproduction number Ko is less than zero and 
unstable otherwise. If 

Ro = (QsRsfisós)/ Gan + ii) v8), find Ro 
for the given parameter values above. How 
does the stability compare to the findings 
using the eigenvalues of the system? 


. In the wolbachia model, consider the 


parameter values above (with y = 0.35) and 
these additional values: ów = 0.0001. 

Rw = 1000, vps = 0.25, a = 0.025, £ = 0.025, 
and ¢ = 0.00025. If the initial populations are 
Hs (0) = Qs/un, Hp(0) = 10, Hg(0) = 0, 
Ms(0) = Rs/v4, Mw(0) = Rw/ow and 
Mps(0) = Mpw(0) = 0, use a computer 
algebra system to investigate the long term 
behavior of the dengue-infected human and 
mosquito populations, Hp and Mps + Mpw. 
Is the same true in the case of the simple 
model? 
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L-R-C Circuits with Loops 


As indicated in Chapter 5, an electrical circuit 
can be modeled with a linear ordinary differen- 
tial equation (ODE) with constant coefficients. In 
this section, we illustrate how a circuit involving 
loops can be described as a system of linear 
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ODEs with constant coefficients. This derivation 
is based on the following principles. 


Kirchhoff's Current Law: The current entering a 
point of the circuit equals the current leaving the 
point. 

Kirchhoff's Voltage Law: The sum of the changes in 
voltage around each loop in the circuit is zero. 


As was the case in Chapter 5, we use the 
following standard symbols for the components 
of the circuit: 


I(t) = current 


where I(t) = dQ(t)/dt, Q(t) is the charge, 
R is the resistance, C is the capacitance, E is the 
voltage, and L is the inductance. 


Copyright O 2014 Elsevier Inc. All rights reserved. 
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TABLE 7.1 Circuit Elements and 
Corresponding Voltage Drops 


Circuit Element Voltage Drop 
Inductor L zd 
dt 
Resistor RI 
1 
Capacitor C Q 


Voltage source —E(t) 


The relationships corresponding to the drops 
in voltage in the various components of the cir- 
cuit are restated in Table 7.1. 


L-R-C Circuit with One Loop 


In determining the drops in voltage around 
the circuit, we consistently add the voltages in 
the clockwise direction. The positive direction is 
from the negative symbol toward the positive 
symbol associated with the voltage source. In 
summing the voltage drops encountered in the 
circuit, a drop across a component is added to 
the sum if the positive direction through the 
component agrees with the clockwise direction. 
Otherwise, this drop is subtracted. In the case of 
the L-R-C circuit with one loop involving each 
type of component shown in Figure 7.1, the cur- 
rent is equal around the circuit by Kirchhoff's 
current law. 


(b) 
FIGURE 7.1 (a) and (b) A simple L-R-C circuit. 
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Also, by Kirchhoff's voltage law, we have 


RI p l E(t) 20 
BL To EQ 
Solving this equation for dI/dt and using the 
relationship dQ/dt = I, so dI/dt = d?Q/d£, we 
have the system of differential equations 

dQ dí 1 R, 1 

ET =1, are =108 7 rit LEO (7.1) 
with initial conditions Q(0) = Qo and I(0) = lo 
on charge and current, respectively. The method 
of variation of parameters (for systems) can be 
used to solve problems of this type. 


EXAMPLE 7.1.1 

Determine the charge and current in the L-R-C 
circuit with L = 1H, R = 29,C = 4/3Fand E(t) = 
e Vif Q(0) = 1C and I(0) 2 1 A. 


Solution 


We begin by modeling the circuit with a system 
of differential equations. In this case, we have 


dQ _ I dI 
with initial conditions Q(0) = 1 and I(0) = 1. We 
can write this nonhomogeneous system in matrix 
dQ/dt 0 1 0 
iod Vu " E >) E 5 " 
The eigenvalues of the corresponding homoge- 
neous system are Ay = —1/2 and 4? = —3/2, with 


3 
=-7Q Dee 


a : =2 
corresponding eigenvectors vı = 1 and v2 = 


(5). respectively. Thus a fundamental matrix is 


—2e-1/2 Qe—3t/2 , 
(t) = ( i EC with 


9t/2 Top 
971 (t) = poo 
= 1 @3t/2 —1est/2 
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Then, by variation of parameters, if we let X(f) = 


Q(t) 
( It h we have 


t 
X(t) = (09-1 (0)X(0) + PH Í o (u)F(u)du 
0 
—2e-!/2. 2e73t/2 -2 -} 1 
e-U2 —3e—3t/2 SIMI a 
d a 
—92e-t/2 )e3t/2 -ĝe u/2 -i e/2 0 
UB NS eu i eua E 1) du 
—2e-t/2 2ẹ—3t/2 
TULL m8 
—2e-t/2 2ẹ-3t/2 
e™t/2 —3e73t/2 [C 


5 UE — 


—4e-t + 2e-1/2 + 2930/2 
4e-t A e U2 ee 3e—3t/2 


3 ¿—3t/2 
-5e —t/2 4 re 
je t/2 4 le 3t/2 _ 4e-t 
9 -t/2 3e 3t/2 y 4e-t 


In Example 7.1.1, do the limits lim; oo Q(t) = 
lim;>00 I(t) = 0 hold for all choices of the 
initial conditions? 


We plot the solution X(f) — Ed paramet- 


rically in Figure 7.2(a). Notice that limi. o; Q(t) = 
limi; I(t) = 0, so the solution approaches (0, 0) 
as t increases. We also plot Q(f) (dark red; dark 


gray in print versions) and I(t) simultaneously in 
Figure 7.2(b). Finally, in Figure 7.2(c), we graph 


X(t) = i for other initial conditions. 


L-R-C Circuit with Two Loops 


The differential equations that model the cir- 
cuit become more difficult to derive as the num- 
ber of loops in the circuit increases. For example, 
consider the circuit that contains two loops, as 
shown in Figure 7.3. 

In this case, the current through the capacitor 
is equivalent to I; — Ig. Summing the voltage 
drops around each loop, we obtain the system 
of equations 


1 dl 
Rih + =Q- E) =0, Lp 


1 
Rolo — =Q 20. 
ar alo ck 0 


(7.2) 


pala 
di 


(b) 
FIGURE 7.3 (a) and (b) A two-loop circuit. 


FIGURE 7.2 From left to right, (a)-(c). 
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Solving the first equation for I; yields h = 
(1/Ri)E(t) — (4/R1C)Q. Using the relationship 
dQ/dt =I = I1 — In gives us the system 

dQ 1 1 dh 1 R2 
= I EQ — = —Q-—h. 
mc? ARE q ic 12 
(7.3) 


EXAMPLE 7.1.2 


Y Find Q(0, I(t), h(t), and h(t) in the L-R-C 

circuit with two loops given that Rj = Ro = 
12,C=1EL=1H and E(t) = e™ Vif Q(0) = 
1C and L(0) 2 3A. 


Solution 
The nonhomogeneous system that models this 
circuit is 
dQ -g db 
S = 0) =Í —À mg 
ai poc m 


with initial conditions Q(0) = 1 and I2(0) = 3. As 
in Example 7.1.1, we use the method of variation 
of parameters to solve the problem. In matrix 


: . (dQ/dt\ | (—1 —1Y (Q 
form this system is i) = ( 1 3) E + 


= 
C ) The eigenvalues of the corresponding ho- 


mogeneous system are 112 = -—1 c i, and an 


f : A i 
eigenvector corresponding to A1 is vı = (i) ES 


() == (5) i. Two linearly independent solutions 


of the corresponding homogeneous system are 


Xt) = (o = e™ cost () — et sint (5) 
—e™ sint 
e^! cost 


Q(DY — 4 il EE 0 
ejes est (1) +e sint (7) 
e^! cost 
e sint)’ 


and 


X2(t) 


so a fundamental matrix is 


= fone 2} 
—e ‘sint t : 
e= 5, e OST) with 
e ‘cost e ‘sint 


fi <8 t 
= —e' sint e' cost 
otlpy=| ; o 

e'cost e sint 


Therefore, 


t 
X(t) = 0( 07 (0)X(0) + (f) / 97 (u)F(u) du 
0 


_ (e tsint et cost) (0 1Y (1 
|» Xecost. etsint/ V1 0/ A3 


—e-t sint e-! cost ff ( —e! sinu e" cosu) fe^" 
T —t —t a u ia du 
e cost e 'sinf/Jy Ve"cosu e"sinu 0 
_ (-etsint e™ cost (3 
~\etcost e sint) (1 
—e™ sint e™ cost t (—sinu 
SP ll pei = du 
e~ cost e~ sint) Jo cosu 


m e^! cost — 3e™ sin t —e sint e™ costV (cost — 1 
~ \3e cost + e sint ecost e™ sint sint 


o) ( e^ sint ) 
t 


3e cost + e™ sint e^! — e^! cost 


=( e^! cost — 2e! sint ) 

~ \2e* cost +e +e sint) 

Because dQ/dt = I and Q(t) = e™ cos t—2e™ sin t, 
differentiation yields I(t) = —3e™ cost + e ! sint. 
Also, because h(t) = IÐ + bi, hw = 
—e™ cos t+2e™ sin t++e™. We graph Q(t) and I» (t) 
in Figure 7.4(a) and I(t) and I(t) in Figure 7.4(b). 
In Figure 7.4(c), we graph (Q(t), Io(t)} paramet- 
rically to show the phase plane for the system 
of nonhomogeneous equations using several 
different initial conditions. Notice that some of 
the graphs overlap, which does not occur if a 
system is homogeneous. 


Find the limits of Q(t), L), h(t), and 
I(t) as t > oo. Does a change in initial 
conditions affect these limits? 


) 
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(c) 


FIGURE 7.4 (a) Q(t) (dark red; dark gray in print versions) and I» (t). (b) I(t) (dark red; dark gray in print versions) and I; (t). 
(c) Parametric plots of solutions that satisfy other initial conditions. 


Spring-Mass Systems 


The displacement of a mass attached to the 
end of a spring was modeled with a second- 
order linear differential equation with constant 
coefficients in Chapter 5. This situation can be 
expressed as a system of first-order ODEs as 
well. Recall that if there is no external forcing 
function, the second-order differential equation 
that models the situation is 

dx dx 
mig + Cu +kx=0, 

where m is the mass of the object attached to the 
end of the spring, c is the damping coefficient, 
and k is the spring constant found with Hooke’s 
law. This equation is transformed into a system 
of equations with the substitution dx/dt = y. 
Then, solving the differential equation for 
d?x/dt*, we have dy/dt = d*x/dt* = —k/mx — 
c/mdx/dt = —k/mx — c/my, which yields the 
system 


dx —— dy k c 
d ^U atom. m” 
In previous chapters, the displacement of 
the spring was illustrated as a function of time. 
Problems of this type may also be investigated 
using the phase plane. In the following example, 
the phase plane corresponding to the various 


(7.4) 


situations encountered by spring-mass systems 
discussed in previous sections (undamped, 
damped, overdamped, and critically damped) 
are determined. 


EXAMPLE 7.1.3 


Solve the system of differential equations to 
find the displacement of the mass if m — 1, c — 0, 
and k — 1. 


Solution 


In this case, the system is 


dx dy 
e 
; , =) 5 
The eigenvalues are solutions of | _ tals M+ 


1=0,s0A12 = +1. An eigenvector corresponding 


: 1 1 ON. : 
to 17 is vi = J 0 + 1 i, so two linearly 


independent solutions are X;(t) = (5) cost — 


Oy. cost 0 
(1) sin: = ad and X2(t) = ({) cost + 


(o) sint = (e J A general solution is 
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x(t) 
(f) 


= cı cost + c? sint 
^ \co cost — c1sint ° 


X(t) = ) = C1X1(t) + c2X2 (t) 


© By observing the phase plane in Fig- 
ure 7.5(c) and the corresponding system 


of differential equations in Example 7.1.3, describe 
the motion of the object in each quadrant and 
determine the sign on the velocity dx/dt of the 
object in each quadrant. 


Notice that this system is equivalent to the 
second-order differential equation x” +x = 0, 
which we solved in Chapters 4and 5. At that time, 
we found a general solution to be x(t) = c1 cos t + 
c2 sin t, which is the same as the first component of 
X(t) = pA ) obtained in this instance. We graph 
x(t) and y(t) for several values of the arbitrary 
constants in Figures 7.5(a) and (b), respectively, to 
illustrate the periodic motion, of the mass. Also 
notice that (0,0) is the equilibrium point of the 
system. Because the eigenvalues are 11,2 = +1, we 
classify the origin as a center. We graph the phase 
plane of this system in Figure 7.5(c). 


FIGURE 7.5 Graphs associated with Example 7.1.3 (a)-(c). 
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D EXERCISES 7.1 


Solve each of the following systems for charge 


and current using the procedures discussed in 
the example problems. 


1. 


Solve the one-loop L-R-C circuit with 

L = 3H, R = 10 9, C = 1/10 F, and 

(a) E(t) = OV; (b) E(t) = e™ V. (Q0) = 0C, 
10) 21A) 


. Solve the one-loop L-R-C circuit with 


L =1H, R = 209, C = 1/100F, and 
(a) E(t) = 0V; (b) E(t) = 1200 V. (Q(0) = 0C, 
I(0) — 1A.) 


. Find Q(t), I(t), lı (t), and L(t) in the 


two-loop L-R-C circuit with L — 1H, 
Ry 22Q,R; 21Q,C = 1/2F, and 
(a) E(t) = OV; (D)E(t) = 2e~"/? V. 
(Q(0) = 10-°C, I2(0) = 0A.) 


. Find Q(D, I), L (t), and L>(t) in the 


two-loop L-R-C circuit with L — 1H, 
Rı = 29, R? = 1 Q, C =1/2E and 
(a) E(t) = 90 V; (D)E(t) = 90 sin t V. 
(Q0) = 0C, (0) = 0A.) 


. Find Q(t), I(t), h (t), and I» (t) in the 


two-loop L-R-C circuit with L — 1H, 

Ri =19Q, R2: =32,C =1E and 

(a) E(t) = OV, Q(0) = 1075, and I2(0) = 0; 
(b)E(t) = 90V, Q(0) = 0C, h(0) 20A. 


EXERCISES 7.1 


6. Consider the circuit made up of three loops 
illustrated in the following figure. 


In this circuit, the current through the 
resistor R» is I? — I5, and the current through 
the capacitor is I, — Ip. Using these 
quantities in the voltage-drop sum 
equations, model this circuit with the 
three-dimensional system: 


1 
—E(t) + RAI; + ck =0, 


1 dí 
-eQ la + Ra(la — I3) = 0, 


dt 
dI 
E(t) — Rada — h) + La = 0. 
Using the relationship dQ/dt = I — I? and 
solving the first equation for 14, show that 
we obtain the system 


dQ 1 1 
nyc redo do cm. 
dt mc? 27 RR (t 
do 1 Ro. R 
= cT m 

dt Lc9 jp € pe? 

bL R R 1 
dig 2 ceps REI 
dt La La La 


In Exercises 7-11, solve the three-loop circuit us- 
ing the given values and initial conditions. 


7. L> = l3 = 1H, Ry = Rp =10,C= 1E and 
(a) E(t) = OV; (b) E(t) = e V. 
(QO) = 10-°C, L(0) = I3(0) = 0A.) 

8. Lo = L3 = 1H, Ry = R? = 1Q2,C= 1F and 
(a) E(t) = 90V; (b) E(t) = 90sint V. 
(QO) = 0C, 0) = 13(0) = 0A.) 
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9. L = La = 1H, Ry = R = 19,C= 1F and 
(a) E(t) = 90 V; (b) E(t) = 9 sin t V. 
(Q(0) = 0C, 12(0) = 1 A, 13(0) = 0A.) 

10. L2 = 3H, L3 = 1H, Ry = RR =12,C=1F 
and (a) E(t) = 0 V; (b) E(t) = 90sint V. 

(Q(0) = 0C, 12(0) = 1 A, 13(0) = 0A.) 

11. L2 = 4H, L3 CIH, Ry =R2=19,C=1 E 
and (a) E(t) = 90V; (b) E(t) = 90sint V. 
(Q(0) = 0C, 12(0) = 1A, 13(0) = 0A.) 

Show that the system of differential equations 


that models the four-loop circuit shown in the 
following figure 


is 


dl 
i = —(Ry + Roly + Rol + Rila + E(f, 


dl 
L2 — = Roky — (Ro + R3)l + Rals, 


Lo = Rab — (R3 + RgMs + Ral, 


Lo = Rih + Ralz — (Ri + Ral. 
In Exercises 13-20, transform the second-order 
equation to a system of first-order equations and 
classify the system as unoverdamped, under- 
damped, or critically damped by finding the 
eigenvalues of the corresponding system. Also 
classify the equilibrium point (0, 0). 
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13. x" --9x = 0. 

14. x" + 16x = 0. 

15. x" + 10x’ + 9x = 0. 

16. x” + Ax' +5x « 0. 

17. x" + 10x' + 50x = 0. 

18. x" + 4x! + 13x =0. 

19. x" + 10x' + 25x = 0. 

20. x" + 6x' + 9x = 0. 

21. Solve Exercises 13, 15, and 17 with the 
initial conditions x(0) = 1, x'(0) = y(0) = 0. 

22. Solve Exercises 17-20 with the initial 
conditions x(0) = 0, x'(0) = y(0) = 1. 

23. Find the eigenvalues for the spring-mass 
system (7.4). How do these values relate to 
overdamping, critical damping, and 
underdamping? 

24. (a) Find the equilibrium point of the 
spring-mass system (7.4). (b) Find 
restrictions on m, c, and k to classify this 
point as a center, stable node, or stable 
spiral. (c) Can the equilibrium point be 
unstable for any choice of the positive 
constants m, c, and k? Is a saddle possible? 


Use a graphing device to graph the solutions to 
Exercises 25-28 simultaneously and parametri- 
cally. Also determine the limit of these solutions 
ast — oo. 


25. Solve the one-loop L-R-C circuit with 
L 1H, R = 40 Q, C = 1/250F, and 
E(t) = 120 sin t V. (Q(0) = 0C, I(0) = 0 A.) 
26. Solve the one-loop L-R-C circuit with 
L = 4H, R = 80 2, C = 2/25F, and 
E(t) = 120e™ sint V. (Q(0) = 1076C, 
1(0) 20A.) 
27. Solve the two-loop L-R-C circuit with 
L 21H, R; = R? = 40Q, C = 1/250F, and 
E(t) = 220 cost V. (Q(0) = 0C, 12(0) = 0A.) 
28. Solve the two-loop L-R-C circuit with 
L 21H, R; = 40Q, R2 = 80 Q, C = 1/250F, 
and E(t) = 150e™ cost V. (Q(0) = 1075 C, 
12(0) 20A.) 
29. Use the system derived in Exercise 6 to sol- 
ve the three-loop circuit shown in the ex- 
ercise if Ry = Ro = 29,14 = L> = L3 =1 H, 
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C =1E E(t) = 90V, and the initial 
conditions are Q(0) = 12(0) = I3(0) = 0. 
Find 1; (t) and determine lim; Q(t), 
lim; 00 11 (6), lim; 0 12 (f), and 

limi oo Ig (t). 

30. Solve the system of differential equations to 
find the displacement of the spring-mass 
system if m = 1, c = 1, and k = 1/2. Graph 
several solutions in the phase plane for this 
system. How is the equilibrium point (0,0) 
classified? 

31. Solve the system of differential equations to 
find the displacement of the spring-mass 
system given that m — 1, c — 2, and k — 3/4. 
Graph several solutions in the phase plane 
for this system. How is the equilibrium 
point (0, 0) classified? 


7.2 DIFFUSION AND POPULATION 
PROBLEMS WITH FIRST-ORDER 
LINEAR SYSTEMS 


e DIFFUSION THROUGH A MEMBRANE 
e MIXTURE PROBLEMS 
e POPULATION PROBLEMS 


Diffusion Through a Membrane 


Solving problems to determine the diffusion 
of a substance (such as glucose or salt) in a 
medium (such as a blood cell) also lead to first- 
order systems of linear ODEs. For example, con- 
sider the situation shown in Figure 7.6 in which 
two solutions of a substance are separated by a 
membrane. The amount of substance that passes 
through the membrane at any particular time 
is proportional to the difference in the concen- 
trations of the two solutions. The constant of 
proportionality, P, is called the permeability of the 
membrane and describes the ability of the sub- 
stance to permeate the membrane (where P > 0). 
If we let x(t) and y(t) represent the amount of 
substance at time t on each side of the membrane, 
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x(t) 


Concentration: EA 


MO, 


Concentration: 


FIGURE 7.6 Two solutions separated by a permeable 
membrane. 


and V4 and V; represent the (constant) volume 
of each solution, respectively, then the system of 
differential equations is given by 


dx (1 1, 
dt vo? Vi 


dy — Ls 1 
dt Vi Vo)’ 


0 In this system, if y(t)/V2 > x(t)/V1, is dx/dt 
> Doris dx/dt < 0? Also, is dy/dt > 0 or 
is dy/dt < 0? Using these results, does the substance 
move from the side with a lower concentration to that 


(7.5) 


with a higher concentration, or is the opposite true? 


where the initial amounts of x and y are given 
with the initial conditions x(0) = xo and y(0) = 
yo. (Notice that the amount of the substance 
divided by the volume is the concentration of the 
solution.) 


EXAMPLE 7.2.1 


Suppose that two salt concentrations of equal 
volume V are separated by a membrane of perme- 
ability P. Given that P — V, determine the amount 
of salt in each concentration at time t if x(0) — 2 
and y(0) — 10. 
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Solution 


In this case, the initial-value problem (IVP) that 
models the situation is 


dx dy 
dum Yk, qom x—y, x(0) =2,y(0) = 10. 
5 -1 1 
The eigenvalues of A — ( d | are A; = 0 and 
À2 = —2. Corresponding eigenvectors are found 


to be v4 = () and v2 = G) respectively, so a 


general solution is 


(ace? 
(E ar coe ^t i 


0 In Example 7.2.1, if x(0) — xo and y(0) — 


Yo, does limi, x(t) = limi oo y(t) = 
5 (Xo + yo? 


— 2 
Because X(0) — E M 2 = ( 1 a we have 
j| sr 62 


that cq = 6 and c?» = 4, so the solution to the 
. x(t) 6 — 4e~2 ' 
IVP X(t) = — $ ti 
is X(t) Ba EE Notice 
that lim;>0 x(t) = lim;>00(6 — 4e 7) = 6 and 
limi; oo y(t) = lim;>oo(6 + 4e 7^) = 6, which is 
the average value of the two initial amounts. 


Mixture Problems 


Consider the interconnected tanks that are 
shown in Figure 7.7 in which a solution with a 
given concentration of some substance (like salt) 
is allowed to flow according to the given infor- 
mation. Let x(t) and y(t) represent the amount of 
the substance in Tank 1 and Tank 2, respectively. 
Using this information, we set up two differen- 
tial equations to describe the rate at which x and 
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Rate: R 


x(t) 
Volume V; 
Tank 1 


x) 
Volume V; 
Tank 2 


Concentration 
C 


Rate: 
R 


FIGURE 7.7 Illustrating a mixture problem for two inter- 
connected tanks. 


y change with respect to time. Notice that the 
rate at which liquid flows into each tank equals 
the rate at which it flows out, so the volume 
of liquid in each tank remains constant. If we 
consider Tank 1, we can determine a first-order 
differential equation for dx/dt with 

dx 


di (Rate at which substance enters Tank 1) 


— (Rate at which substance leaves Tank 1), 


where the rate at which the substance enters 
Tank I is Rgal/min x Clb/gal = RClb/min, 
and the rate at which it leaves is R gal/min x 
x/Vilb/gal = Rx/V1 lb/min, where x/V is the 
substance concentration in Tank 1. Therefore, 
dx/dt = RC — (R/V1)x. Similarly, we find dy/dt 


to be Y = (R/V1)x — (R/V2)y. We use the initial 


conditions x(0) = xo and y(0) = yo to solve the 
nonhomogeneous system 


dx R 

LE TES 

dt V4 v; 
for x(t) and y(t). 


In deriving this system of equations, we used rates 
in gal/min and concentrations in lb/gal. In gen- 
eral, rates are given by (volume of liquid) / (time) 
and (concentration of substance)/(volume of 
liquid). 


EXAMPLE 7.2.2 

Determine the amount of salt in each tank in 
Figure 7.7 if V; = V2 = 500 gal, R = 5gal/min, 
C = 3lb/gal, x9 = 501b and yo = 100 Ib. 


Solution 
In this case, the IVP is 
dx 5 1 
= = = Íl 
a ww E T 
dy 5 5 1 1 


dt 500° 500% 100° 100” 
x(0) = 50, y(0) = 100, 


which in matrix form is X' = ims B 7n " >) X+ 
0 100 

A has the repeated eigenvalue A41? = —1/100, 

for which we can find only one (linearly 


(5) = AX + F(t), X(0) = ie ) The matrix 


independent) eigenvector, vi = i) Therefore, 

one solution of the corresponding homogenous 
: 0 

system is X1(t) = ( J e7/100 and after some 


work a second linearly independent solution is 


found to be X2(t) = [6 fs Es) e7!/100, 


so a general solution of the corresponding 
homogeneous system is 


Xt) 2a OY e-t00 y C2 Dy pe (199) | i-um 
1 1 0 
= 100c7e7+/100 
= \ eye7t/100 y cate t/100 J * 
: JW. A 
Notice that F(f) = 0 is not a solution to the 


corresponding homogeneous system, so with the 
method of undetermined coefficients we assume 
a particular solution of the nonhomogeneous 


system has the form Xp(t) = a = (a) and 
2 


substitute this vector-valued function into the 
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nonhomogeneous equation X’ = AX + F(t). This 
yields 


OQ (/-1/100 0 ) (t) » (5) 
(o) = ( 1/100 —1/100) Va» 0 
_ ( -a/100 + 15 ) 
> (s /100 — 25/100 


with solution a; = 1500 and a2 = 1500. Therefore, 


1500 
iom n) an 


X(t) = Xp (t) + Xp) 


» 100c2e-*/19? + 1500 
«OX61e7 1/100 + cotert/100 4 1500) * 


Application of the initial conditions then gives us 
100c2 + 1500 50 
= = = —1400 
mp ( ci + 1500 ) Ca e 
and c2 = —1450/100 = —29/2. The solution to the 
IVP is 


e 
X(t) = 
D bo 

" —1450e-7/100 + 1500 

~ V—1400e7*/100 — 2 te—t/100 + 1500) ` 
Notice that lim; x(t) = limo y(t) = 1500, 
which means that the amount of salt in each tank 
tends toward a value of 1500 Ib. 


In Example 7.2.2, is there a value of t for 

which x(t) = y(t)? Ifso, what is this value? 
Which function increases most rapidly for smaller 
values of t? 


Population Problems 


In Chapter 3, we discussed population prob- 
lems that were based on the simple principle 
that the rate at which a population grows (or 
decays) is proportional to the number present in 
the population at any time t. This idea can be 
extended to problems involving more than one 
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population and leads to systems of ODEs. We il- 
lustrate several situations through the following 
examples. Note that in each problem we deter- 
mine the rate at which a population P changes 
with the equation 


P 
d — (rate entering) — (rate leaving). 


dt 

We begin by determining the population in 
two neighboring territories where the popula- 
tions x and y of the territories depend on several 
factors. The birth rate of x is a1, and that of y is 
bı. The rate at which citizens of x move to y is 
az, and that at which citizens move from y to x 
is b2. After assuming that the mortality rate of 
each territory is disregarded, we determine the 
respective populations of these two territories 
for any time t. 

Using the simple principles of previous ex- 
amples, the rate at which population x = x(t) 
changes is 

dx 


dE ayx — mx + boy = (a1 — a2)x + boy, 


and the rate at which the population y — y(t) 
changes is 
dy 


qe biy — boy + agx = (bı — boy + ax. 


Therefore, the system of equations that is 
solved is 


dx B b 

u (az — a2)x + boy, 

d 

M = mx + (by — b2)y, (7.7) 


where the initial populations of the two territo- 
ries are x(0) = xo and y(0) = yo. 


EXAMPLE 7.2.3 

Determine the populations x(t) and y(t) in each 
territory ifa; = 5, 47 = 4, bı = 5, and b? = 3, given 
that x(0) = 14 and y(0) =7. 
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Solution 
In this case, the IVP that models the situation is 


dx/dt = x + 3y 


, x(0)=14 and y(0)=7. 
el Stee E 


The eigenvalues of A = G >) are A4; = —2 and 
ho = 5. Corresponding eigenvectors are found 


to be v4 — E and v2 = e so a general 


solution is 


E x(t) = 1 Bei 3 5t 
2X) = e) = Ci ie @ 4- m () e 


| ( 1e 7 + 3coe*f 
~ \—c,e77! + 405 ef 


Application of the initial condition X(0) = 


y(0) —€1 + 4c2 — 7 
so cj = 5 and c2 = 3. Therefore, the solution is 


— (x®\ ( 5e? 9e 
X(t) — (es = Mar . We graph 


these two population functions in Figure 7.8(a). 
In Figure 7.8(b), we graph several solutions to 
the system of differential equations for various 


140 H 
120 
100 F 
80 f 
60 H 
ao 


20 L 


= 14 
ca = = yields the system [ uus E 
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initial conditions in the phase plane. As we can 
see, all solutions move away from the origin in 


the direction of the eigenvector vo = i) which 


corresponds to the positive eigenvalue A» = 5. 


Population problems that involve more than 
two neighboring populations can be solved with 
a system of differential equations as well. Sup- 
pose that the population of three neighboring 
territories, x, y, and z, depends on several factors. 
The birth rates of x, y, and z are a1, bı, and cy, 
respectively. The rate at which citizens of x move 
to y is m, and that at which citizens move from x 
to z is a3. Similarly, the rate at which citizens of y 
move to x is b2, and that at which citizens move 
from y to z is b3. Also, the rate at which citizens of 
z move to x is c2, and that at which citizens move 
from z to y is c3: 


From To Birth Rate 
x y z 
x ag a3 ay 
y by b3 by 
Z C2 C3 C1 
y 


100 - 


60 L 


40 


(a) 


20 40 60 80 — 100 


(b) 


FIGURE 7.8 (a) Identify x(t) and y(t). (b) Various solutions of the system. 
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If the mortality rate of each territory is ignored 
in the model, we can determine the respective 
populations of the three territories for any 
time t. 

The system of equations to determine x(t), 
y(t), and z(t) is similar to that derived in the 
previous example. The rate at which population 
x changes is 

dx 
dp ax — 49X — a3x + boy + coz 
= (41 — a5 — 43)x + boy + coz, 


and the rate at which population y changes is 


d 
E = b1y — boy — bay + aox + C3Z 


= ax + (by — b2 — b3)y + caz, 
and that of z is 
dz 
dr^ C1Z — CoZ — C3Z + 43x + bay 
= 03x + bay + (cy — C2 — c3)z. 


We must solve the 3 x 3 system 


dx 

di (a, — az — a3)x + boy + coz, 

dy 

dt = Ax + (bq — b2 — b3)y + cz, (7.8) 
d 

di = a3xX + bay + (c1 — c2 — 03), 


where the initial populations x(0) = xo, y(0) = 
yo, and z(0) = Zo are given. 


EXAMPLE 7.2.4 


Determine the population of the three terri- 

tories ifa] = 3, a2 = 0,43 = 2,51 = 4, bo =2, 

ie = ile = 5€) = 5 m0 = 0% (0) = 50), 
y(0) = 60, and z(0) = 25. 


Solution 


In this case, the system of differential equa- 
tions is 


dx/dt — x + 2y + 3z BA 129 / 
dy/dt = y or 0 = k 1 ] ] ; 
dz/dt = 2x + y + 2z E 212) \z 


where” = d/dt. Because the characteristic polyno- 
mial for the coefficient matrix of this system is 


1-1 2 3 
Gi] 8 i= 0 [=== O= 2J 
2 LAN 
=QA-D)A+1A-4=0, 
the eigenvalues are 44 = 4, 4» = 1, and A3 = —1, 


1 


1 9 
(s) and v3 — 0 ) respectively. A general 


4 2 
solution is 


x(t) 1 1 =3 
(10) =c (o) e” +c (5) e! +03 0 ) e 
z(t) 1 4 2 


ciet + coe! — 3c3e™ 
= —6c5et : 


c1e* + 4c5ef + 2c3e™ 


1 
with corresponding eigenvectors v; = (>) VoL 


Using the initial conditions, we find that 
c1 + c2 — 3c3 = 50 
—6c» = 60 
c1 + 4€» + 2c3 = 25 

and c3 = 1. Therefore, the solution to the IVP is 


x(t) 63e¥ — 10e! — 3e"! 
y(t) | = 60e! . We graph these 


z(t) 63e* — 40e! + 2e7* 
three population functions in Figure 7.9. Notice 
that although population y is initially greater than 
populations x and z, these populations increase at 
a much higher rate than does y. 


¿Sot e 6, e = —J 


In Example 7.2.4, does population y 
approach a limit or do all three populations 
increase exponentially? 
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X,Y,Z 


pod Ot 
0.1 0.2 0.3 0.4 0.5 


FIGURE 7.9 Identify x(t), y(t), and z(t). 


D EXERCISES 7.2 


In Exercises 1-6, solve the diffusion problem 
with one permeable membrane with the indi- 
cated initial conditions and parameter values. 
Find the limiting concentration of each solution. 


1. P = 0.5, V1 = V2 = 1, x(0) = 1, y(0) = 2. 

2. P=0.5, V = V4 = 1, x(0) = 2, yO) = 1. 

3. P22, V = 4, V; = 2, x(0) = 0, y(0) = 4. 

A, P =2, Vi = 1/2, Vz = 1/4, x(0) = 8, 
y0) — 0. 

5. P^ 6, V4 22, V; 2 8, x(0) = 4, yO) — 1. 

6. P = 6, V4 22, V; 2 8, x(0) = 1, yO) = 4. 


In Exercises 7-8, use the tanks shown in 
Figure 7.7 with R — 4gal/min, C = 1/2 
Ib/gal, V1 = V2 = 20 gal, and the given initial 
conditions. (a) Determine x(f) and y(t). (b) Find 
limi, oo x(t) and limi, oo y(t). (c) Does one of the 
tanks contain more of the substance (like salt) 
than the other tank for all values of t? 


7. x(0) 2 y(0) =0. 
8. x(0) = 0, y(0) = 2. 
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9. Suppose that pure water is pumped into 
Tank 1 (in Figure 7.7) ata rate of 4gal/min 
(ie., R = 4, C = 0) and that V4 = V2 = 
20 gal. Determine the amount of the 
substance (like salt) in each tank at time t if 
x(0) = y(0) = 4. Calculate lim;., o; x(t) and 
limi. oo y(t). Which function decreases more 
rapidly? 

10. If x(0) = y(0) = 0 in Exercise 9, how much 
of the substance (like salt) is in each tank at 
any time t? 

11. Use the tanks in Figure 7.7 with 
R = 5gal/min, C = 3lb/gal, V4 = 100 gal, 
V» — 50gal, and the initial conditions 
x(0) = y(0) = 0. (a) Determine x(t) and y(t). 
(b) Find limi, o; x(t) and limi, oo y(t). 

12. Solve Exercise 11 with V4 = 50 and 
V2 = 100. How do the limiting values of x(t) 
and y(t) compare to those in Exercise 11? 

13. Consider the tanks shown in the following 
figure, where Ry = 3L/min, R? = 4L/min, 
R3 = 1 L/min, C = 1 kg/L, and 
Vi = V2 = 50 L. 


Rate: R; 
x(t) y(t) 
Volume: Vj Volume: V> 
Tank 1 Tank 2 
Rate 
Ri 


Concentration 
C 


Rate: 
Ri 


Rate: R3 


If x(0) = y(0) = 0, determine the amount of 
the substance (like salt) in each tank at time t. 
Find limi, sc x(t) and lim; œ y(t). Is there a time 
(other than t = 0) at which each tank contains 
the same amount of salt? 


14. Solve the tank problem described in 
Exercise 13 using the initial conditions 
x(0) 2 0 and y(0) = 6. For how many values 
of t do the functions x(t) and y(t) agree? 

15. Find the amount of the substance (like salt) 
in each tank in the following figure if 
R = 1gal/min, C = 11b/gal, V1 = 1gal, 
V5 = 1/2 gal, x(0) 2 2, and y(0) 2 4. What is 


Concentration 


16. 


17. 
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the maximum amount of salt (at any value 
of t) in each tank? Find lim; a x(t) and 
limi oo y(t). 


Concentration 


C 


Volume: Vj Volume: V2 
Tank 1 Tank 2 
Rate 


Rate: R R 


Solve the tank problem described in 
Exercise 15 using the initial conditions 
x(0) = 4 and y(0) = 0. How do these 
functions differ from those in Exercise 15? 
Consider the three tanks in the following 
figure in which the amount of salt in Tanks 
1, 2, and 3 is given by x(t), y(t), and z(t), 
respectively. Find x(t), y(t), and z(t) if 

R = 5gal/min, C = 21b/gal, 

V4 = V2 = V3 = 50gal, and 

x(0) = y(0) = z(0) = 0. Find limp. œ x(t), 
limi; oo y(t), and limi, o z(t). 


. Solve the problem described in Exercise 17 


using the unequal volumes V4 = 100, 

V2 = 50, and V3 = 25. How do the limiting 
values of x(t), y(t), and z(t) differ from those 
in Exercise 17? 


In Exercises 19-22, solve the IVP using the given 
parameters to find the population in two neigh- 
boring territories. Do either of the populations 
approach a finite limit? If so, what is the limit? 


19. 


20. 


21. 


41 = 10, da = 9, bi = 2; bo = 1; x(0) = 10, 
y(0) = 20. 

ay =4, 4 = 4, bı = 1, b2 = 1; x(0) = 4, 
yO) — 4. 

ü1 = 2, m = 0, bı = 2, b2 = 3; x(0) =D, 


y(0) =10. 


22. 41 = 1, a2 = 1, by = 1, b2 = 1; x(0) =; 
y(0) = 10. 


In Exercises 23-26, solve the IVP using the given 
parameters to find the population in three neigh- 
boring territories. Which population is largest at 
t=1? 


23. a, =10,4, = 6,03 = 7,b1 = 6, b2 = 3, b3 = 3, 
cı =5,02 — 7,03 = 1; x(0) = 17, y(0) =0, 
z(0) = 34. 

24. ü1 = 2,5 = 1,a3 =4, bı = 6, b; = 4, b3 =D; 
cy = 2,0? = 8, c3 = 4; x(0) =0, y(0) = 4, 

z(0) =2. 

25. 41 = 7, d» = 2,43 = 4, bı = 7, b2 = 5, b3 = 8, 
€1 =7, c2 = 1, c3 = 2; x(0) = 8, yO) = 2, 
z(0) = 0. 

26. 41 = 7, d» = 2,43 = 4, bı = 7, b» = 5, b3 = 8, 
€1 =7,c2 = 1,03 = 2; x(0) = 0, y(0) = 0, 
z(0) = 16. 

27. Suppose that a radioactive substance X 
decays into another unstable substance Y, 
which in turn decays into a stable substance 
Z. Show that we can model this situation 
through the system of differential equations 


dx/dt = —ax 
dy/dt = ax — by , where a and b are 
dz/dt = by 


positive constants. (Assume that one unit of 
X decomposes into one unit of Y, and one 
unit of Y decomposes into one unit of Z.) 

28. Solve the system of differential equations in 
Exercise 27 if a 4 b, x(0) = xo, y(0) = yo, and 
z(0) = zo. Find lim; 00 x(t), limi; oo y(t) and 
limi. oo z(t). 

29. Solve the system of differential equations in 
Exercise 27 if a = b, x(0) = xo, y(0) = yo, and 
z(0) = zo. Find limi, œ x(t), limp oo y(t) and 
limt-+ Z(t). 

30. In Exercise 27, what is the half-life of 
substance X? 

31. In the reaction described in Exercise 27, 
show that if k units of X are added per year 
and h units of Z are removed, then the 
situation is described with the system 
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dx/dt = —ax + k 
dy/dt = ax — by 
dz/dt 2by—h 
positive constants. 
32. Solve the system described in Exercise 31 if 
a A b, x(0) = xo, y(0) = yo, and z(0) = zo. 
Find lim; œ x(t), limi. o5 y(t) and 
limi. æ z(t). How do these limits differ from 
those in Exercise 27? Find lim. 99 z(t) if 
k = h, then find limi o z(t) if k > h. 
Describe the corresponding physical 
situation. 


, where a, b, k, and h are 


In Exercises 33-36, solve the radioactive decay 
model in Exercise 27 with the given parameter 
values and initial conditions. If z(t) represents 
the amount (grams) of substance Z after t hours, 
how many grams of Z are eventually produced? 


33. a = 6, b = 1, xo =7, Yo = 1,29 = 8. 
34. a = 4, b = 2, xp = 10, yo = 2, zo = 4. 
35. a = 4, b = 2, xo = 1, yo = 1, z0 = 1. 
36. a = 1,b = 4, xo = 2, Yo = 2, Zo = 2. 


In Exercises 37-40, solve the radioactive decay 
model in Exercise 31 with a = 1, b = 1, and 
the given parameter values and initial condi- 
tions. Describe what eventually happens to the 
amount of each substance. 


37. k=2,h = 1, xo = 2, yo = 1,29 = 2. 

38. k = 0, h = 10, xo = 4, yo = 2, zo = 1. 

39. k = 10, h = 0, xo — 8, yo = 2, Zo =2. 

40. k = 0, h = 5, xo = 1, yo = 10, Zo = 5. 

41. Solve the IVP to find the concentration of a 
substance on each side of a permeable 
membrane modeled by the system 


dx — P 1 1 ic 
dt Vo Vi 
dy 1 1 Y 
dt -— : (vs 2 7) 
(a) Find lim; x(t) and lim; oo y(t). 
(b) Determine a condition so that x(t) > y(t) 


as t > oo. When does lim; œ x(t) = 
limi, oc y(t)? 


x(0) = a, y(0) = b. 
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(c) Find a condition so that x(t) is an 
increasing function. Find a condition so 
that y(t) is an increasing function. Can 
these functions increase simultaneously? 

(d) If V4 = V and a = b, describe what 
eventually happens to x(t) and y(t). 

42. Investigate the effect that the membrane 
permeability has on the diffusion of a 
substance. Suppose that V1 = V2 = 1, 

x(0) = 1, y(0) = 2, and (a) P = 0.25, (b) 

P = 05, (c) P = 1.0, and (d) P = 2.0. Graph 

the solution in each case both 

parametrically and simultaneously. 

Describe the effect that the value of P has on 

the corresponding solution. 

43. Solve the IVP 


dx/dt = (a, — az)x + by 


, X(0) = xo, y(0) = yo 
dy/dt = a»x + (b — boy 


Are there possible parameter values so that 
the functions x(t) and y(t) are periodic? Are 
there possible parameter values so that the 
functions x(t) and y(t) experience 
exponential decay? For what parameter 
values do the two populations experience 
exponential growth? 


7.3 NONLINEAR SYSTEMS OF 
EQUATIONS 


e BIOLOGICAL SYSTEMS: PREDATOR-PREY 
INTERACTION 
e PHYSICAL SYSTEMS: VARIABLE DAMPING 


Several special equations and systems that 
arise in the study of many areas of applied 
mathematics can be solved using the techniques 
of Chapter 6. These include the predator-prey 
population dynamics problem, the Van-der- 
Pol equation that models variable damping 
in a spring-mass system, and the Bonhoeffer- 
Van-der-Pol (BVP) oscillator. 
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where b > 0. Similarly, the rate at which y(t) 
changes with respect to time is 
dy/dt = —cy + dxy, 
where d > 0. These equations and initial condi- 
tions form the Lotka-Volterra problem 
dx/dt = ax — bxy 


, x(0)= x0, = yo. (7.9 
dy/dt = —cy + dxy x(0) = xo, yO) = yo. (7.9) 


Alfred James Lotka (1880-1949) American 
biophysicist, born in Ukraine; wrote first text on 
mathematical biology. 


Biological Systems: Predator-Prey 
Interaction 


Let x(t) and y(t) represent the number of 
members at time t of the prey and predator 
populations, respectively. (Examples of such 
populations include fox-rabbit and shark-seal.) 
Suppose that the positive constant a is the birth 
rate of x(t), so that in the absence of the predator 
dx/dt = ax and that c > 0 is the death rate 
of y, which indicates that dy/dt = —cy in the 
absence of the prey-population. In addition 
to these factors, the number of interactions 
between predator and prey affects the number 
of members in the two populations. Note that an 
interaction increases the growth of the predator 
population and decreases the growth of the 
prey population, because an interaction between 
the two populations indicates that a predator 
overtakes a member of the prey population. 
To include these interactions in the model, 
we assume that the number of interactions is 
directly proportional to the product of x(t) and 
y(t). Therefore, the rate at which x(t) changes 
with respect to time is 


dx/dt = ax — bxy, 


Vito Volterra (May 3, 1860, Ancona, Italy-October 
11, 1940, Rome, Italy) During World War I, 
Volterra was a member of the Italian Air Force. 
After the War, he returned to the University of 
Rome and his research interests moved from 
mathematical physics to mathematical biology. 


EXAMPLE 7.3.1 


Y Find and classify the equilibrium points of 
the Lotka-Volterra system. 


Solution 

ax — bxy = x(a — by) = 0 
—cy + dxy = y(—c + dx) = 0 
and y we have x = 0 or y = a/b from the first equa- 
tion and y — 0 or x — c/d from the second equa- 
tion. Thus, the equilibrium points are Ey — (0,0) 
and EA = (c/d,a/b). The Jacobian matrix of the 


Solving for x 
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nonlinear system is J(x,y) — ic pM ) 


dy —c+ dx 
Evaluated at Ey = (0,0), the Jacobian is J(Eg) = 


0 =c 

Because these eigenvalues are real with opposite 

signs, we classify Ey = (0,0) as a saddle. Simi- 

larly, evaluated at E4 = (c/d,a/b), the Jacobian is 
0 —bc/d 

J(Ea) = 0 

+iyac, so the equilibrium point Ex = (c/d,a/b) is 

classified as a center. 

In Figure 7.10(a), we show several solutions 
(which were found using different initial popu- 
lations) parametrically in the phase plane of this 
system with a = 2, b = 1, c = 3, and d = 1. Notice 
that all of the solutions oscillate about the center. 
These solutions reveal the relationship between 
the two populations: prey, x(t), and predator, y(t). 
As we follow one cycle counterclockwise begin- 
ning on the left extreme of the cycle, we notice 
that as the prey population, x(f), increases, the 
predator population, y(t), first slightly decreases 
(is that really possible?), and then increases un- 
til the predator becomes overpopulated. Then, 


( P with eigenvalues 1; = —c and Az = a. 


Ji with eigenvalues 415 = 
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because the prey population is too small to sup- 
ply the predator population, the predator pop- 
ulation decreases, which leads to an increase in 
the population of the prey. At this point, because 
the number of predators becomes too small to 
control the prey population, the number in the 
prey population becomes overpopulated and the 
cycle repeats itself, as illustrated in Figure 7.10(b). 


How does the period of a solution with 

an initial point near the equilibrium point 
(c/d,a/b) compare to that of a solution with an 
initial point that is not located near this point? 


Physical Systems: Variable Damping 


In some physical systems, energy is fed into 
the system when there are small oscillations, 
and energy is taken from the system when there 
are large oscillations. This indicates that the sys- 
tem undergoes "negative damping" for small 
oscillations and "positive damping" for large 


TES ATIS TEST EN FREIEN o ne mE Coe INTUS TE A E Ln POT CO d 
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FIGURE 7.10 (a) Typical solutions of the Lotka-Volterra system-x versus y. (b) A typical solution to the Lotka-Volterra 
system, x (in dark red; dark gray in print versions) and y as functions of t. 
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oscillations. A differential equation that models 
this situation is Van-der-Pol's equation 


+u pr E 1) Y+x=0, (740) 


Balthasar Van-der-Pol (1889-1959) Dutch applied 
mathematician and engineer. 


where u is a positive constant. We can trans- 
form this second-order differential equation into 
asystem of first-order differential equations with 


the substitution x’ = y. Hence y = x” = 
=x — u(x? —1)x = —x - n (X? — 1) y, so the 
corresponding system of equations is 

x =y, 


y =-x-u(2-1)y, 


which is solved using an initial position x(0) = 
xo and an initial velocity y(0) = x'(0) = yo. 
Notice that u (x? — 1) represents the damping 
coefficient. This system models variable damp- 
ing because y (x? — 1) < 0 when —1 < x < 1 and 
m ES — 1) > O when |x| > 1. Therefore, damping 
is negative for the small oscillations, —1 < x < 1, 
and positive for the large oscillations, |x| > 1. 


(7.11) 


EXAMPLE 7.3.2 
Find and classify the equilibrium points of 
the system of differential equations that is 
equivalent to Van-der-Pol's equation. 
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Solution 
We find the equilibrium points by solving 


y=0, 
-x-y (2 -1)y=0. 


From the first equation, we see that y = 0. 
Substitution of y = 0 into the second equation 
yields x = 0 as well. Therefore, the (only) 
equilibrium point is (0, 0). 

The Jacobian matrix for this system is 


0 1 
ius = = 2uxy =u (x — y) l 


-1 u 
find the eigenvalues of J(0, 0) by solving 


At (0,0), we have the matrix J (0, 0) = ( DR ) . We 


E 1 


=M—ur+1= 
a] tc MA + 0, 


Graph several solution curves in the phase 

plane for the Van-der-Pol equation if 
u = 1/10 and u = 1/1000. Compare these 
graphs to the corresponding solution curves for 
the equation x" + x = 0. Are they similar? 
Why? 


which has roots A142 = 4 (u E y p? — 4). Notice 
that if y > 2, then both eigenvalues are positive 
and real, so we classify (0,0) as an unstable node. 
On the other hand, if 0 < A < 2, the eigenvalues 
are a complex conjugate pair with a positive real 
part. Hence (0,0) is an unstable spiral point. (We 
omit the case when u = 2 because the eigenvalues 
are repeated.) In Figure 7.11, we show several 
curves in the phase plane that begin at different 
points for various values of jz. In each figure, we 
see that all of the curves approach a curve called 
a limit cycle. Physically, the fact that the system 
has a limit cycle indicates that for all oscillations 
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(a) 


(b) 


(c) 


the motion eventually becomes periodic, which 
is represented by a closed curve in the phase 
plane. 

On the other hand, in Figure 7.12 we graph the 
solution that satisfies the initial conditions x(0) — 1 
and y(0) — 0 parametrically and individually for 
various values of u. Notice that for small values 
of u the system more closely approximates that 
of the harmonic oscillator because the damping 
coefficient is small. The curves are more circular 
than for those for larger values of y. 


(d) 
FIGURE 7.11 From left to right, (a) u = 1/2, (b) u = 1, (c) u = 3/2, (d) u =3. 


D EXERCISES 7.3 


1. The phase paths of the Lotka-Volterra 
model (7.9) are given by 
dy _ dy/dt _ —cy+dxy 
dx ~ dx/dt ^ ax—bxy 
equation to find an implicit equation of the 
phase paths. 

2. Consider the predator-prey model 


. Solve this separable 


dx/dt = (a, — bıx — cy) x, 
dy/dt = (—42 + cox) y, 
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(b) 


x 
En 


(d) 


(e) 
FIGURE 7.12 From left to right, (a) u = 1/4, (b) u = 1/2, (c) u = 1, (d) u = 3/2, (e) u = 2, (f) u =3. 


where x(t) represents the prey population, 
y(t) the predator population, and the 
constants 41, 42, by, c1, c? are all positive. In 
this model, the term —b4x? represents the 
interference that occurs when the prey 
population becomes too large. (a) If a, = 2, 
az = bı = c; = c? = 1, locate and classify the 
three equilibrium points. (b) If a? = 2, 

a, = by = c, = c? = 1, locate and classify the 
three equilibrium points. 

. The national economy can be modeled with 
a nonlinear system of differential equations. 
If I represents the national income, C the 
rate of consumer spending, and G the rate 
of government spending, a simple model of 
the economy is 


(f) 


a bt: 


dI/dt = I — aC, 

dC/dt = b(I — C — G), 
where a and b are constants. (a) Suppose 
that a = b = 2 and G = k (k = constant). Find 
and classify the equilibrium point. (b) If 
a — 2, b = 1, and G = k, find and classify the 
equilibrium point. 


. Ifa = b = 2 and G = ki + k21 (k2 > 0), show 


that there is no equilibrium point if k2 > 1/2 
for the national economy model in 

Exercise 3. Describe the economy under 
these conditions. 


. The differential equation x” + sin x = 0 can 


be used to describe the motion of a 
pendulum. In this case, x(t) represents the 


386 


10. 


displacement from the position x — 0. 
Represent this second-order equation as a 
system of first-order equations. Find and 
classify the equilibrium points of this 
system. Describe the physical significance 
of these points. Graph several paths in the 
phase plane of the system. 


. Show that the paths in the phase plane of 


X" + sin x = 0 satisfy the first-order equation 
dy/dx = — (sin x)y (see Exercise 5). Use 
separation of variables to show that paths 
are y — 2cosx = C, where C is a constant. 
Graph several paths. Do these graphs agree 
with your result in Exercise 5? 


. (a) Write the equation x" + k?x = 0, which 


models the simple harmonic oscillator, as a 
system of first-order equations. (b) Show 
that paths in the phase plane satisfy 

dy/dx = —k?x/y (see Exercise 6). (c) Solve 
the equation in (b) to find the paths. (d) 
What is the equilibrium point of this system 
and how is it classified? How do the paths 
in (c) compare with what you expect to see 
in the phase plane? 


. Repeat Exercise 7 for the equation 


x" — x = 0. 


. Suppose that a satellite is in flight on the 


line between a planet of mass M1 and its 
moon of mass M», which are a constant 
distance R apart. The distance x between the 
satellite and the planet satisfies the 
nonlinear second-order equation 

x= —gMyx? + 2M»(R — x)? where gis 
the gravitational constant. Transform this 
equation into a system of first-order 
equations. Find and classify the equilibrium 
point of the linearized system. 

Consider the nonlinear autonomous system 


dx/dt = -y e x (1-3 - y), 
dy/àt 2 x ey (1-2 - P). 


(a) Show that (0,0) is an equilibrium point 
of this system. Classify (0, 0). 


11. 


12. 


13. 
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(b) Show that x = rcos 0, y = rsin 0 
transforms the system to the 
(uncoupled) system 


dr/dt =r (1 — 5 P 
d0/dt = 1. 


(c) Show that this system has solution 
r(t) = (1 +ae2) 14, a(t) = t+ b so that 
x(t) 2 (14 ae cos(t + b), 
y(t) = (14002) 7 sint + b). (d) 
Calculate lim; o x(t) and limi, o y(t) to 
show that all solutions approach the 
circle x? + y? = 1 as t > oo. Thus 
x? + y? = 1 is a limit cycle. 
Consider Liénard's equation 
x" + f (ox + g(x) = 0, where’ = d/dt and 
f(x) and g(x) are continuous. Show that this 
equation can be written as the system 


dx/dt = y — F(x) 


die.” where Fo) f fu)du. 


(See Exercise 11.) Liénard’s theorem states that 
if (i) F(x) is an odd function, (ii) F(x) is zero 
only at x = 0, x = a, x = —a (for some a > 0), 
(iii) F(x) — oo monotonically for x > a, and 
(iv) g(x) is an odd function where g(x) > 0 
for all x 7 0; then Liénard's equation has a 
unique limit cycle. Use Liénard's theorem to 
determine which of the following equations 
has a unique limit cycle: 


x ee(1- x) +x=0, e>0, 
x! 4 32x! +3 = 0. 


Consider the system of autonomous 
equations (dx/dt = f(x,y), dy/dt = g(x, y). 
Bendixson's theorem (or negative criterion) 
states that if f. (x, y) + gy(x, y) isa 
continuous function that is either always 
positive or always negative in a particular 
region R of the phase plane, then the system 
has no limit cycle in R. Use this theorem to 
determine if the given system has no limit 
cycle in the phase plane. 


14. 


15. 


16. 


17. 
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(a) x =O E x Ey, y = x. 

(b) x 2y—x, y = 3x — y. 

(c) x! = xy, y = x? + 8y. 

Let E and s be positive constants and 

suppose that f(x) is a continuous odd 

function that approaches a finite limit as 

x — œ, is increasing, and is concave down 

for x > 0. The voltages over the deflection 

plate in a sweeping circuit for an 

oscilloscope are determined by solving 
dV, /dt = —sV, +f Œ — V2), 


dV2/dt = —sV» + f (E — V1). 
Use Bendixson's theorem (see Exercise 13) 
to show that this system has no limit cycles. 
Consider the relativistic equation for the 
central orbit of a planet, 
d?u/d6? + u — ku? = a, where k and a are 
positive constants,(k is very small), u — 1/r, 
and r and 0 are polar coordinates. (a) Write 
this second-order equation as a system of 
first-order equations. (b) Show that 
((1 — 4/1 — 4ka)/(2k),0) is a center in the 
linearized system. 
Consider the system of equations 
{dx/dt = P(x,y), dy/dt = Q(x,y)) where P 
and Q are polynomials of degree n. Finding 
the maximum number of limit cycles of this 
system, called the Hilbert number Hy has 
been investigated as part of Hilbert's 16th 
problem. Several of these numbers are 
known: Ho = 0, H = 0, H: > 4, 
Hg > (n — 1)/2 (if n is odd), and Hy < oo. 
Determine the Hilbert number (or a 
restriction on the Hilbert number) for each 
system: 
(a) dx/dt = 10, dy/dt = —5. 
(b) dx/dt = x — y, dy/dt = y + 1. 
(c) dx/dt = y? — 2xy, dy/dt = x? + y?. 
(d) dx/dt = x + 57, dy/dt = 10x7 + y^. 
In a mechanical system, suppose that x(t) 
represents position at time t, K kinetic 
energy, and V potential energy, where 
K = 1/2m(x)(dx/dt)? (m(x) is a positive 
function) and V = V (x). If the system is 


18. 


19. 


20. 
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conservative, then the total energy E of the 
system remains constant during motion, 
which indicates that 1/2m(x)(dx/dt)* = E. 
Show that with the change of variable 

u = f /m(x) dx this equation becomes 
d*u/dt*? + Q'(u) = 0, where 

Q'(u) = V'(x)/./m(x). This means that an 
equation of the form d?x/df? — f(x) isa 
conservative system, where f is a function 
representing force per unit mass that does 
not depend on dx/dt. 

Consider the conservative system 

d?x "i di? = f(x) in which f is a continuous 
function. Suppose that V(x) = — f f(x) dx so 
that V'(x) = —f (x). (a) Use the substitution 
dx/dt = y to transform d?x/dt? = f (x) into 
the system of first-order equations 

(dx/dt = y, dy/dt = —V’(x)}. (b) Find the 
equilibrium points of the system in (a). 
What is the physical significance of these 
points? (c) Use the chain rule and dx/dt = y 
to show that dy/dt = y dy/dx. (d) Show that 
the paths in the phase plane are 

y? + 2V(x) =C. 

(See Exercise 18.) What are the paths in the 
phase plane if V(x) = 1x?? How does this 
compare with the classification of the 
equilibrium point of the corresponding 
system of first-order equations? Notice that 
if V has a local minimum at x — a, the 
system has a center at the corresponding 
point in the phase plane. 

(See Exercise 18.) What are the paths in the 
phase plane if V(x) = —4x?? How does this 
compare with the classification of the 
equilibrium point of the corresponding 
system of first-order equations? Notice that 
if V has a local maximum at x — a, the 
system has a saddle at the corresponding 
point in the phase plane. 

Use the observations made in Exercises 
19-20 concerning the relationship between 
the local extrema of V and the classification 
of equilibrium points in the phase plane to 
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23. 


24. 


25. 


classify the equilibrium points of a 
conservative system with (a) V'(x) = x? — 1; 
(b) V'() = x — x3. 

Which of the following physical systems are 
conservative? (a) The motion of a pendulum 
modeled by d?x/dt? + sin x = 0. (D) A 
spring-mass system that disregards 
damping and external forces. (c) A 
spring-mass system that includes damping. 
Consider a brake that acts on a wheel. 
Assuming that the force due to friction 
depends only on the angular velocity 

of the wheel, d6/dt, we have 

Id?0/df? = —FR sgn (d6/dt) to describe the 
spinning motion of the wheel, where R is 
the radius of the brake drum, F is the 
frictional force, I is the moment of inertia of 
1x>0 

0,x=0 

—1,x <0 

(a) Let d0 /dt = y and transform this 
second-order equation into a system of 
first-order equations. (b) What are the 
equilibrium points of this system? (c) Show 
that d?0/dt = (d0/dt)(d/d0)(d0/dt). (d) 
Use the relationship in (c) to show that the 
paths in the phase plane are 

I(d0/dt)? = —2FR0 + C, dé/dt > 0 and 
1(d@/dt)? = 2FR0 + C, d6/dt < 0. What are 
these paths? 

The equation d?x/d£? + k? sin x = 0 that 
models the motion of a pendulum is 
approximated with 

d^x/d£ +K? (x — 133) = 0. Why? Write this 
equation as a system, then locate and 
classify its equilibrium points. How do 
these findings differ from those of 

d?x/df? + k? sin x = 0? 

Consider the system 


x «y-x(1- 2-53 -2) 


the wheel, and sgn(x) — 


y =-x+y (1 eg ey 2 ( denotes d/dt). 


z -0 


26. 
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(a) Show that (x? + y? + z2y = 0 if 

x? +y? +2? = 1 so x? + y? + 22 = 1 is called 
an invariant set. (b) Show that a solution 
with initial point (xo, yo, zo) remains in the 
plane z = zo. Therefore, z = zo is an 
invariant set. (c) Show that the limit cycle 
for the solution with initial point 

(1/2,1/2, 1/2) is the circle x? + y? = 3/4 in 
the plane z — 1/2. 


The BVP oscillator is the system of ODEs 
dx 1 3 
— —x—-x'—y-I(t 7,1 
q tt TY tO, (7.12) 
Y = c(x + a — by). 


(a) Find and classify the equilibrium points 
of this system if I(f) =0,anda=b=c=1. 
(b) Graph the direction field associated with 
the system and then approximate the phase 
plane by graphing several solutions near 
each equilibrium point. 

Find xo > 0 so that the solution to the 
initial-value problem x' = y, 

y = —x — (x? — 1) y, x(0) = xo, y(0) = yo is 
periodic. Confirm your result graphically. 
We saw that solutions to the Lotka-Volterra 
problem, system (7.9), oscillate periodically, 
where the period T and amplitude of x(t) 
and y(t) depend on the initial conditions. 
Volterra's principle states that the time 
averages of x(t) and y(t) remain constant 
and equal the corresponding equilibrium 
values, x = c/d and y = a/b. In symbols, this 
statement is represented with 


4 7 2 3 pt 
i-a x(tdt and i-i y(#)dt. 


Use the following steps to prove that 
= 1 
I= x h yo. 


(a) Show that (d/dt)(Inx) = a — by. Hint: 
(d/dt)(In x) = (1/x)dx/dt. 


CHAPTER 7 REVIEW EXERCISES 


(b) Integrate each side of the equation 
obtained in (a) from 0 to T to obtain 
Inx(T) — Inx(0) = aT — b Jo yt. 

(c) Follow steps similar to those outlined in 


(a) and (b) to prove that x — > [n x(t)dt. 


CHAPTER 7 SUMMARY: ESSENTIAL 
CONCEPTS AND FORMULAS 


L-R-C Circuits: L-R-C Circuit with One or 
Two loops 

Spring-Mass Systems 

Diffusion through a Membrane 

Mixture Problem with Two Tanks 
Population Problems 

Predator-Prey (Lotka-Volterra System 
Van-der-Pol's Equation (System) 
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. Solve the one-loop L-R-C circuit with 
L=1H,R=5/32,C =3/2F, 

Q(0) = 10 C, I(0) = 0A, and 
(a) Ed) 2 0V; (b) E® =e V. 

. Solve the one-loop L-R-C circuit with 
L=3H,R=109,C=1/10F Q(0) = 0C, 
I(0) = 0A, and (a) E(t) = 120 V; 

(b) E(t) 2 120sint V. 

. Solve the two-loop L-R-C circuit with 
L=1HĦ, Ri = R =19,C=1F 
Q(0) = 106 C; I5(0) = 0 A, and 
(a) E(t) = OV; (b) E(t) = 120 V. 

. Solve the two-loop L-R-C circuit with 
L =1HĦ, Rı = R =1Q9,C =1F Q(0) = 0C, 
h0) = 0A, and (a) E(t) = 120e7*/? V; 

(b) E(t) = 120 cost V. 

. Transform the second-order equation to a 
system of first-order equations and classify 
the systems as undamped, overdamped, 


10. 


11. 


12. 
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underdamped, or critically damped by 
finding the eigenvalues of the 
corresponding system. Solve with the initial 
conditions x(0) = 1, dx(0)/dt = y(0) = 0. 

(a) x" + 2x’ +x = 0; (b) x" + Ax = 0. 


. Transform the second-order equation to a 


system of first-order equations and classify 
the system as undamped, overdamped, 
underdamped, or critically damped by 
finding the eigenvalues of the 
corresponding system. Solve with the initial 
conditions x(0) = 0, dx(0)/dt = y(0) = 1. 

(a) x" + Ax = 0; (b) 4x” + 16x’ + 7x = 0. 


. Solve the diffusion problem with one 


permeable membrane with P — 1/2, 
V1 = V2 = 1, x(0) = 5, and y(0) = 10. 


. Solve the mixture problem with two tanks 


with R = 4gal/min, V, = V2 = 80 gal, 
C = 3lb/gal, x(0) = 10, and y(0) = 20. 


. Investigate the behavior of solutions of the 


two-dimensional population problem with 
ü1 = 3, a2 = 1, by = 3, bo = 1, x(0) = 20, 
and y(0) = 10. 

Investigate the behavior of solutions of the 
two-dimensional population problem with 
a = 1, ~a = 2, bı = 1, b2 = 1, x(0) = 4, and 
y(0) = 8. 

Solve the three-dimensional population 
problem with a, = 2, a, = 1,43 = 4, b, = 6, 
b, = 4, b3 = 5, c1 = 2, &2 = 8, c3 = 4, 

x(0) = 4, y(0) = 4, and z(0) = 8. 

The nonlinear second-order equation that 
describes the motion of a damped pendu- 
lum is d?x/dt? + bdx/dt +g/Lsinx=0. 

(a) Make the substitution dx/dt = y to write 
the equation as the system 


dx /— 

di c 

dy — g. 
ae by — y sinx. 


(b) Show that the equilibrium points of the 
system are (rz, 0), where n is an integer. 
(c) Show that if n is odd, then (177,0) isa 
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saddle. (d) Show that if n is even, then 
(rz, 0) is either a stable spiral point or a 
stable node. 

Suppose that the predator-prey model is 
altered so that the prey population x(t) 
follows the logistic equation when the 
predator population y(t) is not present. 
With this assumption, the system is 


dx/dt = ax — kx? — bxy, 
dy/dt 2 —cy 4- dxy, 


where a, b, c, d, and k are positive constants, 
a + k, and the ratio a/k is much larger than 
the ratio c/d. Find and classify the 
equilibrium points of this system. 
(Production of Monochlorobenzene) The Ajax 
Pharmaceutical Company has often thought 
of making its own monochlorobenzene 
C.Hs5Cl from benzene C6H6 and chloride 
Cl» (with a small amount of ferric chloride 
as a catalyst) instead of purchasing it from 
another company. The chemical reactions 
are 


C6H6 + Cl; —> C¿H5Cl + HCI, 
Co6Hs5Cl + Cl; —> CgH4Cl, + HCI, 
C6H4Cl2 + HCl, — Co6HaCls + HCl, 


where HCl is hydrogen chloride, C¿H4ClL) is 
dichlorobenzene, and C¿H4Clz is 
trichlorobenzene. Experimental data 
indicate that the formation of 
trichlorobenzene is small. Therefore, we will 
neglect it, so the rate equations are given by 


—dxA/dt = kixa, 
dxp/dt = k1x4 — koxp, 


where x, is the mole fraction 
(dimensionless) of benzene and xp is the 
mole fraction of monochlorobenzene. The 
formation of trichlorobenzene is neglected, 
so we assume that xc, the mole fraction of 
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dichlorobenzene, is found with 
xc = 1 — x4 — Xp. 

The rate constants kı and k have been 
determined experimentally. We give these 
constants in the following table.! 


40°C 55°C 70°C 
kı (nt) 0.0965 0.412 1.55 
ko (h7)) 0.0045 0.055 0.45 


If x4(0) = 1 and xg(0) = 0, solve the system 
for each of these three temperatures. Graph 
XA(t) and xp(t) simultaneously for each 
temperature. Is there a relationship between 
the temperature and the time at which 

xB(t) > xA(t)? 

(The Róssler Attractor) The Róssler attractor is 
the system 


dx/dt = —y — z, 
dy/dt = x + ay, 
dz/dt = bx — cz + xz. 


(7.13) 


Observe that system (7.13) is nonlinear 
because of the product of the x and z terms 
in the z' equation. 


See texts like Jordan and Smith's Nonlinear 
ODEs [16], for discussions of ways to analyze 
systems like the Róssler attractor and the Lorenz 
equations. 


If a = 0.4, b = 0.3, x9 = 1, yo = 0.4, and 
z(0) = 0.7, how does the value of c affect 
solutions to the initial-value problem 


dx/dt 2 —y —z 
dy/dt = x + ay ? 
dz/dt = bx — cz + xz 
x(0) = xo, yO) = yo, z(0) = zo 


(7.14) 


1S.W. Bodman, The Industrial Practice of Chemical Process Engineering, MIT Press, Cambridge, MA, 1968, pp. 18-24. 
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Suggestion: Numerically solve the system for 
c — 1.4, 2.4, 2.6, 3.4, and 3.44. Then generate 
two dimensional plots of (t, x(t)), (Ly), 

(t, z), (x), y), CO, z6), and yE, zE) 
and three dimensional plots of (t, x(t), y(t)), 
(t, x(t), z(£)), (t, y (D, z (D), and (x(D, y6), z (0). 
Explain why the result for c — 1.4 is called a 
limit cycle, for c — 2.4 is called a two-cycle, for 
c = 2.6 is called a four-cycle, and for c = 3.4 
and for 3.44 is called chaos. 

An interesting variation of the 
Lotka-Volterra equations is to assume that a 
depends strongly on environmental factors 
and might be given by the differential 
equation 


<= cari sin (ot +9), 


where the term —ax represents the loss of 
nutrients due to species x; à, k, œ, and $ are 
constants. Observe that incorporating 
Equation (7.15) into system (7.9) results in a 
nonautonomous system. 

Suppose that x(0) = y(0) = a(0) = 0.5, 
b=d=1,c=0.5,4=0.25,k = 0.125 and 
o = 0. Plot x(t) and y(t) if o = 0.1, 0.25, 0.5, 
0.75, 1, 1.25, 1.5, and 2.5. 


(7.15) 


Refer to Gray's outstanding text, Modern Differen- 
tial Geometry of Curves and Surfaces, [13] 


17. Curvature Let C be a piecewise-smooth 


curve with parametrization r(t) = (x(t), y), 
a € t € b. The unit tangent vector to C at t is 
r(t) 
T= . 7.16) 
Irc! 


The arc length function, s = s(t), is defined by 


t 
s(t) =f ¡OD | du 


- [ (y « (8) a. (717) 


18. 
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Solving Equation (7.17) for t, we have 
t — t(s) and the parametrization of C with 
respect to arc length is r(s) = (x(t(s)), y(E(s))). 
When C is parametrized by arc length, 
\|r’(s) || = 1 so the unit tangent vector (7.16) 
is given by T(s) = r'(s). The curvature of C, 
k (s), is 
dT 

k(s) = | ds | (7.18) 
Thus, for the curve C parametrized by arc 
length, « (s) = |[r"(s)|. 

Conversely, a given curvature function 
determines a plane curve: the curve C 
parametrized by arc length with curvature 
k (s) has parametrization r(s) = (x(s), y(s)) 
where 


dx/ds = cos 0, 
dy/ds = sin 0, 
d0/ds =k, 


x(a) —c, 


(7.19) 


y(a) =d, 90(0)- ðo. 


You can generate stunning curves by 

specifying a curve function. For each of the 

following curvature functions, « (s), plot the 

curve C, (x(s), y(s)) for —40 « s < 40 (or 

other appropriate s values) if 

x(0) = y(0) = 0(0) =0. 

(a) «(s) = e™ + e. 

(b) «(s) = s + sins. 

(c) x (s) = sJ1 (s) (J1 (x) denotes the Bessel 
function of order 1). 

(d) x(s) = sJ2 (8) (J2 (x) denotes the Bessel 
function of order 2). 

(e) «(s) = s sin (sin s). 

(f) «(s) = |s sin (sin s)|. 

(Tumor and Organism Growth) When 

considering the growth of tumors, 

researchers have discovered that cells on the 

outer surface of the tumor are more likely to 

grow because they have better access to 

nutrients and oxygen external to the tumor. 

Therefore, if the tumor is assumed to be 

shaped like a sphere, then the ratio of the 
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surface area to the volume is given by 
47r? / 2101? = 3, where r is the radius of the 
tumor. This indicates that the growth rate 
decreases as r increases. Assuming that the 
volume of the tumor increases at a rate 
proportional to its total volume while the 
growth rate decreases as the radius 
increases, we can model the growth of the 
tumor with the IVP (dV/dt — r(t)V, 
dr/dt= — kr, V(0) = Vo,r(0) = ro}. Show 
that the solution to this system is 

Vit) = exp((ro/k) — (ro/K)e7" + In Vo). 


DIFFERENTIAL EQUATIONS 
AT WORK 


A. Competing Species 
The system of equations 
dx/dt = x (a — bix — bay), 
dy/dt = y (c — dix — doy), 


where a, by, ba, c, di, and d» represent positive 
constants, can be used to model the population 
of two species, represented by x(t) and y(t), com- 
peting for a common food supply. 


(7.20) 


1. (a) Find and classify the equilibrium points 
of the system ifa = 1, bı = 2, b; = 1,0 — 1, 
dı = 0.75, and dz = 2. (b) Graph several 
solutions by using different initial 
populations parametrically in the phase 
plane. (c) Find lim, oo x(t) and limi, y(t) if 
both x(0) and y(0) are not zero. Compare 
your result to (b). 

2. (a) Find and classify the equilibrium points 
of the system if a = 1, bı = 1, b2 = 1, c = 0.67, 
dı = 0.75, and d» = 1. (b) Graph several 
solutions by using different initial 
populations parametrically in the phase 
plane. (c) Determine the fate of the species 
with population y(t). What happens to the 
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species with population x(t)? What happens 
to the species with population y(t) if the 
species with population x(f) is suddenly 
removed? (Hint: How does the term —d1xy 
affect the equation dy/dt = y(c — dx — doy) 

3. Find conditions on the positive constants a, 
bı, bo, c, dı, and d» so that (a) the system has 
exactly one equilibrium point in the first 
quadrant and (b) the system has no 
equilibrium point in the first quadrant. (c) Is 
it possible to choose positive constants a, b1, 
bz, c, d, and d» so that each population 
grows without bound? If so, illustrate 
graphically. 


B. Food Chains 


The food chain in the ocean can be divided 
into five trophic levels, where the base level is 
made up primarily of seaweeds and phytoplank- 
ton. Suppose that x; (f) represents the size of this 
base level population and let x? (f) represent that 
of the second level in the food chain, which feeds 
on the base level.? In the absence of the second 
level, assume that x; (t) follows the logistic equa- 
tion. However, an interaction between members 
of the first two levels of the food chain prohibits 
growth of x4(t), and it enhances that of x2(t). In 
addition, assume that x» (t) decays exponentially 
without the food supply of the base level. There- 
fore, we model this situation with 


dx4/dt = ax, — bx? — CX1X2, 
dx2/dt = —dx» + ex1x2. 


(7.21) 


1. Show that the equilibrium solution of this 
system is (d/e, (ae — bd)/(ce)). 

2. Suppose that a = 36, b = 4, c = 2, and d = 1. 
What is the equilibrium solution in this 
case? 

3. Numerically solve the system using the 
initial populations x; (0) = 3 and x2(0) = 2 


?]. Raloff, How Long Will We Go Fishing for Dinner? Science News, 153, 1998, 86. 
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and graph these functions on the same set 
of axes. What is lim;_,  x1(£)? What is 
lim; oo x2(t)? Describe the corresponding 
physical situation. At how many values of t 
does x1(t) = x2 (t)? 


. Repeat part 3 using x1(0) 2 1 and x2(0) =2. 


Suppose that we harvest the base level at 
the rate h. The system becomes 


dx¡/dt = axı — bx? — Cx1Xx2 —h, 


dx2/dt = —dx2 + ex1x2. (7.22) 


. Solve system (7.22) if a = 36, b =4,c = 2, 


d=1,h=10, x1(0) = 1and x?(0) = 2. 
Compare the solution to that obtained in (4). 


. How does harvesting affect the 
populations? 

. Repeat (5) with / = 20. Compare the results 
with those of (5). 


. Repeat (5) with h 2 25. Compare the results 


with those of (5) and (7). 


. Repeat (5) with h 2 26. Compare the results 


with those of (5), (7), and (8). 
Suppose that we harvest the second level 
at the rate h. Then system (7.20) becomes 


dx1/dt = axı — bx? — CX1X5, 
dx2/dt = —dx» + ex1x2 — h. (7.23) 


Solve system (7.23) if a =36,b=4,c=2, 
d=1,h=1,x,(0) = 1, and x2(0) = 2. 
Compare the solution to that obtained in 
(6). How does harvesting affect the 
populations? 

Solve system (7.23) if a = 36, b =4,c = 2, 
d —1,h —4,x1(0) = 1, and x2(0) = 2. 
Compare the solution to that obtained in 
(10). 

Solve system (7.23) if a = 36, b =4,c = 2, 
d=1,h=4.5,x1(0) = 1, and x2(0) = 2. 
Compare the solution to that obtained in 
(10) and (11). 

Suppose that we consider all five trophic 
levels in the food chain, where we let x3(t) 
represent the size of the population at the 
third level, x4(t) that at the fourth level, and 


13. 


14. 
15. 
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x5(t) that of the fifth (or top) level. This 
situation is modeled with the system 
dx1/dt = a1x1 — mx? — (3X1X2, 
dx2/dt = —b1x2 + b2x1x2 — baxoxa, 
dx3/dt = —C1X3 + C2X2X3 — eaxaxa, (7.24) 
dx4/dt = —d1X4 + doxax4 — daxaxs, 
dx5/dt = —e1xs + eox4xs. 


Notice that we assume each level benefits 
from an encounter with a member of the 
next lower level. 
Suppose that a1 = a2 = a3 = 1, 
bi=b=b3=1,c¡=c2=C3=1, 
dı = d = d3 = 1, e = l? = l3 = 1, x1 (0) — 2, 
x2(0) = 3, x3(0) = 8, x4(0) = 10, and 
x5(0) = 12. Numerically solve system (7.24) 
using the initial populations and graph 
these functions on the same set of axes. 
Determine lim, oo x1 (t), limi oo X2 (t), 
limi. x3(6), lim; >0 x4 (0), and 
limi. oo x5 (£)? Describe the corresponding 
physical situation. 
Repeat (13) with a5 — 2. 
Repeat (13) with a3 = 10. 

If we fish at the base level at rate h, we 
obtain the system 


dx1/dt = a1x1 — mx? — 43X1X2 — h, 
dx2/dt = —b1x2 + b2x1x2 — baxoxa, 
dx3/dt = —C1X3 + C2X2X3 — eaxaxa, (7.25) 
dx4/dt = —d1X4 + doxax4 — daxaxs, 


dxs/dt = —e1xs + eox4xs. 


Suppose that h = 1,44 = 10,45 =a3 — 1, 
bi=b=b3=1,c=C2=c3=1, 

dy = d = d3 = 1, e1 = l? = l3 = 1, x; (0) = 2, 
x2(0) = 3, x3(0) = 8, x4(0) = 10, and 

x5(0) = 12. Numerically solve system (7.25) 
using the initial populations and graph 
these functions on the same set of axes. 
Determine lim, oo x4 (t), limi. oo X2 (t), 
limi. x3(6), limi oo x4(t), and 

lim; oo x5 (£)? Describe the corresponding 
physical situation. 
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Flow rate q Flow rate q 
Concentration cj; ——| Volume V Concentration c 
Temperature Tin Temperature T 


Tank 
FIGURE 7.13 Continuous-flow stirred tank reactor. 


17. Suppose that we fish at the third level at 
rate h = 8 and the other values are the same 
as in (16). How does this form of harvesting 
affect the population sizes? 


C. Chemical Reactor 


Consider the continuous-flow stirred-tank re- 
actor shown in Figure 7.13. In this reaction, a 
stream of chemical C flows into the tank of vol- 
ume V, and products as well as residue flow out 
of the tank at a constant rate q. Because the reac- 
tion is continuous, the composition and temper- 
ature of the contents of the tank are constant and 
arethe same as the composition and temperature 
of the stream flowing out of the tank. Suppose 
that a concentration Cin, of the chemical C flows 
into the tank and a concentration c flows out of 
the tank. In addition, suppose that the chemical 
C changes into products at a rate proportional to 
the concentration c of C, where the constant of 
proportionality k(T) depends on the temperature 
T, k(T) = Ae-?/T, Because 


Rateofchange| _ 
(S amount of 3 = (Rate in of C) — 
Rate that 
C disappears |, 
by the reaction 


(Rate out of C) — 


we have the differential equation? 


d 
ai (Vc) = Cin — qc — Vk(T)c. 


1. Show that if V is constant, then this equation 
is equivalent to 
dc/dt — qv (Cin — c) — k(T)c. 

2. In a similar manner, we balance the heat of 
the reaction with 


E of change 


of heat Bend = (Rate in of heat) 


— (Rate out of heat) — e n] 


by cooling 
Heat produced 
by reaction j` 


Let Cp be the specific heat so that the heat 
content per unit volume of the reaction 
mixture at temperature T is CpT. If H is the 
rate at which heat is generated by the 
reaction and VS(T) is the rate at which heat is 
removed from the system by a cooling 
system, then we have the differential 
equation 


dT 
VCp Gp = 4CpTin — qCpT — VS(t) + HKVKT)c, 


where Tin is the temperature at which the 
chemical flows into the tank. Solve this 
equation for dT/dt. 


3. The equations in (1) and (2) form a system of 


nonlinear ODEs. Show that the equilibrium 
point of this system satisfies the equations 


V HV 
Cin — € = —ck(T) and T — Ti, = —-ck(T), 
q qCp 
if we assume there is no cooling system. 
Solve the first equation for c and substitute 
into the second equation to find that 


H Vein 


T- Tin = ———— —— 
mm qCp + VCpk(T) 


k(T). (7.26) 
We call values of T that satisfy this equation 


steady state temperatures. 


3Applications in Undergraduate Mathematics in Engineering, Mathematical Association of America, Macmillan Company, 
New York, 1967, pp. 122-125. W. Fred Ramirez, Computational Methods for Process Simulation, Butterworths Series in 


Chemical Engineering, Boston, 1989, pp. 175-182. 
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4. If Tin = 1, HVCin = VC, = qCp = 1, and 
k(T) = e1/T graph y = T — Tin and 
y = HVCin/(qCp + VCpk(T))k(T) to 
determine the number of roots of 
Equation (7.26). 

5. If Tin = 0.15, HVein = 1, VCp = 0.25, 
qCp = 0.015, and k(T) = e~9/7 graph 
y = T — Tin and 
y = HVCin/(qCp + VCpk(T))k(T) to 
determine the number of roots of 
Equation (7.26). How does this situation 
differ from that in (4)? 

6. Notice that y = T — Tin describes heat 
removal and y = HVCin/(qCp + VCpk(T))K(T) 
describes heat production. Therefore, if the 
slope of the heat production curve is greater 
than that of the heat removal curve, the 
steady state is unstable. On the other hand, if 
the slope of the heat production curve is less 
than or equal to that of the heat removal 
curve, then the steady state is stable. Use this 
information to determine which of the 
temperatures found in (4) and (5) are stable 
and which are unstable. What do the slopes 
of these curves represent? 

7. Approximate the solution to the system of 
differential equations using the parameter 
values given in (4) and (5). Does the stability 
of the system correspond to those found 
in (6)? 


D. Food Chains in a Chemostat 


Simple Food Chain in a Chemostat 


The equations that describe a simple food 
chain in a chemostat are 


dS m4xS 

dt nid E a1 T S' 

OE MONE LL A 
dt a+S a2 +x 

dy  moxy 

a pax Y 


S(0) = So, x(0) = xo, yO) = yo. 
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In system (7.27), y (the predator) consumes x (the 
prey) and x consumes the nutrient S. 


See Smith and Waltman's, The Theory of the Chemo- 
stat: Dynamics of Microbial Competition [27], for a 
detailed discussion of various chemostat models. 


Now let £ = 1 — S — x — y. Then X! = —S’ — 
x —y = —(1+S+x+y) = -E so E = Xge and 
lim; E = 0. In the limit as t > œ, © = 0 = 
1— S — x — y so S = 1 — x — y and system (7.27) 
becomes 


dx mix(l-x-y) Qo oxy 
dí 1-44-x-y ay +x" 
dy a TURN. (7.28) 


dé mtx 7 
x(0) = xo, yO) = yo. 
The analysis of system (7.27) is quite technical 
but we can use a CAS to assist us carrying out a 


few of the computations needed when analyzing 
system (7.27). 


See Chapter 3 of Smith and Waltman's The Theory 
of the Chemostat: Dynamics of Microbial Competition 
[27], for a detailed analysis of system (7.27). 


1. Find the equilibrium points (or rest points) of 
system (7.27) by solving 


mxü-x-y) . "ay _ 
1-4-x-y mx ? 
mxy 
ay +x =e 


For convenience we will refer to (0,0) as Eo, 
(1 — A o) as E4 and the other rest 
my, — 1 


point as Ea. 

2. Compute the Jacobian, J, of system (7.27). 

. Find conditions so that Ey is unstable. 

4. Let Aj = aj/(mj — 1). Show that E; is stable if 
24 +42 > 1 and an unstable saddle if 
Ay 4 23 < 1. 


o 
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Incorporating a second predator, z, of x 
into system (7.29) results in 


ds — m1xS 
dt 01 + S’ 
dx mıxS moxy M3XZ 
m lt Lo = ; 
dt am-S ag+x ag+x 
dy  moxy 
== —y, 7.29 
dt m+x y ( ) 
dz m3xz 
dt aj+x ” 
S(0) = So, x(0)=xo yO)=Yo, z(0) = zo. 


In the same way as with system (7.29), we let 
x =1-S-x-—y-2. Then, X' = —X so 
lim; 55 X = 0. Substitution of X into 

system (7.29) and taking the limit £ > oo 
results in 


dx mx(l-x—y-2) .  moxy  maxz 


dt 1+a,—-x-y-z ag +x 44x 
dy  moxy 

Eos es = 7. 

dt a+x y 7.30) 
dz  maxz 


dt a54x o ^i 
S(O) = So, x(0) = xo, yO) = yo, z(0) = zo. 


System (7.30) can exhibit very interesting 
behavior. 

. Let ay = 0.3, a2 = 0.4, mı = 8, m = 4.5, and 
m3 = 5.0. If x(0) = 0.1, y(0) = 0.1, and 
z(0) = 0.3, how does varying a3 affect the 
solutions of system (7.30)? Suggestion: Let a3 
range for 30 equally spaced values from 0.35 
to 0.55 For each value of a3, solve the system 
and plot (x,y,z) for 0 < t < 60 and display 
the results together. 

In system (7.27), y preys on x. Incorporat- 
ing a predator z of y into system (7.27) results 
in 

dS s myxS 
dt — a +s’ 
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dx | mjxs moxy 

d! a+S mix 

dy _ Moxy ge m3yz ] (731) 
dt a+x d3 +y 

dz  mayz 

dí ay 


As with system (7.27), in the limit as t > oo, 
S = 1 — x — y — z so system (7.31) can be 
rewritten as 


d 
= =x [f (1 -x-y-2 —-1] -yR 0, 
d 
E = y [60 — 1] - zf), (7.32) 
dz 
q eo - 1) 
where 
Miu 
f= T (7.33) 


Of course, rigorous analysis of system (7.32) 
is even more complicated than the analysis of 
system (7.27). 


. Let ay = 0.08, a2 = 0.23, mı = 10, m; = 4.0, 


and m3 = 3.5. If x(0) = 0.3, y(0) = 0.1, and 
z(0) = 0.3, how does varying 43 affect the 
solutions of system (7.32)? Suggestion: Follow 
the same approach as in (5). Use a3 = 0.3, 
0.26, 0.24, 0.22, and 0.2. Plot for 50 « t « 60 
and then for 975 < t < 1000. Explain why we 
say that the solution looks chaotic if az = 0.2. 


E. The Róssler System and Attractor 


dx 
e 

The Róssler system* Y =x+ay is 
d 


a 
di (x — c) 


a non-linear system of ODE's that was studied 


^B. Abdelkrim, M. Naim, Generalized chaos control and synchronization by nonlinear high-order approach, Mathe- 


matics and Computers in Simulation 82, 2012, 2268-32281. 
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by Otto Róssler, a German biochemist known for 
his work in chaos theory. The parameters a, band 
c are positive. 


1. Analyze the system in the xy-plane by 
assuming that z = 0. Show that the origin 
(0, 0) is an equilibrium solution and that the 


Jacobian ( Fa ) has eigenvalues 


M2= (a + ya? — 4) /2. For what values of a 


are the eigenvalues complex? Do the 
eigenvalues indicate that the origin is stable 
or unstable? 

2. Find the equilibrium solutions of the original 
system and find the eigenvalues associated 
with each equilibrium solution. One of the 
equilibrium points resides in the center of the 
attractor while the other is more remote. Use 
a computer algebra system to determine 
which is more central to the attractor. 
Assume the values of a = 0.2, b = 0.2, and 
c = 5.7 with initial conditions x(0) = 2, 

y(0) =2 and z(0) =3. 


E Cell Dynamics in Colon Cancer 


In order to model colon cancer, we must un- 
derstand how tumor growth occurs in the colon, 
which has 107 crypts (or invaginations in the 
lining of the colon) to help prevent uncontrolled 
growth of cancer cells. Each crypt has stem cells 
at its base, which produce a variety of cell types 
needed for tissue renewal and regeneration af- 
ter injury. Stem cells produce semi-differentiated 
cells, which migrate up the crypt wall to the 
surface; along the way, these cells differentiate 
into several types of cells. Once they reach the 


surface, these cells either die or are transported 
away. To build a basic model, we divide the cells 
into three groups, stem cells, semi-differentiated 
cells and fully differentiated cells, denoted by 
No, N1 and No, respectively. 

We assume that a fraction o of the stem cells 
die, a fraction o4, differentiate and a fraction 
o» renew. This yields the ODE dNo/dt = 
(a3 — a1 — 0/2) Ng. The renewed stem cells, w3No, 
then contribute the N; population as does the 
renewed Nj by a fraction £3. In addition, a frac- 
tion $1 and f» die and differentiate, respectively, 
which yields dN; /dt = (83 — £1 — B2) N1--o2No. 
Similarly, the renewed cells, 82N1, contribute 
to the N2 population, whereas the fraction 
y of the N2 population dies, which gives us 
dN2/dt = B2N1 — y N2? 


1. Let a = 3 — o1 — o? and show that the 
solution to the IVP dNo/dt = «Ng, 
No(0) = Noo is No(t) = Nooe*". 

2. Use the solution in (1) to solve the IVP for 
dN4/dt with B = 63 — £81 — Bo and 
N4(0) = N40. 

3. Using the solutions in (1) and (2), solve 
dN2/dt = B2N1 — y Na. 

4. Notice that the stem cell population No(t) 
grows exponentially if « > 0 decays 
exponentially if œ < 0 or remains constant if 
a = 0. Use the fact that a; + a2 + o3 = 1 to 
show that the stem cell population size 
remains constant if a3 = I. 

5. Show that if the stem cell population size is 
constant (i.e., « = 0) then the limiting 
population sizes for Ni and Nz when £ < 0 
and y > 0 are Noo/(f4 + 85 — f3) and 
B2Noo/((a@ — Bla + y)), respectively. 


5M.D. Johnston, C.M. Edwards, A.F. Bodmer, P.K. Malni, J. Chapman, Mathematical modeling of cell population 
dynamics in the colonic crypt and in colorectal cancer, Proceedings of the National Academy of Sciences of the U.S.A. 
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In previous chapters we investigated solving 
the equation 


an (y kay (Dy +--+ (Dy bao (Dy = f (0 

(8.1) 
for y. We saw that if the coefficients an, 491, ..., 
ag are constants, a general solution of the corre- 
sponding homogeneous equation 


as (£y? -- as 3 (y 7D +- -+a (y +a9(8)y = 0 
(8.2) 


Introductory Differential Equations 
http://dx.doi.org/10.1016/B978-0-12-417219-7.00008-9 
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is determined by the solutions of an algebraic 
equation, the characteristic equation, 


1 


anr” agi. +e bart ao = 0. (8.3) 


If the coefficient functions of Equation (8.1) 
or (8.3) are not constants, the situation is more 
difficult. In some cases, as when Equation (8.1), 
is a Cauchy-Fuler equation, similar techniques 
can be used. In other cases, we might be able 
to use series to find solutions. In all of these 
cases, however, the function f(t) has typically 


Copyright © 2014 Elsevier Inc. All rights reserved. 
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been a smooth function. In cases when f(t) is 
not a smooth function, such as when f(t) is a 
piecewise-defined function, implementing solu- 
tion techniques like undetermined coefficients, 
variation of parameters, or series methods to 
solve Equation (8.1) are usually more difficult. 

In this chapter, we discuss a technique that 
transforms the differential equation (8.1) into an 
algebraic equation that can often be solved to 
obtain a solution of the differential equation, even 
if f (t) it not a smooth function. 


8.1 THE LAPLACE TRANSFORM: 
PRELIMINARY DEFINITIONS 
AND NOTATION 


* DEFINITION OF THE LAPLACE TRANSFORM 
* PROPERTIES OF THE LAPLACE TRANSFORM 


We are already familiar with several opera- 
tions (or transforms) on functions. In previous 
courses, we learned to add, subtract, multiply, 
divide, and compose functions. Another opera- 
tion on functions is differentiation, which 
transforms the differentiable function f(t) to its 
derivative. Similarly, the operation of integration 
transforms the integrable function f(t) to its 
integral. 

In this section, we introduce another opera- 
tion on functions, the Laplace transform, and dis- 
cuss several of its properties. 


Definition of the Laplace Transform 


Definition 30 (Laplace Transform). Let f (t) bea 
function defined on the interval (0,00). The Laplace 
transform of f (t) is the function (of s) 

[o] 
Fo =ciFOI= f era, 64 
provided that the improper integral exists. 

Because the Laplace transform yields a 
function of s, we often use the notation L(f(t)) = 
F(s) to denote the Laplace transform of f(t). 


8. INTRODUCTION TO THE LAPLACE TRANSFORM 


We use the capital letter (F(s)) to denote the 
Laplace transform of the function named with 
the corresponding small letter ( f (£)). 


Pierre Simon de Laplace (1749-1827), French 


mathematician and astronomer, introduced 
this integral transform in his work Théorie 
analytique des probabilités, published in 1812. 
However, Laplace is probably most famous for 
his contributions to astronomy and probability. 


The Laplace transform is defined as an 
improper integral. Recall that we evaluate 
improper integrals of this form by taking the 
limit of a definite integral: 


oo M 
f f@dt = lim Í f(Ddt or 
0 M-oo Jo 
00 M 
t) dt = li b dt, 
[ fos-, dm f ro 
if f (t) is discontinuous at t = 0. 


EXAMPLE 8.1.1 
Compute F(s) = £(f(t)) if (t) = 1. 


Solution 
Using Equation (8.4) and a u-substitution with 


u = —st so that E du — dt, we have 
oo M 
F(s) = £(1) =|! e x1dt- lim / ex 1dt 
0 M>00 Jo 


M 
1 
= lim [+] =-“ lim (e^?M — 1). 
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If s > 0, limm>o e M = 0. (Otherwise, the limit 
does not exist.) Therefore, 


F(s) 


1 1 
e= im ee =) = — =O — 1) 
S M—oo S 


-, $0. 
S 


Notice that the limit in Example 8.1.1 does not 
exist ifs < 0. This means that £{1} is defined only 
for s > 0, so the domain of £{1} is s > 0. We will 
find that the domain of the Laplace transform of 
many functions (F(s)) is restricted by the given 
function (f (t)). 


EXAMPLE 8.1.2 
Compute Z(f(t)) if f(t) = e”. 


Solution 


As before, we have 


LIO) = / e *'f(t) dt = / E tal dt 
0 0 


00 1 t=M 
= e- 6-9! dt = lim Eee] 
0 M>o| S—a t=0 


= —(s—a)M _ 1) 


lim (e 
S — A M>oo 


If s—a > 0, then limy., 4, e 6-?M = 0. Therefore, 


1 1 
pue eer cinese eese 


The formula £[e^'] = : : 


to avoid using the definition. 


can now be used 
a 


EXAMPLE 8.1.3 
Compute (a) L{e~*} and (b) L{e™}. 


Solution 
ee 
—(-3) 5 +3’ 


1 
s > —3, and (b) L{e*} = ae 5. 


We have that (a) £(e-9*) = 3 


EXAMPLE 8.1.4 
Compute F(s) = £(f(t)) if fH = t. 


Solution 
To compute F(s) = L{f()} = fy te“ dt 
we use integration by parts with u = t and 


dv =e “dt. Then, du = dt and v=-=s le * so 


F(s) 


ce M 
L{fO} = f te*dt= lim te^ * dt 


1 M 1 [^ 
lim al + lim = e dt 


M>00 S t=0 M>o S Jo 
1 
= 0— — lim [e Tg 
s2 M> 


If s > 0, limM—>œ e7M = 0. Therefore, 


F(s) = L{f} = =-5 lim (e *M 1) 


EXAMPLE 8.1.5 
Compute £ (sin t}. 


Solution 


You should verify that evaluating the improper 
integral that results requires integration by parts 
twice. 


00 M 
L{sin t} = / e *sintdt= lim e 
0 


M-»oo Jo 


St sint dt 


t=M 


lim |— e? (s sin t + cost 
dim | s$2--1 ( ) 1-0 


1 
ure lim 1 [e ~M (ssin M+ cos M) —1] 


Ifs > 0, limus eM(ssinM + cosM) = 0. 
(Why?). Therefore, 


lim [eM (s sin M + cos M) —1] 


L{sin t} = — pu 
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As we can see from these examples, the def- 
inition of the Laplace transform can be difficult 
to apply. For example, if we wanted to calculate 
L{t"} with the definition, we would have to inte- 
grate by parts n times; a time-consuming task if 
done with pencil and paper. We now investigate 
other properties of the Laplace transform so that 
wecan determine the Laplace transform of many 
functions more easily. We begin by discussing 
the linearity property, which enables us to use the 
transforms that we have already found to find 
the Laplace transforms of other functions. 

Theorem 38 (Linearity Property of the 
Laplace Transform). Let a and b be constants, and 
suppose that the Laplace transform of the functions 
f(t) and g(t) exists. Then, 


Llaf (t) + bg(t)) = aL{ f(b} + bLig(b)}. 
Proof. 


(8.5) 


L{af O+ be(t)) = i eg (af (t) + bg(t)) dt 


=a Te ett) dt+b f e e(t) dt 
0 0 
= alt f(b} + b£lg(]. 


EXAMPLE 8.1.6 
Calculate (a) L(6) and (b) £(5 — 2e). 


Solution 
(a) Using the result from Example 8.1.1 and 
the linearity property, L(6) = 6L{6} = 6 x st. 
(b) L{5 — 2e~'} = 5L{1} - 2Lfe"} 25x 1-2x 
1 NON 
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Exponential Order, Jump Discontinuities, 
and Piecewise-Continuous Functions 


In calculus, we learn that some improper in- 
tegrals diverge, which indicates that the Laplace 
transform may not exist for some functions. For 
example, f(t) = t^! grows too rapidly near t = 0 
for the improper integral fj" e *'f(t) dt to exist 
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and f(t) = e^ grows too rapidly as £ > 00 
for the improper integral [5° e~“f(t) dt to exist. 
Therefore, we present the following definitions 
and theorems so that we can better understand 
the types of functions for which the Laplace 
transform exists. 

Definition 31 (Exponential Order). A function 
y = f(t) is of exponential order b if there are 
numbers b, C > 0, and T > O such that 


O| < ce" 


for t > T. 

In the following sections, we will see that the 
Laplace transform is particularly useful in solv- 
ing equations involving piecewise or recursively 
defined functions. 

Definition 32 (Jump Discontinuity). A func- 
tion y = f(t) has a jump discontinuity at t = c 
on the closed interval [a,b] if the one-sided limits 
lim, ¿+ f (t) and lim; c- f (t) are finite, but unequal, 
values. y = f (t) has a jump discontinuity at t = a 
if lim, ,4- f (t) is a finite value different from f (a). 
y = f(t) has a jump discontinuity at t = b if 
lim, ,;- f (t) is a finite value different from f (b). 

Definition33 (Piecewise Continuous). Afunc- 
tion y — f(t) is piecewise continuous on the finite 
interval [a,b] if y = f(t) is continuous at every 
point in [a, b] except at finitely many points at which 
y = f (t) has a jump discontinuity. 

A function y = f (t) is piecewise continuous on 
[0, 00) if y = f(t) is piecewise continuous on [0, N] 
for all N. 

Theorem 39 (Sufficient Condition for Exis- 
tence of C(f(D)). Suppose that y = f(t) isa 
piecewise-continuous function on the interval [0, oo) 
and that it is of exponential order b for t > T. Then, 
L [f (t) ] exists for s > b. 

Proof. We need to show that the integral 
d e *'f(t) dt converges for s > b, assuming 
that f(t) is a piecewise-continuous function on 
the interval [0,00) and that it is of exponential 
order b for t > T. First, we write the integral as 


oo T 5o 
Í e "f (t) dt = f e F(t) dt + / e*£(t) dt, 
0 0 T 
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where T is selected so that |f(t)| < Ce" for the 
constants b and C, C > 0. 


Note: In this textbook, typically we work with 
functions that are piecewise continuous and of 
exponential order. However, in the exercises, we 
explore functions that may or may not have these 
properties. 


Notice that because f(f) is a piecewise- 
continuous function, so is e *'f(f). The first of 
these integrals, 1 e *'f (tf) dt, exists because it 
can be written as the sum of integrals over which 
e ^*'f(f) is continuous. The fact that e^*'f(f) is 
piecewise continuous on [T, oo) is also used to 
show that the second integral, [7° e *'f(t) dt, 
converges. Because there are constants C and b 
such that [f (t)| < Cet, we have 


| / m e "'f(tdt| < Í T le ?'f(t)| de 
T T 


oo oo 
< cf e *telt dt = cf e 6D qt 
T T 
M 


=C lim g ED; 
M-oo JT 
1 t=M 
=C lim |=— 9 
M- oo s—b ET 
=- lim (e 40M. ¿608 
s — b M>00 


Then, if s — b > 0, limum>o e” 6- 9M = 0, so 
[0,0] 
/ e *'f(Ódt 
T 


Because both of the integrals le e *'f(t) dt and 
Sp e *'f(t) dt exist, fp e *'f(t) dt also exists for 
s — b. 


C 
< 30 s>b. 


s— 


EXAMPLE 8.1.7 


Find the Laplace transform of f(t)= 
1, 0<t<4 
Ņọpo ç Ste ` 
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Solution 


Because y = f(t) is a piecewise-continuous 
function on [0,œ) and of exponential order, 
L {f(t} exists. We use the definition and evaluate 
the integral using the sum of two integrals. 
We assume that s > 0: 


oo 4 oo 
- / fie dt= f —1xe^* dt4- / al 
0 0 4 


1 t=4 1 t=M 
= E + lim EM 
S 10 Moo S A 


= -(e® —1) 


L{f® 


— 


Il 

| 
— 
N 
i 

& 

I 
= 
— 


Theorem 39 gives a sufficient condition and 
not a necessary condition for the existence of 
the Laplace transform. In other words, there are 
functions such as f (t) = t-12 that do not sat- 
isfy the hypotheses of the theorem for which 
the Laplace transform exists (see Exercises 62 
and 63). 


Properties of the Laplace Transform 


The definition of the Laplace transform is not 
easy to apply to most functions. Therefore, we 
now discuss several properties of the Laplace 
transform so that numerous transformations can 
be made without having to repeatedly reuse the 
definition. Most of the properties discussed here 
follow directly from our knowledge of integrals 
so the proofs are omitted. 

Theorem 40 (Shifting Property). If L {f6} = 
F(s) exists for s > b, then 


L [e"f(5] = FG — a). (8.6) 
EXAMPLE 8.1.8 


Find the Laplace transform of (a) f (t) = e^? cost 
and (b) f(t) = 4te?'. 
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Solution 
(a) In this case, f (t) = cost and a = —2. Using 
S 
F(s) = £ i 
(s) {cos tj Bi 


s —a = s + 2. Therefore, 


, we replace each s with 


Le? cost} = up CIN LES : 
(s+2)24+1  s$-r4s5 


(b) Using the linearity property, we have 
L [4te%) =4£ {te}. To apply the shifting 
property we have f (t) = t and a = 3, so we replace 
sin F(s) = L {t} 2s? by s — a = s — 3. Therefore, 
4 
6-32 


B [ae*] = 


Multiplying f(t) by t", n > 0 an integer, and 
taking the Laplace transform corresponds to tak- 
ing the nth derivative of the Laplace transform of 
f(t) and multiplying by a power of —1. 

Theorem 41 (Derivatives of the Laplace Trans- 
form). Suppose that F(s) = £ | fŒ} where y = f(t) 
is a piecewise-continuous function on [0, oo) and of 
exponential order b. Then, for s > b, 


n 


d 
LFO} = CD" 


F 
; (6). (8.7) 
S 


EXAMPLE 8.1.9 


Find the Laplace transform of (a) f(t) = t cos2t 
and (b) f(t) = 2e*, 


Solution 

(a) In this case, n = 1 and F(s) = £ (cos2t) = 

S 
SET Then, 
s^-F4 

d S 
raz = eye PE 
L{tcos2t} = ( Pr (=) 


(s +4) —s x 2s e s2 —4 
(s? + 4 (82 +4)? 


1 
= = —3t = ——— 
(b) Because n = 2 and F(s) = £ [e*) n 
we have 
é? f il 2 
L 2 —3t = 1? = S 
| 2 | ( F s+3 (s +3)2 


EXAMPLE 8.1.10 
Find £ {t"}. 


Solution 

Using the theorem with £ {t"} = £L(t" x 1}, 
we have f(t) = 1. Then, F(s) = £(1) = got, 
Calculating the derivatives of F, we obtain 


dF s EE 
SES g 
d?F 

dos ca 
d?F 3x2 
me T 


d"F n! 
TO = CD's 


Recall that for nonnegative integers n, 
DI'(n 4 1)- n. 


Therefore, 


n! 
gnal 


L{t"} = £{t" x11 2 -)»"o-10" 


! ! 
on n! n! 
(-D A n+1 n+1* 
S S 


EXAMPLE 8.1.11 


Compute the Laplace transform of f(t), f'(t), 
and f" (t) if f(t) = Gt — DP. 


EXERCISES 8.1 
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TABLE 8.1 Laplace Transforms of Frequently Encountered Functions 


Ft) F(s) = L(f(t)) ft) F(s) = L(f(t)) 
1 Ls>0 n= LR A20 
1 n! 
e“ aye Pell n=1,2,... M 
sin kt a e sin kt A 
cos kt 2 e" cos kt EE 
sinh kt a e"! sinh kt —— 
cosh kt == e?! cosh kt e 
Pfon=1 2... E)” 2 L{f()} = (-1)" iT (s) 


Solution 
First, f(t) = (3t — 1)? = 27? — 274 + 9t — 1 and 
n! 
Lit") = gn S 
8! 2! 1 
LF) = 274 +275 +95 


= E (162 - 54s + 9s? — E 


By the previous theorem, £ [ f’(f)} = s£ [f(]— 
f(0). Hence, 


7 em 1 2 9 
cif) =sx zi (162 — 54s + 9 -$)-f0) 


1 
3 (162 — 54s +99? - °) +1 
9 
= Kj (18 — 6s +s*). 
Similarly, £ [f"(0] = £ { f(t)} — sf) — f (0): 
9 
BO) =o (18 — 6s + s) — sf(0) — f’(0) 
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Using the properties of the Laplace transform 


discussed here and in the exercises, we can com- 
pute the Laplace transforms of a large number of 


frequently encountered functions. See Table 8.1. 
A more comprehensive table of Laplace trans- 
forms of many frequently encountered functions 
is found on the inside cover of this textbook. 


e» EXERCISES 8.1 


In Exercises 1-16, use the definition of the 
Laplace transform to compute the Laplace trans- 
form of each function. 


1. f(t) 221 
2. fŒ) = 7e7 
3. f(E) = 2e 


4. f(t) = —8 cos 3t 
5. f (t) = 2sin2t 


1, if0<t<2 
6. f(t) = a 
f E ift>2 


0, if0<t<1 
1, ift>1 


0, iff>1 


cost, ifü xt x x/2 


&.f- Pus ifO<t<1 
ls ift > 7/2 
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O ruo 
11. f(t) = a f P" 

M uice 
13. f(t) = fe uc 10 

14. f(t) = E "d e 


15. f(t) 2 sinkt 

16. f (t) = cos kt 

17. Use the definitions, cosh kt = J(e" + e^) 
and sinh kt = 5(e — e™™) to verify each of 
the following. 
(a) L(coshkt) = s/(s? — k?) 
(b) L(sinh kt) = k/(s? — k*) 
(c) L(e* cosh kt) = (s — a)/[(s — a — K?] 
(d) £(e" sinh kt) = k/[(s — a)? — K?] 


1 , , 
18. Use the definitions cos kt — > (et y e~t) 


1. : 
and sin kt — ge" — e to verify each of 


the following. (Note that i = /—1.) 
(a) L(e* cos kt) = (s — a)/[(s — a? +1] 
(b) L(e sin kt) = k/[(s — a)? + k?] 

19. (Shifting property) Suppose that 
L(f(t)) = F(s) exists for s > a. Use the 
definition of Z (ef (t)) to show that 
Lie" (t)) = F(s — a). 


In Exercises 20-25, use the result of Exercise 19 
to compute the following. Compare your results 
with those found using Table 8.1. 


20. L{e! sin 2t} 
21. £e! cos 3t) 
22. Lle 2 cos 4t} 
23. L{e™ sin 5t} 
24. Lite?) 

25. C£ (2e 1?) 
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In Exercises 26-51, use properties of the Laplace 
transform and Table 8.1 or the table on the inside 
cover of this textbook to compute the Laplace 
transform of each function. 


26. f (t) = 28e! 
27. f (t) = —18e* 


1 
28. f(t) = g sinat 


29. f (t) = t cos 5t 

30. f (t) = 1+ cos 2t 

31. f (t) = 1+ sin 5t 

32. f(t) = te? sint 

33. f(t) = —te ! cos 2t 

34. f(t) = —6t!e7* 

l a 
35. f(t) = 5040! e 
36. fH =14+t+8P 
= 1 3 1 5 

37. f(t) =t gt tea 

38. f(t) = t*cost 

39. f(t) = t* sint 

40. f(t) = t cosh 4t 

41. f(t) = tsinh 3t 

42. f(t) = —2t cos 3t 

43. f(t) = tsin 7t 

44. f(t) = Ê sinh 6t 

45. f(t) = f? cosh 3t 

46. f(t) = e' cosht 

47. f(t) = e™ sinh 2t 

48. f(t) = —7e*' sin 2t 

49. f(t) = e?! cos 4t 

50. f (t) = e” cos 7t 

51. f(t) = e^? sin 4t 

52. Recall that the geometric series 
2 ur —a-rar t ar? 4 ---— a/(1 — r) if 
|r| « 1. (The series diverges if |r| > 1.) Also, 
recall that the Maclaurin series for f(t) = ef 
is e = 4 E =1+t+ E gf 
Take the Laplace transform of each term in 
the Maclaurin series and show that the sum 
of the resulting series converges to 
Le!) 2 1/(s — a). 


53. 


54. 


55. 
56. 


57. 


58. 


59. 


60. 


61. 
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Use the Maclaurin series 


sint = "+1 to verify that 


CO 
2n=0 (2n + 1)! 
L{sint} = 1/(s? +1). 
Use the Maclaurin series 


cost = yq en P" to verify that 


L{cos t) = s/( + 1). 

Find (a) L(cos? kt) and (b) L{sin? kt}. 

Use the identities 

sin(A + B) = sin A cos B + cos Asin B and 
cos(A + B) = cos Acos B — sin Asin B to 
assist in finding the Laplace transform of 
the following functions. 

(a) f(t) = sin(t + 7/4) 

(b) f(t) = cos(t + 73/4) 

(c) f(t) = cos(t + 7/6) 

(d) f(t) = sin(t + x/6) 

The Gamma function, V (x), is defined by 
T(x) = fy ledt, x > 0. Show that 
£(t*) 2 T(a + 1)s **D, y > —1. 

Use the result of Exercise 57 to find the 
Laplace transform of (a) f (f) = 1/4/t and 
(b) f(t) = Vf. 

(a) Use the definition of exponential order to 
show that if lim: f(He~” exists and is 
finite, f(t) is of exponential order and if 
lim; oo f(t)e7?! = oo for every value of b, 
f (D is not of exponential order. (b) Give an 
example of a function f (t) of exponential 
order b for which lim; s, f(t)e ^" does not 
exist. 

Let f (t) be a piecewise-continuous function 
on the interval [0, oo) that is of exponential 


order b for t > T. Show that h(t) = fof a) du 


is also of exponential order. 


Determine if F(s) is the Laplace transform of 


a piecewise-continuous function of 


exponential order. (a) F(s) = IU 


3s s2 
(b) F(s) = auc (c) F(s) = 4s 4-10 
(F9 = HE 
i 8241 
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62. (a) Show that f(t) = P? is of exponential 
order. (b) Show that f (t) = e^ is not of 
exponential order. (c) Is f(t) = t", where n is 
a positive integer, of exponential 
order? Why? 

63. Determine values of C and T that show that 
f(t) = (sint cos 2t)/t is of exponential 
order 1/2. 

1/n if0<t<n 

0, ift>n 

fn(t) for n = 10, 1, 1/10, and 1/100. Is fn (t) 

of exponential order? Why? (b) Evaluate 

Jo. fat) dt and lim, ,o« fo" fr dt. 

(c) Describe lim,_, 9+ fn (t). Is this limit a 

function? (d) Calculate Fa (s) = £(fa(t)) 

and then lim,,_,9+ Fn(s). Are you surprised 

by the result? Explain. Is every function F(s) 

the Laplace transform of some function 

f(t)? Why? 


64. Let f(t) = . (a) Graph 


8.2 THE INVERSE LAPLACE 
TRANSFORM 


* DEFINITION OF THE INVERSE LAPLACE 
TRANSFORM 

* PROPERTIES OF THE INVERSE LAPLACE 
TRANSFORM 


Up to now, we were concerned with finding 
the Laplace transform of a given function. Now, 
we reverse the process: If possible, given a func- 
tion F(s) we want to find a function f (t) such that 
Lt) = FG). 

Definition 34 (Inverse Laplace Transform). 
The inverse Laplace transform of the function F(s) 
is the function f (t), if such a function exists, that 
satisfies C(f (£)) = F(s). If the inverse of F(s) exists, 
we denote the inverse Laplace transform of F(s) with 


f(t) = £M F()). 


As we mentioned, there is a one-to-one cor- 
respondence between continuous functions and 
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their Laplace transforms. With this in mind, we 
can compile a list of functions with the corre- 
sponding Laplace transforms. Such a table of 
Laplace transforms, given on the inside cover of 
this textbook as well as in Table 8.1 at the end 
of this section, is useful in finding the inverse 
Laplace transform of a given function. In the 
table, we look for F(s) in the right-hand column 
to find f(t) = £-ME(s)) in the corresponding left- 
hand column. For example, the second row of the 
table indicates that £~!{4!/s°} = t* and the ninth 
row shows that £-!((s — 1)/[(s — 1)? + 16]) = 
ef cos 4t. This example illustrates shifting in the 
variable s. 


Laplace was known for his overuse of the phrase 
“It is therefore obvious that..." in his Celestial 
Mechanics. In several works, Laplace indicated the 
existence of galaxies besides the Milky Way and 
what we now call “black holes"—stars so dense 
that not even light can escape their gravity. His 
observations were made over 100 years before 
these discoveries were formally made! 


Theorem 42 (Shifting in s). If £(f(t)) = F(s) 
exists, then CM (F(s — a)) = e"'f (t). 


EXAMPLE 8.2.1 

Find the inverse Laplace transform of (a) F(s) = 
1/(s — 6); (b) F(s) = 2/(s? + 4; (c) F(s) = 6/s*; and 
(d) F(s) = 6/(s + 2)*. 
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Solution 


(a) Because L[e%) = 1/(s—6), £-! (1/(s — 6)} = 
e9'. (b) Note that L (sin 2t} = 2/(s?--22) = 2/(s? + 4), 
so £1 (2/(s? --4)) = sin2t. (c) Because L (f?) =3!/s*, 
L1{6/s*} = £. (d) Notice that F(s) = 6/(s + 2)* is 
obtained from 6/s* by substituting (s + 2) for s. 
Therefore, by the shifting property, 


6 6 
L —2t 43 = " f | | = —23 
(eem ue - 


1 S 
Find £1 4 —— | and £1 
0 in IL {=| 


Just as we use the linearity property of the 
Laplace transform to find C(af(t) + bg()) = 
a L{ f (t)}+b C(g(t)) for functions f (t) and g(t) and 
constants à and b, the inverse Laplace transform 
is linear as well. 

Theorem 43 (Linearity Property of the Inverse 
Laplace Transform). Suppose that £1 (f(s)) and 
LUG(s)) exist and are continuous on [0,oo) and 
that a and b are constants. Then, 


LUaF(s) + bG(s)) = a£ 1 (f(s)) + b£-(G(s)). 


If the functions are not in the forms presented 
in the table on the inside cover of the book or in 
Table 8.1, we can make use of the linearity prop- 
erty to determine the inverse Laplace transform. 


EXAMPLE 8.2.2 

Find the inverse Laplace transform of (a) F(s) — 
1/8; (b) F(s) = —7/(s? + 16; (c) F(s) = 1/8 — 
7/(s? + 16); and (d) F(s) = 5/s — 2/(s — 10). 
Solution 


Refer to the formulas given in Table 8.1. (a) 


1 T 1 2 1 
-üJ 54 gi = Ep cm 
E (5) 5 FER 1 (3) Pe. 


8.2 THE INVERSE LAPLACE TRANSFORM 


7| 1 | 
s? +16 


1 4 
=y 
[iza] 


af 4 
4 s2 + 42 


= a 
coq 


(c) Combining the results from (a) and (b), 


1 7 Jl 7 
gei ——À ze 
{3 zu dd BEL s2 + 16 


= =f -sin4t 
2 1 
Thus, for (d), mj? = 5L! -$ — 
s s—10 s 
2834 = 5 — 2e, 
Ix] G 


EXAMPLE 8.2.3 


Find the inverse Laplace transform of 


2s— 9 
F(s) = E 
(s) s2 +25 
Solution 


Remember to divide each term of the numera- 
tor by the denominator. 


2s —9 S 1 
£t =2£7! 9r! 
Ex (35) s? +25 


S 9 5 
=2¢71 ie 
[zx 5 [zx 


= 2cosbt — = sin5t 


=| 


Find £71 
s2 + 16 


Sometimes we must complete the square 
in the denominator of F(s) before finding 
LHE). 
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EXAMPLE 8.2.4 


bs ede |, 
s2--2s 4-5 


Solution 


Notice that many of the forms of F(s) in 
Table 8.1 and the table of Laplace transforms on 
the inside cover of this book involve a term of 
the form s? + k? in the denominator. Through 
shifting, this term is replaced by (s — a)? + I. 
We obtain a term of this form in the denominator 
by completing the square. This yields 

S S S 
$2--2s--5  (s24+2s4+1)4+4 > (s+D2+4' 


Because the variable s appears in the numerator, 
we must write it in the form (s + 1) to find the 
inverse Laplace transform. Doing so, we find that 
S " S _ (ar di 
2 +2545 (s+D2+4" (s+D2+4 


Therefore, 
pa Icd 
s?+4+2s+5 (s+1)2+4 
A s+1 | 1 = 2 | 
(s+ 1)2+4 2 (s+1)2+4 


—t 1 =P 
=e COSA FE sin 2t. 


2s 
jie £7 1I — M. 
0 id Isl 


When applicable, the following theorem is 
useful in showing that the inverse Laplace trans- 
form of a function F(s) does not exist. 

Theorem 44. Suppose that f(t) is a piecewise- 
continuous function on [0,oo) and of exponential 
order b Then, 


lim F(s) = lim Lif (t)) = 0. 


Thus, if lims- 0 F(s) 
L7! (F(s)) does not exist. 


# 0, it follows that 
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P 1 
EXAMPLE 8.2.5 18. F(s) = = > 
s“(s 
For the following functions, determine if F(s) is 35 —4 
the Laplace transform of a piecewise-continuous 19. F(s) — sís — 2) 
function of exponential order. (a) F(s) = 2s/(s — 6) 1-s 
and (b) F(s) = s?/(s? + 16). MAS TF 
3 2 
Solution 21. F(s) = s +s +4 
' . s2(s2 + 4) 
(a) lims>00 F(s) = lims>0 2s/(s — 6) = 2 Æ s+1 
0 and (b) lims_,. F(s) = lims>0s*/(s? + 16) = 22. F(s) = 


(s — 1)(2 + 1) 

23. F(s) 2 (s? + s + 2)/8? 

24. F(s) = (st — s? + 1)/só 

25. F(s) = (s? — s? + 2s — 6)/s° 

26. (a) Compute f(t) = £^! (tan! (1/s)) with 
Lit" ()} = (—1)" d" /ds" F(s) in the form 


(n = 1) 
1 d 
t | Fo} 


fO = 
Aal a 
1^ [aon G) 


(b) Show that £-! (tan^! (a/s)) = (sinat)/t. 
(c) Show that £-1(1/2 tan”! ((a + b)/s) + 
1/2 tan”? ((a — b)/s)) = (sin at cos bt)/t. 
27. (a) Use the linearity of the Laplace 
transform to compute £(a sin bt — bsinat) 


co Æ 0. In each case, lims— o F(s) 4 0, so F(s) is not 
the Laplace transform of a piecewise-continuous 
function of exponential order. 


2 
=i S a 
0 Does L EM exist? 


e» EXERCISES 8.2 


In Exercises 1-25, compute the inverse Laplace 
transform of the given function. 


1. F(s) = 1/s8 


| 

| 

| 

` 
K 


. F(s) = 1/3? 
. F(s) 2 1/(s +5) 
. F(s) = 1/(s — 3) 


and L{cos bt — cos at). (b) Use these results 
to find £-1 1/[(? + a?) (s? + b2)]) and 
£7 s/[(s? + a?) (s? + b?)]}. 


. Use the results of Exercise 27 to find (a) 


1 10s 
Š E FED? +16) | SEEN 
7 


. F(s) = 4/(s — 2? 
. F(s) 2 1/(s? +9) 
. F(s) =s/(s? + 16) 
9. F(s) = 1/(s? + 15s + 56) 
10. F(s) = 1/(s? + 12s + 61) 29 
11. F(s) 2 s/(s? — 5s — 14) 
12. F(s) = (s + 3)/(s? + 6s + 5) 
13. F(s) 2 (s — 2)/(s? — 4s) 
14. F(s) = 1/(s? + 2s — 24) 
15. F(s) = 1/(s? — 4s — 12) 


2 
8 
4 
5. F(s) = 1/(s - 6? 28 
6 
7 
8 


le tine +I 
. (a) Assume that L(f(t)) = F(s). Verify that 


Lp [re] = fj f (cdr and 


es {aro} = fa Ja f(a)da dr. (b) Use (a) 


k 
282 +1 to find £71 1 —— —— land 
16. F(s) 2 ———— s(s2 + k2) 
s(s2 + 1) f k 
2 £- 
irga +? EE m 


s(s2 +1) 
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8.3 SOLVING INITIAL-VALUE 
PROBLEMS WITH THE LAPLACE 
TRANSFORM 


In this section, we show how the Laplace 
transform is used to solve initial-value problems. 
To do this, we first need to understand how 
the Laplace transform of the derivatives of a 
function relates to the function itself. We begin 
with the first derivative. 

Theorem 45 (Laplace Transform of the First 
Derivative). Suppose that f (t) is continuous for all 
t > 0 and is of exponential order b fort > T. 
Also, suppose that f' (t) is piecewise continuous on 
any closed subinterval of [0, oo). Then, for s > b 


LF (0) =s £C (GO) — f0). 


Proof. Using integration by parts with u — e” 
and dv = f'(t) dt, we have 


f e f (t) dt 
0 
t=M 


= lim (=o +s [ero a) 
Moo 1-0 0 
—f(0) + sCCf(t)) = sLt{ f(b} — f(). 


Proof of Theorem 45 assumes that f' is a con- 
tinuous function. If we use the assumption that 
f'is continuous on 0 < t < t2 < --- tn < 00, we 
complete the proof by using 


st 


Lf 0) = 


t t 
Afi) = Í e^ E) dt + f * otf" (t) dt 
0 ty 
tot f ede 
tn 


This is the same integration by parts formula 
shown in the proof of Theorem 45 for each in- 
tegral. Now we make the same assumptions of 
f' and f" as we did of f and f, respectively, in the 
statement of Theorem 45 and use Theorem 45 to 
develop an expression for £(f" (t)): 


£f" (5) = sH} — f () 
s[sL{f(t)} — f(0)] — f (0) 
= LF) — sf(0) — f' 0). 


411 


Continuing this process, we can construct 
similar expressions for the Laplace transform 
of higher order derivatives, which leads to the 
following theorem. 

Theorem 46 (Laplace Transform of Higher 
Derivatives). More generally, if f? (t) is a contin- 
uous function of exponential order b on [0,oo) for 
i—0,1,...,n—1 and f ? (t) is piecewise continuous 
on any closed subinterval of [0, oo), then for s > b 


LOO} = UEO — 91 f) =- — 
jt (0) GN (0), 
We will use this theorem and corollary in 
solving initial-value problems. However, we can 
also use them to find the Laplace transform of a 


function when we know the Laplace transform 
of the derivative of the function. 


EXAMPLE 8.3.1 
Find £ (sin? ke). 


Solution 

We can use the theorem to find the Laplace 
transform of f(t) = sin? kt. Notice that O = 
2k sin kt cos kt = ksin 2kt. Then, because £ { f'(t)} = 
s£ { f(t)} — f0) and 


2k 212 
'(t)! = L {ksin 2kt} =k = 
UC) Lee LO 
k2 
we have n ~ sL {fŒ} — 0. Therefore, 
2k? 
FASO} = s (52 + 4k?) 


We now show how the Laplace transform can 
be used to solve initial-value problems. Typi- 
cally, when we solve an initial-value problem 
that involves y(t), we use the following steps: 


1. compute the Laplace transform of each term 
in the differential equation; 

2. solve the resulting equation for L{y(t)} = 
Y(s); and 

3. determine y(t) by computing the inverse 
Laplace transform of Y(s). 
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The advantage of this method is that through 
the use of the property 
LOO} = s" cft) SF) - — 
sf" 0) — FDO) (8.8) 


we change the differential equation to an algebraic 
equation that can be solved for £(f(t)). 


EXAMPLE 8.3.2 
Solve the initial-value problem y' — 4y = e 
y(0) — 0. 


At 
D 


0 How does the solution change if y(0) — 1? 


Solution 


We begin by taking the Laplace transform of 
both sides of the differential equation. Because 
L{y’} = sY (s) — y(0) = sY (s), we have 


Ly — 4y} = cte 


1 
Ai aes 
LENS LN) e cem 
1 
OO Em 
Ly) Liy) 
1 


Solving this equation for Y (s) yields Y (s) = WOW 
By using the shifting property with L(t) = 1/ s*,we 


have y(t)=£ | ap | = tet. 


In many cases, we must determine a partial 
fraction decomposition of Y(s) to obtain terms 
for which the inverse Laplace transform can be 
found. 


EXAMPLE 8.3.3 


Solve the initial-value problem y" — 4y' = 0, 
yO) = 3, y'(0) = 8. 
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Solution 


Let Y(s) 2 £(y(t)). Then, applying the Laplace 
transform to the equation gives us L{y” — 4y') = 
£ (0). Because 


Liy" — Ay) = £y) - ACty) 
= s?Y (s) — sy(0) — y (0) —4 (sY (s) — y(0)) 
bes m —— —oÀ 
Lily") Lily) 


and £{0} = 0 (why?), this equation becomes 


s Y (s) — sy(0) — y (0) — 4sY (s) + 4Y(0) = 0. 


Applying the initial conditions y(0) = 3 and 


y (0) = 8 to this results in 


s?Y(s) — 3s — 8 — 4sY(s) -Ax 320 or 
s(s — 4)Y(s) = 3s — 4. 


Solving for Y(s), we find that Y(s) — 5 . If 
we expand the right-hand side of this equation in 
partial fractions based on the two linear factors in 


the denominator of Y(s), we obtain zh E a + 


B Multiplying both sides of the equation by the 
denominator s(s—4), we have 3s—4 = A(s—4)+Bs. 
If we substitute s = 0 into this equation, we have 
3x0-4=A-(0-4+Bx00r-4 = —4A 
so that A = 1. Similarly, is we substitute s = 4, 


we find that 8 = 4B so that B = 2. Therefore, 
3s—4 1 


2 
s(s—4) — s oF 5-4 SO 


2 
s—4 


1 
o= |ia | = 1420. 


A partial fraction decomposition involving a 
repeated linear factor is illustrated in the follow- 
ing example. 


EXAMPLE 8.3.4 


Solve the initial-value problem y" +2y' +y = 6, 
y(0) = 5, y (0) = 10. 


8.3 SOLVING INITIAL-VALUE PROBLEMS WITH THE LAPLACE TRANSFORM 


Solution 
Let £(y(t)) 2 Y(s). Then, 


Liy" +2y +y} = L16) 
Liy"} + 2L{y'} + Liy} = 6/s 
SY(s) — sy(0) — y () 
Liy") 
+2 (sY (s) — y(0)) +Y (s) = 6/s 
E E Td. 
£y) 
(s + 2s + 1)Y(s) = 6/s + 5s + 20 
(s? + 2s + 1)Y (s) = (6 + 5s? + 20s)/s. 


Solving for Y(s) and factoring the denominator 
yields Y(s) — LÁ. In this case, the denom- 
inator contains the nonrepeated linear factor s 
and the repeated linear factor (s + 1). The partial 


fraction decomposition of Y(s) is 
5942046 A. B C 
e s am Ee 


so multiplication on each side of this equation by 
s(s + 1)? results in the equation 


5s? + 20s + 6 = A(s + 1)? + Bs(s + 1) + Cs 
or 
5s? + 20s -- 6 — (A+ Bye? + (2A -- B 4- C)s 4- A. 


Equating the coefficients, we obtain the system 


AES = 5 
Ale = 20) 
A = ©, 


which has solution A = 6, B = —1, and C = 9 so 


5s? +20s+6 6 1 9 
s(s + 1)? s stil G+ 1)2 


0 Use Laplace transforms to solve y — y — 0. 
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Therefore, 
1 El 9 
s--1  (s-E12 


yt) = c E | =6-e '49te!, 


In some cases, F(s) involves irreducible 


quadratic factors as we see in the next example. 


EXAMPLE 8.5.5 

Solve the initial-value problem y" + 4y = 
—10ef, y(0) = 2, y'(0) = 2, y” (0) = —10. 
Solution 

Let L{y(f)} = Y(s). Taking the Laplace trans- 
form of the equation and solving for Y (s) gives us, 

£(y") + A£(y) = L(-10€%) 

SOS (0) — y” (0) 
——— 


Lly") 
+4 (sY(s) — y(0)) = —10/(s — 1) 
Lly) 
( + 45)Y(s) = —10/(s — 1) 
ADS? de Ds =D 
10 
MO) => == 
6) (s— 1) (s? + As) 
2 sD) 
S9 + 4s 
De) — fis = 
Yo = S 4s — 8 


s(s — 1)(s2 + 4) 
Finding the partial fraction decomposition of 
the right-hand side of this equation, we obtain 
259—455 A B Cs+D lvi 
seme = * + 1 + gua. Multiplying each 
side of this equation by s(s — 1)(s? + 4) gives us 


28 — 4s — 8 = A(s — 1) (s? +4) 
+Bs(s? + 4) + (Cs + D)s(s — 1) 
2:945 9 — (AB Os e (A p) 
+(4A + 4B — D)s — 4A. 
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Equating coefficients yields the system of 
equations 


A+B+C=2 

-A-C+D=0 

4A -AB- D = —4 
-4A = —8, 


with solution A = 2, B = —2, C = 2, and D = 4,so 
Ds — ds — 8 4 B Cs-- D 


dse DE A s s-1 s2+4 
2 2 2s+4 
g gel” ga 
Therefore, 
2 2 2s +4 
t = L! 
yo f s—1 M 
1 1 S 
= 2-1 2p] 4 2i 
ee pem pa 
2 
De~i 
t [54] 


= 2 — 2e! + 2cos2t + 2sin 2t. 


D EXERCISES 8.3 


In Exercises 1-15, use Laplace transforms to 
solve the initial-value problems. Briefly describe 
how each equation could be solved using other 
methods such as undetermined coefficients or 
variation of parameters. 


1. y” + 11y' + 24y = 0, y(0) = —1, y'(0) = 0 

. y" + 8y' -7y =0, yO) =0, y'(0) =1 

. y” +3y' — 10y = 0, yO) = —1, y'(0) 21 

. y” — 13y' + 40y = 0, y(0) =0, y' (0) = —2 

y" y - el, y(0) = 0, y (0) =1 

y" + 4y = cos 2t, y(0) = y'(0) =0 

y" + y = ef, y(0) = y (0) = y" (0) =0 

. y® +y" =0, y(0) =y'(0) = y” (0) =0, 
y" (0) =1 


9 MO Ui i OM 


9. 


10. 
11. 
12. 
13. 
14. 


15. 


16. 


y +y" =1,y(0) 2y0 = 

y" (0) — y" (0) — 0 

y” + y = et, y(0) = y/(0) = y” (0) =0 

y" -2y +y=e*,y(0) =y'(0)=0 

y" + y = 0, y(0) = y'(0) = 0, y" (0) = 1 

y" ES y - et + et, y(0) Dx y (0) = y" (0) =0 
18y" + 27y" + 13y' + 2y = 0, 

yO) =y'(0) — 0, y"(0) =1 

18y" +27y" + 13y + 2y = 1, 

yO) =y'(0) =y"(0) =0 

(Nonconstant coefficients) Use the property 
that L(tf(t)) = —F'(s) to solve the 
initial-value problem y” + 4ty' — 8y = 4, 
y(0) = y'(0) = 0. (Hint: Applying the 
Laplace transform to each term in the 
equation yields Y'(s) + (3/s — s/4)Y (s) = 
—1/s?. Use the integrating factor u(s) = 

e/ PS) ds where p(s) = 3/s — s/4, to find that 
the solution of this linear first-order 
equation is Y(s) =s %(4+ Ce?'/5). For what 
value of C does £-! (Y(s)) exist? Substitute 
this value and find y(t) — £-MY(s)- 
28.) 


In Exercises 17-22, solve the initial-problem in- 
volving nonconstant coefficients. 


17. 
18. 
19. 
20. 
21. 
22. 
23. 


24. 


y” +3ty' — 6y 23,y(0) = y'(0) 20 

y” + 3ty’ — 6y = 0, y0) = 1,y'(0) 20 

y" +ty —2y 20,y(0) 21, y'(0) 20 

y" +ty —2y 24,y(0) = y (0) 20 

y” -2ty — 4y =2,y(0) = y (0) = 0 

y” +2ty' — 4y = 2, y(0) = 1,y'(0) 20 
Find the differential equation satisfied by 
Y(s) for (a) y” — ty = 0, yO) = 1, y'(0) = 0 
(Airy's equation) and for (b) 

(1— By" -2ty +n(n + Dy = 0, y(0) 2 0, 
y (0) = 1 (Legendre's equation). What is the 
order of each differential equation involving 
Y? Is there a relationship between the 
power of the independent variable in the 
original equation and the order of the 
differential equation involving Y? 

Show that application of the Laplace 
transform to the initial-value problem 


25. 


26. 


27. 
28. 


29. 


30. 
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(involving a Cauchy-Euler equation) 

at^y" + bty + cy = 0, y0) =a, y (0) = f 
yields as? Y" + (4a — b)sY' + Qa — b -- c)Y — 0, 
where Y (s) = L{y(t)}. Is the Laplace 
transform method worthwhile in the case of 
Cauchy-Euler equations? 
Consider the initial-value problem 
(involving Bessel's equation of order 0) 
ty" +y' + ty = 0, yO) = 1, y'(0) = 0, with 
solution Jo(t), the Bessel function of order 0. 
Use Laplace transforms to show that 
Ly) = £(Jo() = k/ys? + 1, where kis a 
constant. (Hint: L{ty"} = —d/ds (s2Y (s) — s) 
and L{ty} = —d/ds Y(s).) 
(See Exercise 25.) Use the binomial series to 


k k iv 
expand LoD) = T= = 1 G+) 
Take the inverse transform of each term in 
the expansion to show that 
Jot) = k izo po -k Use the initial 
condition Jọ(0) = 1 to show that k = 1. 
Therefore, £(Jo(t)) = 1/y s2 + 1. 

Use the method of Laplace transforms to 
solve the following initial-value problems. 
In each case, use a computer algebra system 
to assist in computing the inverse Laplace 
transform either by using a system 
command for performing the task or by 
determining the partial fraction 
decomposition. Graph the solution of each 
problem. 

y" +2y + 4y = t — e~, yO) = 1, y' (0) = — 
y" +4y + 13y =e cos3t +1, 


yO) =y (0) =1 
y" +2y' +y = 2te™ — e™, yO) = 1, 
yO) =- 
Bessel's equation is the equation 
,d 
Pot ea ug - u3y =0, 


where u > 0 is a constant, and a general 
solution is given by y = c1J, (x) + c2Y (x). 
(a) Find a and £ so that the solution of the 
equation that satisfies the conditions 
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y(0) = a and y'(0) = B is y = Ju (x). (b) 
Compute the Laplace transform of each side 
of the equation x?y" + xy' + (x? — u2)x — 0, 
substitute C{y} = Y (s), and solve the 
resulting second-order equation for u = 1, 
2, 3, 4, 5. (c) Use the results obtained in (b) 
to determine the Laplace transform of J, (x) 
for u = 1,2, 8, 4, 5. (d) Can you generalize 
the result you obtained in (c)? 

31. Consider the definition of the Laplace 
transform, F(s) = £(f(t)) = fo^ e *'f(t) dt. If 
f satisfies the conditions given in 
Theorem 10 (Laplace Transform of the First 
Derivative), we can differentiate within the 
integral with respect to s if s > a. Show that 
F'(s) = £(—tf(t)) and P"(s) = L{ f(t)). Use 
the result to generalize 
EW (s) = L{(-1)"t" fŒ} so that 
LU FO} = (71)" F9» (s). 


8.4 LAPLACE TRANSFORMS OF 
SEVERAL IMPORTANT FUNCTIONS 


e PIECEWISE DEFINED FUNCTIONS: THE UNIT 
STEP FUNCTION 

e PERIODIC FUNCTIONS 

e [MPULSE FUNCTIONS: THE DELTA FUNCTION 


Piecewise Defined Functions: The Unit 
Step Function 


An important function in modeling many 
physical situations is the unit step func- 
tion U, shown in Figure 8.1 and defined as 
follows. 

Definition 35 (Unit Step Function). The unit 
step function U(t — a), where a is a given number, is 
defined by 


0, ift<a 


U(t—a) = : 
( ) 1, ift>a 
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FIGURE 8.1 Graph of U(t— a). 


(a) (b) 
FIGURE 8.2 (a) Graph of U(t — 5). (b) Graph of U (t). 


EXAMPLE 8.4.1 
Graph (a) U(t — 5) and (b) U(t). 


Solution 
(ETE 
E 
il, ¢=25 
the jump occurs att = 5. We graph U(t — 5) 
in Figure 8.2(a). (b) Here U(t) = U(t — 0), so 
U(t) = 1fort > 0. We graph this function in 
Figure 8.2(b). 


(a) In this case, U(t — 5) = o 


The unit step function is useful in defining 
functions that are piecewise continuous. Con- 
sider the function f(f) = U(t — a) — U(t — b). 
Ift < a, then f(t) = 0-0 = 0. Ifa <t <b, 
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(a) (b) 


t=b 
(c) (d) 


FIGURE 8.3 (a) Graph of a function h(t). (b) hOU — a). 
(c) ADUE — b). (d) g(t) = hOU — a) — hu — b) = 
h(t)(t — a) — U(t — b). The graph of the function obtained 
by subtracting h(tU (t — b) from h(t)U(t — a) is the graph of 
the function h(t) between a and b. 


then f(f) = 1— 0 = 1. Finally, if t > b, then 
f( =1-1=0. Hence, U(t — a) - (t — b) = 


ift t>b 
k ee ue . Thus, we can define the 


ifa<t<b 
0, ift<a 
function g(t) = h(t), ifa<t<b using the 
0, ift>b 


unit step function as g(t) =h(H(U(t—a)—U(t- b)), 
which is illustrated in Figure 8.3. Similarly, 
g(D, ift<a 
h(t, ift>a 
can be written in terms of the unit step 
function as 
fO = gX)ut - 0) — UE — a)] hu - a) 
= gH -Ut - a) + h()ut — a). 


a function such as f(t) 
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y y 


(b) 


o 
"i 
= 
& 
~ 


A EN 


| 


> 
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J ? 


FIGURE 8.4 (a) Graph of g(t) in black and h(t) in gray. (b) Graph of g(t)[L (t—a) —U (t—b)] in black and hH [U (ta) —U (t-b)] 


in gray. (c) Graph of g(f)[U(t b)] + AHU (E 


ut 


b]. 


a) — U(t a) 


Thus, in terms of the unit step function, a func- 


0, ift<aort>c 
tion such as ft) = 4$(D, ifa<t<b is 
hit), ifb<t<c 


expressed as f(t) = g(H[U(t — a) — U(t — b)] + 
h(t)[U(t — b) — U(t — c)]. See Figure 8.4. 


Writef(t) — m 


unit step function. 


ift <1 
Li in terms of the 
ifl<t<2 


The reason for writing piecewise-continuous 
functions in terms of the unit step function is be- 
cause we encounter functions of this type when 
solving initial-value problems. Using the meth- 
ods in previous chapters, we solve the problem 
over each subinterval on which the function was 
continuous (i.e., “each piece of the function”). 
However, the method of Laplace transforms can 
be used to avoid the repeated calculations en- 
countered then. We start to explain the process 
with the following theorem. 

Theorem 47. Suppose that F(s) = £(f(t)) exists 
fors > b>0. Ifa is a positive constant, then 


L{f(t —a)u(t —a)) =e "F(s). 


Proof. Using the definition of the Laplace 
transform, we obtain 


£(f(t — au (t — a)) = etre — ay4(t — a) dt 
0 


- / e “F(t — a)U(t — a) dt 
0 ham ood 
=0 


+f e*re-oua-o dt 
ü — 


=1 


z e “F(t — a) dt. 


ü 


Changing the variables with u — t — a (where 
du = dt and t = u + a) and changing the limits 
of integration, we have 


oo oo 
Í e™SUtDf (y) du = e % / e ?"f(u) du 
0 0 


e ^fr(f(t)) =e ^F(s). 


EXAMPLE 8.4.2 


Find (a) L(U(t—a)), a > 0; (b) L{(t—3)°U (t=s)}; 
and (c) Z(sin(t — 1/6JU (t — x/6)) 


Solution 


(a) Because L(U(t— a)} = £(1 x U(t — a), 
f(t) = 1. Thus, f (t — a) = 1 and 
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LU- a)} = L{1 x U(t- a)} 


1 
eOe E 
S 


(b) In this case a = 3 and f(t) = f°. Thus, 
LIE- 3940 — s)} = eS e) 
= ex E = 120s He, 
(c) Here a = 2/6 and f (t) = sint. Therefore, 
E [sin (t = zi u (t = =)| = e775/ p (sin t) 


" = A 1 M e-75/6 
st+1 s2+1 


0 Find L{cos(t — x/6)U(t — x/6)). 


In most cases, we must calculate L(g(t) 
U(t — a)} rather than L{f(t — aut — a)). To 
solve this problem, we let g(t) — f(t — a), so 
f(t) = g(t +a). Therefore, 


LAZU (t — a)} =e “L{g(t + a)}. 


EXAMPLE 8.4.3 
Calculate (a) L{ U(t — 1)} and (b) L{sint 
u(t — n)). 
Solution 
(a) Because g(t) =P and a = 1, 
LIPU- 1) =e Li+ 1?) 


=e UP 2t 1) e? sac t 
gg ge 


(b) In this case, g(t) = sint and a = x. Notice that 
sin(t + x) = sintcosz +costsinz = — sint. 
Thus, 


L{sintU(t — x)) 


e 7? L{sin(t + x)) 
=e "5f [— sint)) 
1 e 7$ 


spal Tp: 


HS 
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0 Find L{costu(t — z)). 


From the previous theorem, it follows: 

Theorem 48. Suppose that F(s) = L{f (t)) exists 
fors > b > 0. Ifa is a positive constant and f (t) is 
continuous on [0, 00), then 


£ Me F(s)} = f(t — a) U(t — a). 


EXAMPLE 8.4.4 
Find (a) £-! [zz] and (b) £7! {sr}. 


Solution 


(a) If we write the expression e~*s~° in the form 
e F(s), we see that a = 4 and F(s) = s. 
Hence, f(t) = £7 Us?) = 1? and 


e e-45 


= t0 UA 
= g(t- Au - 4). 


(b) In this case, a = 2/2 and F(s) = 1/(s? + 16). 
Then, f(t) = £-1{1/(s? + 16)} = } sin 4t and 


fe [55] -f(t- 2)u(t- 7) 
ETE 


= isi (at — 22) u(t - T 


-" T sinstu (+- >). 


With the unit step function, we can solve 
initial-value problems that involve piecewise- 
continuous functions. 
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EXAMPLE 8.4.5 


1, Qm s 
Solve y” + 9y = | e subject to 
0, tm 
y(0) =y'(0) — 0. 
Solution 


To solve this initial-value problem we must 
i, Uara 
0 t>z : 
Because this is a piecewise-continuous function, 
for t > 0 we write it in terms of the unit step 
function as 


f 


compute L{f(f)}, where f(t) = | 


1 x [U -— 0) -U(t — 2)] +0 x (t — r) 
ut) -u(t - x) 21-U(t — x). 


Then, 


ets 


1 
£ft) = ca-u m 


Hence, applying to the differential equation 
gives us 


£t) + 9L{y} = ctf) 
s*Y(s) — sy(0) 


; E 1 * ers 
y (0) +9Y(s) = = - — 
S S 
(s? + 9)Y(s) = LN e 
S S 
Y(s) EUN 


= s(49) s6249) 
Then, 


— p- — fp-1 1 | 
O gl et [xs 


1 en? 
— RAP. 
| s(s? + 9) | 
Consider £7! | E. 
a = x and F(s) = 1/[s(s? + 9)]. Now, f(t) = 
L-MEF(s) can be found with either a partial 
fraction expansion or with the formula 


xe ees] paeem] 
JO = s(s2 + 9) =| s2 +9 


| .Inthe form of £7! [e ^F(s)], 


i 
= f ada 


1 cos 3o. |' A 1 1 E 

aah o CMS 
Then with cos(3t — 3m) =  cos3tcos3x + 
sin 3t sin 3m = — cos 3t, we have 


el emu 1 1 
fe, SEG) = 9 y cost 32) | U(t — x) 


=cos 3(t—7) 
ds dl 
= (5 == 9 cos3t) U (t — x). 


Combining these results yields the solution 


y s(s? + 9) 


| E euis 
E Re +9) | 


m cos 3t rnt cos t | U(t ) 

9 9 9 9 dA 
Notice that without using the unit step function, 
U, we can rewrite this function as a piecewise 
defined function as 


£(Y(g)2 rc [xl 


() = § — à cos3t, O<t<xr 
” —$ cost, t> 71 


which is graphed in Figure 8.5. 


Periodic Functions 


Another type of function that is encountered 
in many areas of applied mathematics is the 
periodic function. 

Definition 36 (Periodic Function). A function 
f (D is periodic if there is a positive number T such 
that f (t-- T) =f (t) for all t > 0. The minimum value 
of T that satisfies this equation is called the period of 
"no 

The calculation of the Laplace transform of 
periodic functions is simplified through the use 
of the following theorem. 
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FIGURE 8.5 Graphs of three solutions of y” + 9y = U(t) 


solution that satisfies y (0) = 0? 


Theorem 49 (Laplace Transform of Periodic 
Functions). Suppose that f (t) is a periodic function 
of period T and that f (t) is piecewise continuous on 
[0, oo). Then, £1 f (t)) exists for s > 0 and is given by 
the definite integral 


1 T 
LO) = el e *'f(t) dt. 


Proof We begin by writing £(f(D) = 
JS? e*'f (Df (b dt as the sum L{f()} = fo ef) 
dt + fr^ e *'f(t) dt. Changing the variable in the 
second integral to u = t— T from which it follows 
that du = dt, we obtain 


f E e F(t) dt 
T 


oo 
/ e SUD f(u + T) du 
0 —— 
= f(u) 


= gr e ""f(u) du 
0 


eT LUFO. 
Then, 


T 00 
LIfO) T e^? f(t) dt + j! e *'f(bdt 
0 T 


T 
= eT pet) + / e F(t) dt. 
0 


which is solved for £(f(t)) resulting in £(f(t)) = 
coor i e F(t) dt. 


1 _ yo yk; 1 = 
Because Ix” koX if |x| < 1, Lest = 


ut 


x) that satisfy y(0) = 0. Which one is the graph of the 


LIFO 


1 T 
I esT / e “F(t) dt 


00 T 
=e Í e“ (H) dt. 
k=0 0 


Is the Laplace transform of a periodic function a 
periodic function? 


EXAMPLE 8.4.6 


Find the Laplace transform of the periodic 
function f (f) — t, 0 « t « 1,f(t- 1) 2 f(D, t» 1. 


Solution 


The period of f, which is graphed in Figure 8.6, 
is T = 1. Through integration by parts, 


1 ; st 
— al 
l= e i E 
1 fs ei t=1 i 2 
— |- E | + f — 
l-e & ls 0 Ss 
1 e* [e] 
^ 1—-e-$ E ee [nas 


»" il AIT 
n es s s2 


1-—(s+ De * 
s2(1— e75) ` 


Lif (t)} 
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1 1 i 1 t 
0.5 1.0 1.5 2.0 2:5 3.0 


FIGURE 8.6 Although f is discontinuous, its Laplace 
transform is continuous for s > 0. 


OS pop 
Dosis 


FIGURE 8.7 The half-wave rectification of 2 sin t. 


Laplace transforms can be used more easily 
than other methods to solve initial-value prob- 
lems with periodic forcing functions. 


EXAMPLE 8.4.7 

Y Solve y” +y = f (t) subject to y(0) = y'(0) = 0 
ee ee ME 

| ar El < Dig 


f(t). (f(t) is known as the half-wave rectification of 
2sin t. See Figure 8.7.) 


Solution 


We begin by finding L(f(t)). Because the pe- 
riod of f(t) is T 2 2z, we have 


1 271 
1025 jl e “F(t) dt 


1 T 
= l| ex 2sintdt 
ve 0 


2x 
+ 1 e x Odt 
AT 


2) AT 
= Dex | e sint dt. 
1—e-75 Jo 


LIFO 


Using integration by parts, a table of integrals, or 
a computer algebra system yields 


LIFO 


9 e-* (—ssint — cost) ]" 
1 — e-215 pl 0 


2 ext? m 1 
1- es [9241 s-1 


0 2(e75 +1) 

«(1 — ers)? +1) 

" 2(e 75 + 1) 

-© (0—e75)0 + e775)(s? +1) 
2 


Taking the Laplace transform of both sides of the 
equation and solving for Y(s) gives us 


Liy} + £ty) = LF} 

2 

D wi = == 

s^Y(s) — sy(0) — y (0) + Y (8) AED 
2 


US A 


Recall from your work with the geometric se- 
ries that if |x| < 1, then 


1 eo 
=D o 
ex E 
k=0 
Because we do not know the inverse Laplace 
2 . 
transform of dcewyg We use a geometric 
series expansion of 1/(1 — e 7?) to obtain terms 
for which we can calculate the inverse Laplace 
transform. Replacing x with e^"? in the geometric 


series gives us 


422 


1 oo 
eT =e alte +e 4 e74 eee 
E k=0 
so 
2 Z un 
Y(s) — EDIT: ento 
(s^ + 1) = 
= a pes 4+e 275 4+e 97s Jt D rie 
(s? + 1)? 
oo —nzks TS 
e 1 e 
2 (Sec le SUE C RES De 
e-?r$ e 91s 
En 
tex guy 
Then, 
co —nks 
e 1 
t = 2271 — e 

ds) PESE (241 


e$ 


e7278 
i (s + D? p (2 + 12 


Notice that L7! (1/(s? + 1)?] is needed to find all 
the other terms. Using a computer algebra system, 
we have 


— (t— kz)cos(t — kr)] U(t — kr). 
Then, 


y(t) = Y [sint —kr) — (t— kr) cos(t— kr) JU (t — kr) 
k=0 
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= (sint — tcost) + [sin(t — x) 
—(t — x) cos(t — x)]A(t — x) + 
[sin(t — 277) — (t — 2z) cos(t — 277) JU(t — 275) 
+[sin(t — 3x) — (t — 3z) cos(t — 3z)] 


Ut- 3m) +-:--. 
We write y = y(t) as the piecewise defined 
function 
sint — tcost, O<t<r 
—7 cost, USE E E 


sint — tcost + m cost, 2m <t<3x , 


y(t) = 


—2z cost, 3m < t< 4r 


which is graphed in Figure 8.8. Is y a smooth 
function? (That is, is y’ continuous?) Is y periodic? 


Impulse Functions, the Delta Function 


In some situations, we consider a force f(t), 
known as an impulse, that acts only over a brief 
period of time, ty < a < t < to 4- à, o > 0. For 
example, we may strike a pendulum (or spring- 
mass system) or there may be a voltage surge in 


FIGURE 8.8 Even though the forcing function is dis- 
continuous, the solution to the initial-value problem is 
continuous. 


8.4 LAPLACE TRANSFORMS OF SEVERAL IMPORTANT FUNCTIONS 


a circuit. In these cases, the impulse delivered by 
the force is given by 
t 


ore 
f(b dt. 


to —a 


I- 


To better describe f (f) suppose that this function 
has an impulse of 1 over the interval ty — «œ < t < 
to + a, so that the impulse begins att = ty — a 
and ends at f = ty +a. Under these assumptions, 
we let 


1 
—, to-—a<t<to+a 
2a A 
0, otherwise 


f(t) = ôa lt — to) = 


We graph ôa(t — to) for several values of o in 
Figure 8.9. 


Graph f (t) = &1/4(t — 1). What is the maximum 
value of f (t)? 


The impulse of f (t) = ĉa (t — to) is given by 


ty+a ty+a 


1 
fe fiat f Peps E 
to—a@ to—a@ 2a 2a 


1 
—(tg —a)] = — x 2a = 1. 
2a 
Notice that the value of this integral does not de- 


pend on e as long as o is not zero. We now try to 
create the idealized impulse function by requiring 


50 


25 

15 a ='/30 

15 9 oa EAM 
19-005 t=t 1940.05! 


FIGURE 8.9 The area under the graph of y = à, (t — to) is 
independent of o and tọ: the area is 1. 
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tható, (t—tp) act on smaller and smaller intervals. 
From the integral calculation, we have 


a—0* 
We also note that 


lim à5(£ —19) 20, tz to. 
Ped al 0) z to 


We use these properties to define the idealized 
unit impulse function. Notice that this idealized 
function represents an instantaneous impulse of 
magnitude one that acts at t = to. 

Definition 37 (Unit Impulse Function). The 
(idealized) unit impulse function $ satisfies 


+00 
d(t — tg) 2 0, tÆ to ad f 8(t — tg) dt — 1. 
—00 


We now state the following useful theorem 
involving the unit impulse function. 

Theorem 50. Suppose that g(t) is a bounded and 
continuous function. Then, 


oo 
J 5(t — to) g(t) dt = g (to). 
=00 

The “function” ó(t — t9), known as the Dirac 
delta function, is an example of a generalized 
function. It is not a function of the type stud- 
ied in first-year calculus. The Dirac delta func- 
tion is useful in the definition of impulse-forcing 
functions and arise in many areas of applied 
mathematics. Although it does not possess the 
properties required to apply the Laplace trans- 
form, we can determine £{5(t — fo)} formally. 

Theorem 51. For ty > 0, £(8(t — tg)) = e S40. 

Proof. Because the Laplace transform is lin- 
ear, we find L{ô(t — to)} through the following 
calculations: 


L18(t —tg)) = £ | im, ôa (t — 2 
= lim £[ó4(t — to). 
a>0+ 


We can represent the delta function $, (t — fo) in 
terms of the unit step function as 


1 
ĉa (t — to) = 24 IA (to — 0)) -U(t — (to +0))]. 
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Hence, 


L {ôa (t — to)} 


1 
e |E UE- to - 0) 
104 


—U (t — (to +0))] | 


1 | e787) e ote) 
^ 2a s S 


— a sto 
E 2as 
Therefore, 
L{d(t —tg)) = lim L{dyg(t — to)} 
gt as —US 
= lim eto x E UT 
a=>0+ 2as 


Because the limit is of the indeterminant form 
0/0, we use L'Hopital's rule to find that 


As — ¿as 


£(8(t — to} = lim e x 
a—0* 2as 
lim e-o se^? + sees 
= 1 , ——————— 
a—0* 2s 


= e7 x 1 = e7, 


EXAMPLE 8.4.8 

Find (a) L(8(t — 1)}; (b) L(8(t — z)); and 
(c) £(9(0). 
Solution 

(a) In this case tg = 1, so L(8(t — 1)} = e 5. 


(b) With to = z, L{d(t — 1)} = e 75. (c) Because 
to = 0, £(8() = e-**9 = 1. 


EXAMPLE 8.4.9 

Solve y" + y = 3sintd(t — 2/2), yO) = 0, 
y (0) = —1. 
Solution 


We solve this initial-value problem by taking 
the Laplace transform of both sides of the 
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differential equation and applying the initial con- 
ditions. This yields 
Liy"} + £(y) = £(3sint&(t — 1/2)) 
s?Y (s) — sy(0) — y (0) + Y(s) = 3e°7°” 
(s^ + DY) 41 = 3e-79/2 
ge-79/2 —1 
2+1 
game 1 
~ eel Fl 
Because £^! (1/(s? + 1)} = sint, it follows that 


T 3e-75/2 J 1 
241  se2+1 


— sint — 3U(t — 1/2) cost. 


ME) e 


y(t) = 


(Note: sin(t — 1/2) = — cost.) The graph of y(t) is 
shown in Figure 8.10. Notice the sharp inward 
change of the velocity (y’) that occurs when 
te a2. 


D EXERCISES 8.4 


Find the Laplace transform of the given 
function. 


. —28U (t — 3) 

. —16U (t — 6) 

. 3BU — 8) — U(t — 4) 

. 2U(t—5)+7U(t-— 9) 

. —42e *U(t— 4) 

. 6e! ?2U(t — 2) 

. 12sinh(t — DJU (t — 2) 

. cosh(t — 3) U(t — 3) 

. —14sin(t — 21/3) U(t — 27/3) 
. —8cos(t — n/A U(t — n/4) 


tL, 0<t<l E LAS 
.f(0- 0, epa 09/19 970 2) if 
t>2 


WOOND Ui FPWN a 


[M 
e 


[M 
M 


EXERCISES 8.4 


(c) 


425 


(d) 


FIGURE 8.10 (a) Shows the graph of the solution in the example. In (b), (c), and (d), the forcing functions are f(t) = 
—3sint 6(t — 2/2), f (t) = —3sint (6(t — 1/2) + 6(t — 31/2)), and f (t) = 3sint (8(t — 1/2) + 6(t — 831/2)). Explain how to match 


each solution graph with its forcing function. 


1, O<t<1 
jo [7 i29 UUS 2) 
ift>2 
0 O<t<1 
13. f= 11, 1xt«2andf(t) 2 f(t — 3) if 
2, 2xt x3 
t>3 
t, 0xt«1 
14. f(t) = 11, 1xt«2andf(t) 2 f(t — 3) 
3-t, 2<t<3 
ift>3 
15. ó(t — x) 
16. 5(t — 3) 


17. à(t — 1) + 1006 (t — 2) 

18. 28(t — 3) — 6(t — 4) 

19. sintU(t — 27) + 1006(t — x/2) 

20. cos2tU (t — x) + 108(t — x/4) 

21. f(t) = 8(t-1),0x t < 2and f(t) = f (t — 2) if 
t>2 

22. f(t) = d(f — 2) -26(t—1),0x t <3, 
fH =ft-3)ift>3 


In Exercises 23-44, find the inverse Laplace trans- 
form of the given function. 


—3 
23. 
sets 
—10 
24. 


43. 


44. 


' s(s2 + 4) 


1 — ei + se” 

2(1 — 2e” — e“) 

set (1 — e) 
—9 


' e48(s2 — 1) 


S 


` e*(s2 — 4) 


1 


` s3(1 + e733) 


1 


` s2(1 + e74) 


S 


` (1 +e725)(s2 +9) 


1 


' (1+ e5) (s2 + 4) 


e? 


" eds __ 1 


es/2 
1— e 
e^(e — 2) 
es — 1 
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In Exercises 45-63, solve the initial-value 
problem. 
45. y + 3y 2 f(, yO) = 1, 
1, O<t<2 
fÐ = l eo 


46. y +y =f, yO) =0, 


sint, 0xt«1 
to- t>1 
47. y" + 4y' = fŒ), yO) =y'(0) = 0, 
1, 0xt«1 
f®= 1-1, 1<t<2 
0, t>2 
48. y” +y = f(t), yO) = y'() =0, 
1, Oxt«1 
f@)=%2, 1<t<2 
0, t>2 


49. x" +x=1+108(t — x), x(0) = x' (0) =0 

50. x" + 4x =28(t — 1) — 85(t — 27), x(0) = 1, 
x'(0) 20 

51. x" + 4x + 13x = 2090 (t — 1/2), x(0) = 0, 
x'(0) = 10 

52. x" + 4x + 13x = 56(t — xt) — 58(t — 1/2), 
x(0) = 0, x (0) = 10 


1, O<t<1 
53. x! - Ax --13x 2 f(,f(0 51^ 7 E 
x" + 4x’ + 13x = f(b, f(D E E 
x(0) = x'(0) 20 
t O<t<r 
54. x" -Ax +13x 2f(,f() 21! 7 ; 
x" + Ax. + 13x = f (t), f (t l Eos 
x(0) = x'(0) =0 
t «1/2 
55. vero o- |y T CC end 


10, 1/2<t<1 
f() 2f D ift 2 1,x(0) 20 
; E | 49, 0O<t<1 
56x tsr SO Pa berea dd 
fi) =ft-2 ift > 2, x0) =0 
n Jit. "efe 
iis FOE |" 1<t<2 


f(b =f- 2) ift > 2, x(0) =x (0) 20 


and 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


8.5 THE CONVOLUTION THEOREM 


0, 0O<t<rxm/2 
—cost, 1/2<t<31x/2 
0, 3m/2 <t < 20 
and f(t) = f(t — 2n) if t > 27, 

x(0) = x'(0) 20 


x" = f(b), f(b) = 


ud L 0<t<1 
POS 5. zen 
ft =f —2)ift > 2, x(0) = x'(00 20 
5 t—1, Oxt«1 
x ee-foo- |, pe? 
ft =ft-2)ift>2,x(0) = x'(0) 20 
x" +4x = f(t), 
0, 0zxt«my/2 
= Ea m/2xt«sm aog 
f(b -f(t — n) ift > z, x0) = x (0) = 0 
y" +91%y = f(t),f(t) = 8t — 1) — 8(t — 2), 
0O<t<3 andf(t) 2 f(t — 3) ift 23, 
y(0) =0, y'(0) 21 
y! +2y =f(0), F() = 8(t 1,0 « t <2, 
f(0-ft—2)ift-2,y(0 = y (0) 20 
Show that L(g(HU(t— a)} = e Lfg(t +). 
(Hint: Use the definition of the Laplace 
transform and the change of variable 
u=t—a.) 


nd 


and 


1, O<t<a 
—1, a<t<2a’ 
f(t+2a) = f (t), show that 


(Square wave) If f (t) = 


1—e 5 1 as 
6) site) s S 2 
(Triangular wave) Consider the function 


x, O<t<a 
a<t<2a 


a= p — Xx, 
1 as : 

Show that G(s) = 3 tanh z (Hint: Use the 

square wave function and the relationship 

gt) =f(t).) 

(Sawtooth wave) If f (t) = t/a, 0 < t <a, 

f (t +a) = f(t), show that 


F( ) E 1 e 45 
rm s(1— e-45)' 
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68. (Rectified sine wave) Let f (t) = | sinGrt/a)|. 
as 
h hat F(s) — 
Show that F(s) Pe .xi 
69. (Half-rectified sine wave) If 
sin(rt/a), O<t<a 
t) = ; 
f 0, a<t<2a 
f (t + 2a) = f (t), show that 
F(s) = a 


th —. 
coth = 


(£25? + 12)(1 — e)" 
70. (Stair step) Consider the function 
g(t) = Yos 4 Ut — na). Sketch the graph of 


g(t) on [0, 4]. Show that G(s) = un 


8.5 THE CONVOLUTION 
THEOREM 


e THE CONVOLUTION THEOREM 
e INTEGRAL AND INTEGRODIFFERENTIAL 
EQUATIONS 


The Convolution Theorem 


In many cases, we are required to determine 
the inverse Laplace transform of a product of 
two functions. Just as in integral calculus when 
the integral of the product of two functions did 
not produce the product of the integrals, nei- 
ther does the inverse Laplace transform of the 
product yield the product of the inverse Laplace 
transforms. We had a preview of this when we 


found £7! [28] = £7 [iro] earlier in this 


chapter. We recall that £~!{F(s)/s} = IMÁC) da, 
where f (t) = £-!(F(s)) so we realize that 


pe (2) ALT {5 | x £71 {F(s)} =f. 

The convolution theorem gives a relationship 
between the inverse Laplace transform of the 
product of two functions, £-!(F(s) G(s)}, and 
the inverse Laplace transform of each function, 
£ F(s)) and L7!{G(s)}. 
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Theorem 52 (Convolution Theorem). Suppose E LIN 
that f (t) and g(t) are piecewise continuous on [0, 00) F(s)G(s) = f / e "f(t — v)g(v) dv dt 
and both of exponential order b. Further, suppose that . 
Lif (0) = EG) and L{g(t)} = GG). Then, Rwy canbe written ai 


oo t 
£^ (f()GG) = LULE x OOP F()G(s) = Í en Í fe = We@avd? 
t 0 0 
= (fx xo- f (t — v)g(v) dv. t 
PROMESAS = 2 f — 080 av} = FDO). 
Note that (f x g)(t) = hf — v)g(v) dv is called the 


convolution integral. Therefore, £^! (f()G()) = LA) = 
Proof. We prove the convolution theorem by (f * D. 
computing the product F(s)G(s) with the defini- 


tion of the Laplace transform. This yields EXAMPLE 8.5.1 
oo oo Compute (f * g)(t) and (g * f)(t) if f(t) = 
F(s)G(s) — / e f(x) dx x / e "g(v) dv, e and g(t) = sint. Verify the convolution 

0 0 E 

theorem for these functions. 
which can be written as the iterated integral 
OO poo Solution 

F(s)G(s) = / / p rs (v) dx dv. We use the definition and a computer algebra 


system (or table of integrals) to obtain 
Changing variables with x — t — v (so that t — 


t t 
x + v and dx = dt) then yields (f «9 = I f(t—v)g(v) dv = / e 29 sin v dv 
0 0 


F(s)G(s) = / J e “F(t — v)g(v) dt dv, 
0 v 


t 
e= f e” sin v dv 
0 
where the region of integration R is the un- ! 
bounded triangular region shown in Figure 8.11. 
Recall from multivariable calculus that the order 
of integration can be interchanged. Then, we 
obtain 


alee 
e =e (sin v — cos v) 
2 0 


V ap fee : 
ze [e' (sint — cos t) — (sin0 — cos0)] 


1 
5 int — cost 4 e^). 


With a computer algebra system, we find that 


t t 
(9 *f)(b / g(t— v)f(v) dv = l sin(t — v)e” dv 
0 0 


1 
= 5 int — cost + e^). 


Now, according to the convolution theorem, 
L{fHIL{igbH} = LAF * g)(H}. In this example, 
we have 


1 
F(s) = Lif} = £te ^) = T and 


t 


G(s) = L{g(t)} = L{sin t} = 


FIGURE 8.11 Observe that R = {(t,v) :v < t < œ,0 < 
v < œ} = {(t,v):0< v0 <t,0<t < œ}. 


s2 +1 
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Hence, £-!(F(s)G(s)) = £71 {sty x xxl should 


equal (f * g)(t). We compute JE E x = 
through the partial fraction decomposition 
1 1 A Bs+C 
D == 
gio gal eri” gea 
and find that A = C = 1/2 and B = -—1/2. 
Therefore, 
1 1 1 feast 
co =p 
xa] 2 {+s} 
1 1 
= lp 
2 |: 3r ll | 
loa S 
xh la +1 | 
Tn 
oim 
o E +1 | 
ee Less Lew 
2 p NEN 


which is the same result as that obtained for 


(f * gt). 


Notice that in Example 8.5.1, (gx f)(t) = (f * 


Find the Laplace transform of h(t) — 
fo e^" sinv dv. 


Integral and Integrodifferential Equations 


The convolution theorem is useful in solving 
numerous problems. In particular, this theorem 
can be used to solve integral equations, which 
are equations that involve the integral of the 
unknown function. 


EXAMPLE 8.5.3 


Use the convolution theorem to solve the inte- 
gral equation 


t 
h(t) = 4t «f h(t — v) sinv dv. 
0 


Solution 

We need to find h(t), so we first note that the 
integral in this equation represents (h x g)(t) with 
g(t) = sint. Therefore, applying the Laplace trans- 


g)(t). This is no coincidence. With a straightfor- 
ward change of variables, we can prove this re- 
lationship in general to see that the convolution 
integral operation on two functions is commuta- 
tive (see the exercises at the end of the section). 


EXAMPLE 8.5.2 


Use the convolution theorem to find the 
Laplace transform of h(t) = hi cos(t — v) sin v dv. 


Solution 
Notice that A(t) = (f * g)(£), where f(t) = cost 
and g(f) — sint. Therefore, by the convolution 


theorem, L((f * g)(t)) = F(s)G(s). Hence, 


LRH} = £C (£g) = Licos t) (sint) 
S 1 S 


gu wp gu 


form to both sides of the equation gives us 
L{h(} = L{4t}+ L{h(}L{sint} or 
4 1 
H(s) = z ar Ho cu 
where £(h(t)) 2 H(s). Solving for H(s), we have 


1 4 
H l= == =s se 
e( =) g? 
4s?-1 4 4 
m S ENT. 
S S S 


H(s) = 


Then by computing the inverse Laplace trans- 
form, we find that 


4 4 2 
h®=C0 1124214428. 
®=£ (5+5) +5 


Laplace transforms are also helpful in solving 


integrodifferential equations, which are equations 
that involve a derivative as well as an integral of 
the unknown function. 
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EXAMPLE 8.5.4 
dy 


di +y+ fé yu) du = 1 subject to y(0) = 0. 


Solve 
Solution 
Because we must take the Laplace transform of 


both sides of this integrodifferential equation, we 
first compute 


t Y 
fe | / yu) au) O a E 


S 


Differentiate this equation to show that this 

initial-value problem is equivalent to y" + 
y +y = 0, y(0) = 0, y(0) = 1. Why must 
y (0) =1? 


Hence, 
dy d 
JE Sh sie LEN) ate JE / yu)du, = £(1) 
dt 0 
sY(s) — y(0) + Y(s) + — - - 
s*Y(s) +sY(s) + Y(s) = 1 
1 
OS aa 


Completing the square in the denominator shows 
us that 


1 
Y(s) = = 
= RXSE1U 641/24 (3/5) 
yt = A^ sin 2 


D EXERCISES 8.5 


In Exercises 1-6, compute the convolution 
(f * Q) (t) using the indicated pair of functions. 


1.f(0)=1, g(t) =P 
2. fH=e "e(l =e" 
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3. f) = t,g() =F 
4. f(t) = sin2t, g(t) =e! 
5. f(t) = P, g(t) = sin 4t 
6. f(t) = sin 2t, g(t) = e7“ 
In Exercises 7-15, find the Laplace transform of h. 


7. h(t) = f e^" dv 

8. h(t) = f sin v dv 

9. h(t) = fo(t — v)sinvdv 
10. h(t) = i v cos(t — v) dv 
11. h(t) = fo ve" dv 
12. h(t) = fp e" (t — v)? dv 
13. h(t) = J UG- v — DU — 2) dv 
14. h(t) = fot - v — Dv — 1) -Uv - 2) dv 
15. h(t) = fo cos(t — v) (U(t— 2/2) 

— U(t — 3n/2)) dv 

In Exercises 16-22, find the inverse Laplace 


transform of each function using the convolution 
theorem. 
16. -— 
s2(s + 1) 
1 
s +3) 
s 
(s2 + 1)2 
1 
(s? + 4)(s +1) 
1 
(s? + 9)ís — 2) 


e 75 


17. 


18. 
19. 
20. 


21. SE 
el-s 

s2—1] 

In Exercises 23-26, solve the given integral equa- 

tion using Laplace transforms. 


23. g(t) - t = — y(t — v)g(v) dv 

24. h(t) 2 2 — fo h(v) dv 

25. h(t) — 4e 7* = cost — fy sin(t — v) h(v) dv 
26. f(t) 2 3— fo vf(t— v) dv 


22. 


In Exercises 27 and 28, solve the given integrod- 
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ifferential equation using Laplace transforms. 


27. 


28. 
29. 


30. 


31. 


32. 


33. 


34. 
35. 


36. 


37. 


oY e 4y +4 fo y) dv = Be, yO) — 0 


dt 
- +16 fo x(v) dv = sin4t, x(0) = 0 
Show that (f x g)(f) = (g  f)(t) by verifying 


that fo fogt — v) dv = fo g(v)g(t — v) dv. 
Therefore, the convolution integral is 
commutative. 

Show that the convolution integral is 
associative by proving that 

(f (ID = (fF * 8) na. 

Show that the convolution integral satisfies 
the distributive property (f * (g + h))(t) = 


(f * gt) + fm. 

Show that for any constant k, ((kf) * g)(t) = 
kf * g)(D. 

Show that (sin f) (cos kt) = (cos t) * 

q sin kt). 

Show that t71/? x t12 = q, 


Express the integrodifferential equation in 
Exercise 27 as an equivalent second-order 
initial-value problem and solve this 
problem. 

Express the integrodifferential equation in 
Exercise 28 as an equivalent second-order 
initial-value problem and solve this 
problem. 

Verify each of the following: 


1 
(a) (sin kt) x (cos kt) = afin kt 
1 1 
(b) (sin kt) « (sin kt) = > sin kt — 5! cos kt 


(c) (cos kt) x (cos kt) = x sin kt + 5 cos kt 
(d) Use these results to very that 

co | zim] = 1t sin kt, 

pr | = x sinkt — 1tcos kt, and 


= 2 dote 1 
E |o] = 5; sinkt + 5t cos kt. 
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8.6 LAPLACE TRANSFORM 
METHODS FOR SOLVING SYSTEMS 


In many cases, Laplace transforms can be 
used to solve initial-value problems that involve 
a system of linear differential equations. This 
method is applied in much the same way that it 
was in solving initial-value problems involving 
higher order differential equations, except that 
a system of algebraic equations is obtained after 
taking the Laplace transform of each equation. 
After solving for the Laplace transform of each 
of the unknown functions, the inverse Laplace 
transform is used to find each unknown function 
in the solution of the system. 


EXAMPLE 8.6.1 
Solve X' — la 9) X+ ( d ) subject to 


1 0 2cost 
X(0) = (e 


Solution 
x(t) 1 ; 
Let X(t) = y): Then, we can rewrite this 
problem as 
x = —y-sint 


, X(0)=0, y(0)=0. 
y = x+2cost 


Taking the Laplace transform of both sides of each 
equation yields the system 


sX(s) — x(0) = —Y(s) + Mn 


s2 +1 
2s 
sY(s) — y(0) = X(s) + ud 
which is equivalent to 
1 
X Yo) == 
sX(s) + Y(s) an 
2s 
=X Ye) = ==» 
(s) + sY(s) EEG 
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Linear problems that involve higher order dif- 
ferential equations can be solved with Laplace 


You could also use Cramer's rule to solve a 
system of equations such as this one. 


Multiplying the second equation by s, adding 
the two equations, and finding the partial fraction 
decomposition, we have 


C +DY6) = As cL 
~ Fl 2 Fl 
a MET 
S) = 
(82 + 192 (2+1)? 
2 1 
Y) = 


s$41 (+12 


Taking the inverse Laplace transform then yields 


1 
y(t) = 5 «cos t 4- 3sin t). 


Atthis point, we can solve the system for X(s) and 
compute x(f) with the inverse Laplace transform. 
However, we can find x(t) more easily by substi- 
tuting y(t) into the second differential equation 
y = x + 2cost. Because y = 5(4cost — tsint) 
and x = y! — 2cost, we have 


x(t) = y (t) — 2cost = an 


In Figure 8.12, we graph x(t), y(t), and (x(t), y(t)). 
What is the orientation of (x(t), y(t))? 


10 


(a) 


PA | 


transforms as well. 


EXAMPLE 8.6.2 

Solve x” — y” = y + sint, y — y — x' = 0, x(0) = 
x (0) = y(0) = y'(0) = 0. 
Solution 


We begin by taking the Laplace transform of 
both equations and applying the initial condi- 
tions. For the first equation, this yields 


1 
s*X(s) — s?Y(s) = Y(s) + EN 


s?X(s) — (° + 1)Y(s) = mum. 


and for the second equation, 
sX(s) — (s — 1)Y(s) = 0. 


To use Cramer's rule we first compute W = 


g? —(s? + 1) M 
-e = s(s — 1). Then, 
1 m 
X(s) — s2+1 po 
s(s — 1) 0 =(6 = 11) 
1-s 1 1 1 


sis+D6?+D > S s+1 s+1 


(b) 
FIGURE 8.12 (a) Graph of x(t) and y(t) for 0 < t < 87. (b) Graph of (x(t), y(t)) for 0 < t < 8z. 
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and sX(s) = —2Y(s)+ e 73/2 _ 7378/2 
: 4 nS —2zs 
1 2 1 sY(s) = 8X(s) + ———— —e Te 
YG) = PEI E VRBROA E s? + 16 
ss-D|s "0 (s4- 1) 4-1) - 
= 1 s—1 sX(s) + 2Y(s) = IU e 


s(s +1) 2 2(s2 +1) 
Taking the inverse Laplace transform of X(s) and 
Y(s) gives us 


—8X(s) + sY(s) = O e 


216 


Fae er Ed To use Cramer’s rule, we first compute en ] - 
1 ? +16. Th 
yt) = ~(—e! + cost — sint). E% r 1G, Taen, 
2 e-75/2 in e- 9315/2 2 
In Figure 8.13 we graph x(t), y(t), and (x(t), y(t)). X(s) = 1 
i i i 82-16 | — e 75 +e" 5 
What is the orientation of (x(t), y(t))? PONE 
—2e-?15 JE pecu — se- 9715/2 ES se 75/2 
When dealing with periodic and impulse forc- E giae 
ing functions, computer algebra systems are of 8 
great use in dealing with the algebra. ~ (2 + 1)(s2 +16) 
and 
EXAMPLE 8.6.3 , : m 
Solve Ne) = == 
Y O= 3-1 La te tem 
x = —2y +8(t— 2/2) — 8(t — 32/2) s +16 


—8e-9315/2 E 8e-75/2 Je se727s —se 7s 


y = 8x+sin4t — 6(t — x) + S(t — 27) = 


s2 +1 
subject to x(0) = y(0) =0. 4s 
+= A 
, s? + 1) (s? + 16 
Solution € K ) 
Taking the Laplace transform and applying the Taking the inverse Laplace transform yields the 
initial conditions results in the system solution of the initial-value problem: 


FIGURE 8.13 (a) Graph of x(t) and y(t) for 0 < t < 10. (b) Graph of (x(t), y(t)) for 0 < t < 10. 
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X, y 34 


—2 


—4 


(a) (b) 


FIGURE 8.14 (a) Graph of x(t) and y(t) for 0 < t < 5z/2. 
(b) Graph of (x(t), y(t)) for 0 < t < 57/2. 


1 
i) = 15 (—8 + 4cos t + 4 cos3t — 30U (t — 271) 
+15U (t — 32/2) — 304 (t — 71) 
+15U(t — x/2)) sint 


and 


1 
yt) = 15 [—4 cos 4t + (4 + 154 (t — 27) 


—120U (t — 31/2) 
+15U (t — 1)120154(t — 1/2) cost]. 


In Figure 8.14, we graph x(t), y(t), and (x(t), y(t)). 
What is the orientation of (x(t), y(t))? 


D EXERCISES 8.6 


In Exercises 1-25, use Laplace transforms to 
solve each initial-value problem. Describe other 
methods that could be used to solve the system. 


1. Y — 2x + 3y = 0, y' + 9x + 4y = 0, x(0) = 0, 
y0) =4 

2. x + 9x — 2y = 0, y' + 10x — 3y = 0, 
x(0) 2 —2, y(0) 2 0 

3. x’ — 5x — 5y = 0, y + Ax + 3y = 0, x(0) = 2, 
y(0) =0 


16. 


17. 


18. 


19. 


20. 


21. 


. X! 42x 2 4y = 0, y' +2x — 2y = 0, x(0) = 0, 
y0) =5 
. x! = 2x — y + 3z, y' = 6x — 2y + 6z, 
z/ = —2x + y — 3x, x(0) = 1, yO) 2 z(0) = 0 
.x = =z, Y = x — Zz, z! = —x, x(0) = yO) = 0, 
z(0)=1 
. x = 2x — 3y + el, y = Ax — Ay, 
x(0) = y(0) = 0 
. Y! = x + 6y —2cost,y = —x — 4y, 
x(0) = y(0) = 0 
. x —2x—-6y,y =x-3y+e*, 
x(0) — y(0) — 0 
. xX = —2x +y — t, y = —3x + 2y + 1, 
x(0) = y0) = 0 
.x = —2x — 4y + e™, y =5x+2y-e*, 
x(0) = y(0) = 0 
. xX = x — 4y — 1, y' = 2x — 3y + t, 
x(0) = y(0) = 0 
. xX =x—5y+1,y' =x—y+t, x(0) = y(0) =0 
.1=-2x+4y-e* y =-2x+2y+e*, 
x(0) = y(0) = 0 
. xX —y —0,y' +x = f(t, x(0) = yO) =0, 
sint, O<t<x 
where f (t) = 0, ee 
X +7x + 4y = f(b, y' + 6x — 3y =0, 
1, Oxt«1 

0 240) 70 where = [y pe 
x’ = —2y + d(t — 1/8), y = 8x — b(t — 1/4), 
x(0) = 1, yO) 2 0 
x = —2x — 8y — ô(t 1/2), y = x + 2y + 
(Ut) — U(E— 21)), x0) = yO) = 0 
x=x+y+f(0, y' = —2x — 2y, 
x(0) = y(0) = 0, where 

1, 0xt«1 . 
sozli 12, 2 00/0 — fü 2) if 
t>2 
x =x — 2y, y' = 3x — 4y + f t), 
x(0) = y(0) = 0, where f(t) =t,0<t<1 
and f(t) 2 f(t —1)ift 21 
x=x-ytf(bh,y =2x— y, x(0) = y(0) = 0, 


where f (t) = b peten and 


0, T<t<2x 
f@® =f — 2n) ift > 2x 
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22. x" — y" - 2x c 1, y! +x «0, 
x(0) = x'(0) = y(0) = y'(0) = 0 
23. x" = 3x! - y' — 2x +y, x +y - 2x — y, 
x(0) = x'(0) = 0, y(0) = —1 
24 x" +y" = Y Ly —y -x =0, 
x(0) = x'(0) = y0) = y0) = 0 
25. x" +y" =x+t,y —x4+x'=0, 
x(0) = x'(0) = y0) = y(0) = 0 


8.7 SOME APPLICATIONS USING 
LAPLACE TRANSFORMS 


L-R-C CIRCUITS REVISITED 
DELAY DIFFERENTIAL EQUATIONS 
COUPLED SPRING-MASS SYSTEMS 
THE DOUBLE PENDULUM 


Laplace transforms are useful in solving the 
differential equations associated with many of 
the applications that were discussed in earlier 
sections. However, because this method is most 
useful in alleviating the difficulties associated 
with problems involving piecewise defined 
functions, impulse functions, and periodic 
functions, we focus most of our attention on 
solving spring-mass systems, L-R-C circuit 
problems, and population problems that include 
functions of this type. 


L-R-C Circuits Revisited 


Laplace transforms can be used to solve cir- 
cuit problems (see Figure 8.15(a) and (b)) that 
were introduced earlier in the text. Recall that the 
initial-value problems that model L-R-C and L-R 
circuits are 


Q dQ 1- 
tas ap Toe» 
d 
Q0)=Qo, 10)- Lo Si ad 
dI 
LG +RI = EO 


10) = lo, 
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(a) 


(b) 


(a) 


FIGURE 8.15 (a) L-R-C circuit, (b) L-R circuit, and (c) an 
R-C circuit with the property that R = C — 1. 


where L, R, and C represent the inductance, re- 
sistance, and capacitance, respectively. Q(t) is the 
charge of the capacitor and dQ/dt = I(t), where 
I(t) is the current and E(t) is the voltage supply. 


In circuit analysis, the Laplace transform from 
the t-domain (time) to the s-domain (frequency) 
corresponds to transforming circuit elements to 
impedances. 


EXAMPLE 8.7.1 


Consider the R-C circuit in Figure 8.15(c) 
with the property that R= C= i, 
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1V, O<t<a 
If E(t) = and E(t + 2a) = E(t), 
0, a<t<2a 
find the charge Q(t) if Q(0) = 0. Determine the 
values of a so that the output voltage, Q(t)/C (the 
voltage across the capacitor), matches the input 


voltage, E(t). 


Solution 

This circuit is modeled with E + cQ ZEW) 
because L = 0. We also are given that Q(0) = 0. 
The Laplace transform of E(t) is 


LE m 


1 a 
— / e? dt 
= E> S 0 


1 Sd 1 
| 1—e 2% | -s jo  s(1+e7%) 


= ly nes 
S 
k=0 


in 
— = nea) 
Jl ee rto = 


FIGURE 8.16 (a)a=1,(b)a 


10, (c) a = 20, and (d) a = 50. 


Taking the Laplace transform of each side of the 
differential equation, applying the initial condi- 
tion, and solving for £(Q(t)) gives us 


s£(Q() — QU) + £(Q(D) = Ur 


1 
s(s+1)(1+e*%) 


= 1 = q yk —aks 
"39524 1e : 


Because £-! (1/[s(s + 1)]} = 1 — e™, 


LQG} = 


QO = Ena e EDU (ak) 
k=0 


= e @ —ez6-9)(t—2) 
+A = A) 
(1 — e Y(t 3a) +- . 


Figure 8.16 shows the graph of the solution when 
a = 1,a = 10,a = 20, and a = 50, along with 


| t 
50 100 150 200 


(d) 
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the input function E(f). We notice that the output 
voltage, Q(t)/C, moves closer to E(t) as a increases. 
Notice that if t is measured in milliseconds, then 
the input with a — 1 has frequency 500 Hz (cycles 
per second); while the input with a — 50 has 
frequency 10 Hz. Therefore, low frequency square 
waves are least altered by the circuit. 


Delay Differential Equations 


In some applications, there is a delay (or shift) 
in the argument of the dependent variable. A 
differential equation that involves this type of 
shift is called a delay equation. Consider the mix- 
ture problems from Section 3.3. Now, we assume 
that there is a delay in the effect that the salt 
solution flowing into the tank has on the salt 
concentration flowing out of the tank. To include 
this assumption in the mathematical model of 
the situation, we assume that the concentration 
of the salt solution flowing out equals the salt 
concentration in the tank at an earlier time. 


EXAMPLE 8.7.2 


A tank contains 100 gal of water. A salt solution 
with concentration 2 Ib /gal flows into the tank at 
a rate of 4gal/min, and the well-stirred mixture 
flows out of the tank at the same rate. If the 
salt concentration of the solution flowing out of 
the tank equals the average concentration 1 min 
earlier, determine the amount of salt in the tank 
at any time f. 


Solution 

If we let y(t) represent the amount of salt in 
the tank at any time t, then we determine the net 
change in the amount of salt in the tank with the 
differential equation 


dy _ 2 lb 4 gal yt — 1) lb 4 gal 
dí V gal min 100 gal min ) ' 
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Therefore, because there is no salt in the tank 
initially (at t = 0 y(t) = 0), we solve the problem 
dy 


di -8- yt- D, y(020-1sts0 


0 Show that C(y(t — 1)) = e *Y(s). 


As an exercise, you should show that Z(y(t — 
1) = e *Y(s). Using the Laplace transform with 


this property we find that 
sY(s) — y(0) — Le AE 
O B 
ee 8 
2A NAG) E 
(s+ 259 ) (s) 7 
8 
Y(s) = E 
25° 
8 


s2 (ep: 
25s 


pu the poU. series expansion 7 = Y 1*9 (- 1) 
xF21—x-4x)—i +... where we replace x with 
— me we have 


"oes » yt (a 2:2 Deere 
s2 = re mom 25k gk 
oo k ¿—ks 
(-1)*e 
2 25k gk+2 


Therefore, y(t) = 8 155 xum (t- gut - . 
In Figure 8.17(a), we graph the solution for 0 < 
t < 150. It appears that lim; 0 y(t) = 200. We 
may ask how this solution differs from that of the 
problem that does not include a delay, dz/dt — 
8 — z/25, z(0) — 0. See Figure 8.17(b). Solving 
this problem as a first-order linear equation, we 
find that z(t) = 200 — 200e7/75, which has the 
same limiting value as y(t) as t > oo. When is the 
difference between the two functions greatest? 
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20 40 60 80 100 120 140 


20 40 60 80 100 120 140 


FIGURE 8.17 (a) The graph of y(t). (b) The graph of y(t) together with the graph of the solution to the problem that does 


not include a delay, z(t). 


Coupled Spring-Mass Systems 


The displacement of a mass attached to the 
end of a spring was modeled with a second- 
order linear differential equation with constant 
coefficients in Chapter 5. Similarly, if a second 
spring and mass are attached to the end of the 
first mass as shown in Figure 8.18(a), the model 
becomes that of a system of second-order equa- 
tions. To more precisely state the problem, let 
masses mı and m» be attached to the ends of 
springs Sı and Sz having spring constants kı 
and k, respectively. Spring S2 is then attached 
to the base of mass m1. Suppose that x(t) and 
y(t) represent the vertical displacement from the 


kix 


ma 


(b) 


FIGURE 8.18 (a) A coupled spring-mass system. 
(b) Force diagram for a coupled spring-mass system. 


equilibrium position of springs Sı and So, re- 
spectively. Because spring 52 undergoes both 
elongation and compression when the system is 
in motion (due to the spring 51 and the mass 
115), according to Hooke's law, Sz exerts the force 
ko(y — x) on m and 54 exerts the force —k1x on 
mı. Therefore, the force acting on mass m; is the 
sum —kix + ko(y — x) and the force acting on 
mo is —k? (y — x). (In Figure 8.18(b), we show the 
forces acting on the two masses where up is the 
negative direction and down is positive.) Using 
Newton's second law (F — ma) with each mass, 
we have the system 


d?x 
i32 = —kix + ko2(y — x) 
d? 

m5 = —ko(y — x). 


The initial displacement and velocity of the 
two masses mı and mp are given by x(0), x'(0), 
y(0), and y'(0), respectively. Because this system 
involves second-order linear equations, we can 
use Laplace transforms to solve problems of 
this type. Recall the following property of the 
Laplace transform: L(f(6)) = s^F(s)—sf (0)—f' (0), 
where F(s) is the Laplace transform of f(t). 
This property is of great use in solving this 
problem because both equations involve second 
derivatives. 
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EXAMPLE 8.7.3 
Consider the coupled spring-mass system 
with mj = m = 1, kı = 3, and k = 2. 
Find the position functions x(t) and y(t) if x(0) — 
y (0) = 0 and x'(0) = y(0) = 1. 


Solution 


To find x(t) and y(t), we must solve the initial- 
value problem 


2 
a == se 2n 
dy , x(0)=y'(0)=0, x'(0)=y(0)=1. 
I2 = 2 Dy) 


Taking the Laplace transform of both sides of each 
equation, we have 


s?X(s) — sx(0) — x (0) = —5X(s) + 2Y (s) 
s?Y(s) — sy(0) — y (0) = 2X(s) — 2Y (8), 
which is simplified to the system 
(s +5)X(s) — 2Y (s) = 1 
—2X(s) + (s? + 2)Y(s) = s. 


We use Cramer 's rule to solve for X (s): 


1 -2 
ss +2 s? 4-2s 4-2 
AG) = = Aaa 
s“+5 —2 st -- 75^ +6 
—2 s*+2 
g 4 Dg JL 


(s? + 6)(s2 +1) 

Then, the partial fraction decomposition of X(s) is 
As+B Cs+D_ 2s+1 2(2 — s) 
s$-1 s2+6 5241) 5(s-6) 


Taking the inverse Laplace transform then yields 


X(s) — 


1 
$4) = 15 (6cost — 6cos V6t + 3sint 
+26 sin Vet) 


Instead of solving the system to find Y(s), we use 
the differential equation x" = —5x--2y to find y(t). 
Because y — La "+ 5x), and 


x(t) = . (cost + 4cos V6t — 2sint 
+2V6sin V6t) 
and 
x" = : (-2cos t+ 12cos V6t — sint 
—4,/6 sin Vet) a 
it follows that 
y= = (12cos t+3cos V 6t + 6sint — V6sin Vét) : 


In Figure 8.19(a), we graph x(t) and y(t) simul- 
taneously. Note that the initial point of y(t) is 
(0, 1), whereas that of x(t) is (0,0). Of course, these 
functions can be graphed parametrically in the xy- 
plane as shown in Figure 8.19(b). Notice that this 
phase plane is different from those discussed in 
previous sections. One of the reasons is that the 
equations in the systems of differential equations 
are second-order instead of first-order. Finally, in 
Figure 8.20, we illustrate the motion of the spring- 
mass system by graphing the springs for several 
values of t. 


In Example 8.7.8, what is the maximum 

displacement of each spring? Does one of the 
springs always attain its maximum displacement 
before the other? 


FIGURE 8.19 (a) simultaneous plot and (b) parametric 
plot. 
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(a) (b) (c) (d) (e) (f) (g) (h) ) 
FIGURE 8.20 (a)t=0, (b) t = 1/2, (c) t = 1, (d) t 2 3/2, (e) t = 2, (f) t = 5/2, (g) t = 3, (h) t = 7/2, and (i) t = 4. 


If external forces F1 (t) and F2(t) are applied to d?x 
the masses, the system of equations becomes "qu —hx + ky - x) + Fi) 
d?x d*y 
az = —kıx + ka (y -x +F H) mad = —ksy — katy — x) + F$). 
d2 
mir = kay) + Fa, 
The Double Pendulum 


which is again solved through the method of 
Laplace transforms. We investigate the effects of 
these external forcing functions in the exercises. 
The previous situation can be modified to 
include a third spring with spring constant k3 
between the base of the mass m and a lower 
support as shown in Figure 8.21. The motion of 
the spring-mass system is affected by the third (my + m2)43261" + ma£1050?" 
spring. Using the techniques of the earlier case, +(m + ma)tg, =0 


this model becomes 
20520?" + mzl1 264" + m2L280, = 0, 


In a method similar to that of the simple pen- 
dulum in Chapter 5 and that of the coupled 
spring system, the motion of a double pendulum 
(see Figure 8.22) is modeled by the following 
system of equations using the approximation 
sin 0 ~ 0 for small displacements: 


m, 


m» 


FIGURE 8.21 Applying external forces to a spring-mass 
system. FIGURE 8.22 A double pendulum. 
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where 64 represents the displacement of the 
upper pendulum and 62 that of the lower 
pendulum. Also, mı and mz represent the mass 
attached to the upper and lower pendulums, 
respectively, and the length of each is given by 
A and £5. 


EXAMPLE 8.7.4 

Y Suppose that mi = 3, m = 1, and each 
pendulum has length 16. If g = 32, determine 

04 (t) and 62(t) if 0&1 (0) = 1, 61'(0) = 02(0) = 0, and 

62 (0) = —1. 

Solution 


In this case, the system is 


4 x 1676," + 16? x 6?" +4 x 16 x 3201 20 
16? x 6?" +16? x 01" +16 x 32 x 6 — 0, 
which can be simplified to obtain 
401" + 0?" + 86, — 0 
05" +01" + 20) = 0. 
If we let L(01(£)) = X(s) and £(02(0) = Y(s), 
taking the Laplace transform of each side of each 
equation gives us 
501 (0) — 61 (0)) + (s?Y (s) 
s05(0) — 02'(0)) + 8X(s) = 0 
(s!Y(s) — s65(0) — 6/(0)) + (s°X(s) 
— s6,(0) — 61'(0)) + 2Y(s) = 0 


A(s? X(s) 


Or 
A(s? + 2)X(s) + 2Y (s) = 4s — 1 
s?X(s) + (s? + 2)Y(s) =s — 1. 


Solving this system for X(s), we obtain 


dig il e | 
s—1 2+2 9s? + 85 — 2 
X() = 2 | = m 2 
4(s° +2) s 3s* + 165* + 16 
s2 s2--2 
35? + 85 — 2 


(3s2 + 4)(s2 + 4)' 
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After finding the partial fraction decomposition, 


35-4852 — As+B Cs+D 325-1 
(882 --4)(--4) 382-4 s2+4 4332-4 
12s+1 
45244’ 


we compute the inverse Laplace transform to find 
that 


1 2 
A(t) = = (4cos2t + 40s Zt + sin: 
8 J3 


—A3sin =) : 


Differentiating, we have 


1 2 
ad) = = (2cos2t— 2 cos —t — 8 sin 2t 
d 8 Ve 


and 


1 2 
o) = = (120052! — 4cos Zt — 3sin 2i 
i 6 V3 


+43 sin A : 


Using the differential equation 401” +02” +801 = 0 
yields 


4 2 
05" (f) = —401" (f) — 801 (t) = 4 cos 2t — 3 cos —=t 


E 
I imne 
V3 S 


Integrating, we have 


+sin 2t + 


1 2 
0) (t) = = ( 3cos2t — 3 cos po 


2 
—AX/3 sin =) +c}. 
AIT 


Applying the initial condition 62’ (0) = —1 yields 
6z (0) = —1/2 — 1/2+c1 = -1,soci = 0. 
Integrating again, we obtain 
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A A 
Y EE s VE tod 


2 


(a) (b) 


FIGURE 8.23 (a) simultaneous plot; and (b) parametric 
plot. 


2 il 
62(t) = — cos 2t + cos —t — nl 


V3 
= 2 
== in —=t i 
5 A/3sin J8 + c2 
Then, because 62(0) = 0, 62(0) = 1 — 1 + c2 = 0 so 
c2 = 0 and it follows that 


02(t) = — cos 2t+ cos 


2 ; OS 2 1 J3si 2 
n E zm aire 
These two functions are graphed together in 
Figure 8.23(a) and parametrically in Figure 8.23(b) 
to show the solution in the phase plane. We also 
show the motion of the double pendulum for 
several values of t in Figure 8.24. 


Does the system in Example 8.7.4 come 
to rest? Which pendulum experiences a 
greater displacement from equilibrium? 


D EXERCISES 8.7 


1. Suppose that we consider a circuit with a 
capacitor C, a resistor R, and a voltage 


100, 0<t<1 
spp EO = | "om EL — 0, 


find Q(t) and I(t) if Q(0) = 0, 
C = 50? farads, and R = 50 Q. 


. Suppose that we consider a circuit with a 


capacitor C, a resistor R, and a voltage 
100sint, O<t<az 
ly E(t) = ilr. ; 
SPPN 0, im 
L = 0, find Q(t) and I(t) if Q(0) = 0, 
C = 107? farads, and R = 100 Q. 


If 


. Consider the circuit with no capacitor, 


R = 100 Q, and L = 100H if 

50 O<tft<1 
E(t) = iiec d E(t +2) = E(t). 
(t) 0, 12023 a (t 4-2) (t) 


Find the current I(t) if I(0) = 0. 


. Consider the circuit with no capacitor, 


R = 100 Q, and L = 100 H if 
EW) = 100sint, O0<t<x and 
0, m <t<Ê2r 
E(t + 27) = E(t). Find the current I(t) if 
I(0) = 0. 


. Consider the circuit with no capacitor, 


R = 100 Q, and L = 100 H if 
E(t) = 1005, O<t<1 and 
0, l<t<2 
E(t +2) = E(t). Find the current I(t) if 
I(0) =0. 


. Consider the circuit with no capacitor, 


R = 100 Q, and L = 100 H if 

E(t) = 100t, Usfel.d 
1002-5, 1<t<2 

E(t + 2) = E(t). Find the current I(t) if 

I(0) = 0. 


. Solve the L-R-C circuit equation that was 


derived before Example 8.7.1 for I(t) if 
L=1Henry, R = 62, C = 1/9farads, 
E(t) = 100 V, and I(0) = 0. 


. Solve the L-R-C equation for I(t) if 


L = 1 Henry, R = 6 Q, C = 1/9 farads, 
E(t) = 100 sin t volts, and I(0) = 0. 


. Solve the L-R-C circuit equation for I(t) 


using the parameter values L= C= R=1 


1, O<t<r 


and E(t) — E ,1(0) =0. 


EXERCISES 8.7 


Naas 


ez 


(e) 


@ 


(h) 


FIGURE 8.24 (a)t=0, (b) t= 5/4, (c) t= 5/2, (d) t = 15/4, (e) t = 5, (f) t = 25/4, (g) t = 15/2, (h) t = 35/4, and (i) t = 10. 


10. 


11. 


12. 


13. 


14. 


Solve the L-R-C circuit equation for I(t) 
using the parameter values L = C= R- 1 


O<t<r 


t 
bd „IO — 0. 


0, tx 
Consider a circuit with L — 1, R — 4, 
E(t) = 6(t — 1), and no capacitor. Determine 
the current I(t) if (a) I(0) = 0 and (b) 
I(0) 2 1. 
Solve the initial-value problems in Exercise 
11 using E(t) = à(t — 1) + 8(t — 2). 
Consider an L-R circuit in which L = R 21 


and E(t) — 


t, <t<l 

and E(t) = O<t< . Find the current 
1, t>1 

if I(0) = 0. 

Consider an L-R circuit in which L = R= 1 
t t 

and E(t) 2 1 ' Ost<1 . Find the current 
0, t>1 

if I(0) =0. 


15. 


16. 


17. 


18. 


Consider an L-R circuit in which L = R = 1 
and E(t) = ó(t — 2) + 8(t — 6). Find the 
current if I(0) — 0. 

Consider an L-R circuit in which L = R=1 
and E(t) = 1208(t — 1). Find the current if 
I(0) — 100. 

Consider the R-C circuit in Figure 8.25 in 
which R = 2.5 x 10* Q, C = 10^? farad, and 


0, Oxt«1 
E(t) 2 11, 1<t <2 volts. Determine the 
0, tz2 


output voltage I(t)R (the voltage across the 
resistor), by solving the appropriate integral 
equation. (Note: This equation cannot be 
solved as a differential equation because 
E(t) is discontinuous at t = 1 and t = 2.) 
(Spring-mass systems revisited) Just as with 
systems, we may use Laplace transforms to 
solve the initial-value problem 
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R 
FIGURE 8.25 See Exercise 17. 
dx dx 
m —- 4 c— + kx — f(t), 
dt? dt fe 


x(0) — a, S0 =, 


which models a spring-mass system 
involving one spring. Suppose that m = 1 
slug, k = 11b/ft., and that there is no 
resistance due to damping. Further suppose 
that the object is released from its 
equilibrium position with zero initial 
velocity and the object is subjected to the 


t O<t 2 
external force f(t) = "d t> s li 
1 —sm /2 
Show that fO = 27 +5 rhs A 
S 
19. Given that X(s) = L(f(0) = 5 
iven that X(s) FO) Eu 


1 
s2+1 
It sint- 1(— cost— (t7 2/2) sin t)U(t—7/2). 


e757/2, show that x(t) = £-MX(s)) = 


In Exercises 20 and 21, use the given initial con- 
ditions to determine the displacement of the ob- 
ject of mass m attached to a spring with spring 
constant k. 


20. m = 4, k = 16, x(0) = 1, x (0) = 0 
21. m = 1,k = 9, x(0) = 3, x (0) = —2 


In Exercises 22-25, determine the displacement 
of the object of mass m attached to a spring 


with spring constant k if the damping is given 
by cdx/dt. Use the initial conditions x(0) — 1, 
x'(0) 2 0 in each case. 


22,.m=1,k=6,c=5 
23. m=1/2,k=2,c=2 
24. m = 1,k = 13,c = 4 
25.m=1,k=4,c=5 


In Exercises 26-29, determine the displacement 
of the object of mass m attached to a spring with 
spring constant k if the damping is given by 
c dx/dt and there is an external force f (t). In each 
case, use the initial conditions x(0) = x'(0) = 0. 


26. m=1,k=6,c=5,f(t) = l sint 
27. m = 1/2,k = 2, c = 2, f(t) = te™ 
28. m = 1, k = 13, c = 4, f (t) = e f 
29. m=1,k=4,c=5,f® = e7“ --2e* 


In Exercises 30-37, determine the displacement 
of the object of mass m attached to a spring with 
spring constant k if the damping is given by 
c dx/dt and there is a piecewise defined external 
force f (t). In each case, use the initial conditions 
x(0) = x'(0) = 0. 


30. m=1,k=6,c=5, 


sin2t, 0<t<a7/2 
fo- : 
0, t>1/2 
31.m=1,k=6,c=5, 
coszt, Oxt«1 
E)= = 
f l t>1 


32. m=1/2,k=2,c=2, 


e 2 0-xt«1 
to- {5 t>1 
33. m=1/2,k=2,c=2, 
e?, O<t<1 
f= 41, 1<t<2 
0, t>2 
34. m = 1,k = 13,c = 4, 
-2t = 
f) = H cos 3t, m T 
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35.m=1,k=13,c=4, 


e 2 cos3t, O<t<rx 
fŒ = {e”sin3t, m <t<2r 
0, t> 20 
et, 0<t<1 
36. m = 1,k = 4, c = 5, f (t) = M da 
FO n t>1 


37. m=1,k=4,c=5, 
coszt, Oxt«1 


fo- |; t-1 


38. Show that the initial-value problems 
x" +x = 6(t), x(0) = x'(0) = 0 is equivalent 
to x" + x = 0,x(0) = x'(0) = 0. (Hint: Solve 
each equation.) 


In Exercises 39-41, assume that the mass is re- 
leased with zero initial velocity from its equilib- 
rium position. 


39. Suppose that an object with mass m = 1 is 
attached to the end of a spring with spring 
constant 16. If there is no damping and the 
spring is subjected to the forcing function 
f(t) = sint, determine the motion of the 
spring if at t = 1, the spring is supplied with 
an upward shock of 4 units. 

40. An object of mass m — 1 is attached to a 
spring with k — 13 and is subjected to 
damping equivalent to 4 dx/dt. Find the 
motion of the mass if the spring is supplied 
with a downward shock of 1 unit at t = 2. 

41. An object of mass m — 1 is attached to a 
spring with k — 13 and is subjected to 
damping equivalent to 4 dx/dt. Find the 
motion if f (t) = 6(f — 1) + 8(t — 3). 

42. (Population problems revisited) Let x(t) 
represent the population of a certain 
country in which the rate of population 
increase depends on the growth rate of the 
population of the country as well as the rate 
at which people are being added to or 
subtracted from the population because of 
immigration, emigration, or both. Consider 
the initial-value problem x’ + kx = 
1000(1 + asin t), x(0) = xo. (a) Show that 
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x(t) = a — e™) 


10008, _;: 
14-2 a 
(b) If k = 3, graph x(t) over 0 < t < 10 for 


a = 0.2, 04, 0.6, 0.8 and xo = 0, 1. Describe 
how the value of a affects the solution. 


— cost+ksint) + xe 


In Exercises 43-48, solve the initial-value prob- 
lem using Laplace transforms. Interpret each as a 
population problem. Is the population bounded? 


43. x’ + 5x = 500(2 — sin t), x(0) = 10,000 
44. x' + 5x = 500(2 + cos D), x(0) = 5000 

45. x’ + 5x = 500(2 — cost), x(0) = 5000 

46. x’ + 5x = 500(2 — sin t), x(0) = 5000 

47. x’ — 2x = 500(2 + sin D), x(0) = 5000 

48. x’ — 2x = 500(1 + cost), x(0) = 5000 

49. Suppose that the emigration function is 
50002 — sint), 0xt«5 


f(t) = 0, 1-5 Solve 
x’ —x = f (t), x(0) = 10,000. Determine 
lim; o x(t). 
50. Suppose that the emigration function is 
fi) = 5000(1+ cost), O<t<10 Solve 
0, t>10 
x’ — x = f (t), x(0) = 5000. Determine 
limi. oo x(t). 
51. If the emigration function is the periodic 
function 
Jo [oue O<t<1 
0, 1<t<2 


f(t 4- 2) =f(b, solve x' — x = f(t), 
x(0) — 5000. 

52. If the emigration function is the periodic 
function 
ft- 5000Q — sint), O<t< t 

0, 1<t<2 
f(t - 2) = f(t) solve x' - x = f (t), 

x(0) — 5000. 

58. Suppose that a bacteria population satisfies 
the differential equation dx/dt = x+ 
206(t — 2) with x(0) — 100. What is the 
population at t = 5? 


446 


54. 


55. 


56. 


57. 


Suppose that a patient receives glucose 
through an IV tube at a constant rate of c 
grams per minute. If at the same time the 
glucose is metabolized and removed from 
the bloodstream at a rate that is 
proportional to the amount of glucose 
present in the bloodstream, the rate at 
which the amount of glucose changes is 
modeled by dx/dt = c — kx, where x(t) is the 
amount of glucose in the bloodstream at 
time t and k is a constant. If x(0) = xq, use 
Laplace transforms to find x(t). Does x(t) 
approach a limit as t — oo? 
Suppose that in Exercise 54, the patient 
receives glucose at a variable rate 
c(1 + sin t). Therefore, the rate at which the 
amount of glucose changes is modeled by 
dx/dt = c(1 + sin f) — kx. If x(0) = xo, use 
Laplace transforms to find x(t). How does 
the solution of this problem differ from that 
found in Exercise 54? 
If the person in Exercise 54 receives glucose 
periodically according to the function 

c Oxt«1 
Jure d pede ,I€*2 = f(t), solve 
the initial-value problem dx/dt = f (t) — kx, 
x(0) = xo, and compare the solution with 
that of Exercise 55. 
(Drug dosage problem) The drug dosage 
problems considered in Exercises 54-56 may 
be thought of as a two-tank (compartment) 
problem. Suppose that we administer a 
drug once every 4h, where the drug moves 
from the gastrointestinal (GI) tract (tank A) 
into the circulatory system (tank B). Let x(t) 
represent the amount of the drug in the GI 
tract at time t hours, y(t) be the amount of 
the drug in the circulatory system, and c(t) 
be the dosage of the drug. If a and b are the 
rates at which the drug is consumed in the 
GI tract and the circulatory system, 
respectively, and if initially neither the GI 
tract nor the circulatory system contain the 
drug, we model this situation with the 
system 
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dx 

— = t == = 
dr c(t) ax, x(0)=0 
dy 

ar e by, y(0) 20. 


co O<t<1/2 

0 d/2sfi«4 

c(t — 4) = c(t). (a) Show that for 0 < t < 24 
(over 1 day), 


Suppose that c(t) = | 


6 
c(t) = Y co [UG — 4n) - U(t — 4n — 1/2)] 
n=0 


and 


6 
£i) = SS (et — ec mnm), 
n=0 
(b) Use the Laplace transform to solve 
dx/dt = c(t) — ax, x(0) = 0. (Note: 
co = i 

X(s) = 6 4ns _ @—(4n+1/2)s)_ 

== Er pp ewe )) 
(c) Use the Laplace transform and x(t) to 
solve dy/dt = ax — by, y(0) = 0. (Note: 


6 
A oz ge 
st+tb|\s sca 


n=0 


ms € = =) cd j 
s sca 


(d) If the half-life of the drug in the GI tract 
is 1h and that in the circulatory system is 
4h, then graph the amount of the drug in 
the GI tract and the circulatory system over 
[0, 24]. (Recall that we discussed half-life 
with regard to exponential decay in 
Chapter 3.) We note that if the half-life is 1h, 
the one half of the initial dosage remains 
after 1h. Therefore, we solve xge~**! = xp/2 
for a, which yields a — In 2. Similarly, we 
solve yoe P = yo/2 to find that 

b — (In2)/4. Describe what happens to the 
drug concentration in each case. Assume 
that cy — 2. (e) Suppose that the half-life of 
the drug in the GI is 30 min and that in the 
circulatory system it is 4h. How does this 


58. 


59. 
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change affect the drug concentration in the 
circulatory system? (f) Suppose that the 
half-life of the drug in the circulatory 
system in part (d) is 5h. How does this 
change affect the drug concentration in the 
circulatory system? (g) How does adding a 
buffer to the drug increase the half-life of 
the drug in the GI tract affect the drug 
concentration in the circulatory system? 
(The stiffness matrix) Show that we can write 
the system in matrix form 


d?x 

ET = —k1x + k2(y — x), 
d?y 

m2 d = —kz (y — x) 


in matrix form Mx” = Kx, where 


M = C D ) is the mass matrix and 
0 ma 


Es ka) = J is the stiffness matrix. 
(b) Show that we can write Mx” = Kx as 

x” = Ax, where A = M7!K. (Why does M^! 
exist?) (c) Assume that x(t) = ve% is a 
solution of x” = Ax. Show that x(t) = ve” 
satisfies the system if and only if o? = A, 
where 4 is an eigenvalue of A and v is an 
associated eigenvector. (d) The eigenvalues 
of A are typically negative real numbers. 
Show that two solutions of the system are 
X1 = v cos øt and x2 = v sin ot, where 

a? = à = —o? or a = coi. 

Let mı = 2, m = 1/2, kı = 75, and kp = 25 
in the previous system. (a) Show that the 


eigenvalues of A = M^!K = P F 


K= 


50 —50 


are Ay = —75 and Az = —25. Then, 
o1? = Ay = —o? implies that w] = +5,./3; 
ay” = 2 = —w7? implies that œ = +5i. (b) 


Show that an eigenvector corresponding to 


Ay = —75 is vi = 


a) ; that corresponding 


to Az = —25 is v? = (2) (c) Show that two 


60. 


61. 
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linearly independent solutions 
corresponding to w = +53 are 


cos 5/3t m sin 5/3t 
—2 cos 5431 — 


2 sin 54/3t 
corresponding to œ = +5i are B 


sin 5t i 
and E sin5 J (c) Form a general solution 


to the system by taking a linear combination 
of the four solutions. (d) If the initial 
conditions are x(0) = 0, y(0) = 4, x'(0) = 0, 
and y'(0) = 0, determine the solution to the 
initial-value problem. 

(Forced system method of undetermined 
coefficients) Suppose that a system can be 
written as x" = Ax + f, where f = Fo cos øt. 
Show that if a particular solution has the 
form xp(t) = c cos ot, then c satisfies the 
system (A + o?D)c = —Fo. If w £5, 54, 
find a particular solution of the system in 


ol (Note: The 


) ; those 


Exercise 59 if Fy = 


constants will depend on o.) 

(Delay equation) According to the definition, 

Liy — to) = Jy e “y(t — to) dt. If yO) = 0 
for —tg <t <0, M the change of variables 

v = t — to to show that 

Liy(t — to)} = e *5Y(s). 


In Exercises 62-67, solve the coupled spring- 
mass system modeled by 


2 y 
mos = —kyx + ky — x), mS = —kxy — x) 
using the indicated parameter values and initial 
conditions. 
62. m —2,mn» =2, kı = 6,ko = 4, x(0) = 0; 
x'(0) = —1, y0) =0,y'(0) =0 
63. mı = 2, m = 2, kı = 6, k2 = 4, x(0) = 0, 
x' (0) = 0, yO) =1, y'(0) =0 
64. mı = 2, m = 1, kı = 4, k2 =2,x(0) = 0, 
x' (0) = 0, y0) = 0, y'(0) = — 
65. mı = 2, m = 1, kı = 4, k2 = 2, x(0) = 1, 
x 


^(0) =0, y0) = 0, y/(0) 2 0 
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66. mı = 2, m = 2, kı = 3, k2 = 2, x(0) = 0, 
x'(0) = 1, yO) = 0, (0) =0 

67. mı = 2, m = 2, kı = 3, k2 =2,x(0) = 1, 
x'(0) =0, yO) =0, y'(0) 20 


In Exercises 68-71, solve the coupled spring- 
mass system modeled by 


2 
mS = -kx + ko(y — x) +h) 
dx 
map = —ky(y — x) + Fa(t) 


where mı = 2, m; = 1, kı = 4, k; = 2, x(0) = 1, 
x'(0) = y(0) = y'(0) = 0 using the given forcing 
functions. 


68. F1(tf) = 1, Fo(t) 21 

69. F(t) = 1, Fo(t) = sint 
70. Fi (t) = cost, Fo(t) = sint 
71. F4(t) = cos 2t, Fo(t) = 0 


In Exercises 72-79, solve the coupled pendulum 
problem using the parameter values m, = 3 
slugs, m2 = 1 slug, (4 = £? = 16ft., and g = 
32 ft./s? and the indicated initial conditions. 


72. 64(0) = 1, 01'(0) = 0, 62(0) = 0, 02'(0) = 1 
73. 64(0) = 0, 01"(0) = 0, 02(0) = 0, 02'(0) = —1 
74. 64(0) =1,01'(0) = 1, 62(0) = 0, 42'(0) = 0 
75. 01(0) = 1, 6j'(0) = 0, 62(0) = 0, 6?'(0) = 0 
76. 01(0) = 0, 01'(0) = 1, 62(0) = —1, 02'(0) = 0 
77. 64(0) = 0, 01'(0) = 1, 62(0) = 0, 42'(0) = 0 
78. 64(0) = 0, 01'(0) = 0, 62(0) = —1, 02'(0) = —1 
79. 64(0) = 0, 61'(0) = 0, 62(0) = —1, 02’ (0) = 0 
80. Consider the physical situation of two 
pendulums coupled with a spring as shown 
in Figure 8.26. The motion of this 
pendulum-spring system is approximated 
by solving the second-order system 


mx" + mog x = —k(x — y) 

my" + moy = —k(y — x), 
where L is the length of each pendulum, g is 
the gravitational constant, and «x? = g/L. 
Use the method of Laplace transforms to 


solve this system if the initial conditions are 
x(0) =a, x' (0) = b, yO) = c, y'(0) = d. 
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FIGURE 8.26 Two pendulums coupled with a spring. 


81. Solve the initial-value problem 
mx" + mog x = —k(x — y), 
my" + moy = —k(y — x), x(0) = —1, 
y(0) — 1, x (0) =y'(0) — 0. 
Verify that the initial conditions are 


satisfied. 
82. Solve the initial-value problem 


mx" + mop x = —k(x — y), 


my” + mwg y = —k(y —- x), 
x(0) = (0) = y (0) = 0, x (0) =1. 


Verify that the initial conditions are 
satisfied. 

83. The physical situation shown in Figure 8.27 
is modeled by the system of differential 
equations 


dx 


d?y 
28 + 3ky — kx = 0. 
If x(0) = y(0) = y'(0) = 0 and x'(0) = 1, find 
x and y. Compare these results to those 
found if x(0) 2 y(0) 2 x'(0) 2 0 and 


FIGURE 8.27 Two objects connected by three springs. 


84. 


85. 


86. 


87. 
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y'(0) = 1. Does this model resemble one that 
was introduced earlier in the section? 
Write the system 


d?x 
iim —kyx + ko(y — x), 
d? 
m AE = —kay — ko(y — x) 


as a system of four first-order equations 
with the substitutions x = x1, x1! = x5, 

Y =Y1 yr = y 

Show that the eigenvalues of the 4 x 4 
coefficient matrix in the system of equations 
obtained in Exercise 84 are two complex 
conjugate pairs of the form +q1i and gni, 
where q1 and q» are real numbers. What 
does this tell you about the solutions to this 
system? Does this agree with the 

solution obtained with Laplace transforms? 
In (a)-(d), determine the motion of the 
object of mass m attached to a spring with 
spring constant k if the damping is c dx/dt 
and there is a piecewise defined periodic 
external force f (t). Use the initial conditions 
x(0) 2 x'(0) 2 0 in each problem. 

(a) m=1,k=6,c=5, 


1 O26 E 
so= [; O 
(b) m=1,k=6,c=5, 
j^ veros 
to- [*. iere fE-2 -f0 
(© m=1,k=13,c = 4, 
sint, O<t<x 
to- {4 m<t<2r' 


fE+2r)=f¢) 
(d) m = 1, k = 13,c = 4, 


Lo 0<t<1 7 
fo- [*. pep pitt 2D=fO 


Consider the L-R-C circuit in which 

R «1009, L = 1/10 Henry, C = 1073, and 
E(t) = 155 sin 377t. (Notice that the 
frequency of the voltage source is 

377/ (27) ~ 60 Hz = 60cycles/s.) (a) Find 


88. 


89. 


90. 


91. 
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the current I(t). (D) What is the maximum 
value of the current and where does it 
occur? (c) Find limi, I(t) (the steady state 
current). (d) What is the frequency of the 
steady-state current? 
Suppose that the L-R-C circuit in Exercise 87 
has the voltage source 
155 cos377t, 
0, t>1 
the current I(t). (D) What is the maximum 
value of the current and where does it 
occur? (c) Find limi, o; I(t) (the steady state 
current). (d) What is the frequency of the 
steady-state current? 
Suppose that the L-R-C circuit in Exercise 87 
has the periodic voltage source 


155, 0xt«1 
- , E(t +2) = E(t). 
0 1-t-2 (f+ 2) = Ef) 


(a) Find the current I(t). (b) What is the 
maximum value of the current and where 
does it occur? (c) Find lim; æ I(t) (the 
steady state current). (d) What is the 
frequency of the steady-state current? 

Solve the problem of the forced coupled 
spring-mass system with mı = m = 1, 

kı = 3, and k> = 2 if the forcing functions 
are F1 (t) = 1 and F2(t) = sint and the initial 
conditions are x(0) = y'(0) = 0, 

x' (0) = y(0) = 1. Graph the solution 
parametrically as well as simultaneously. 
How does the motion differ from that of 
Example 8.7.3? What eventually happens to 
this system? Will the objects eventually 
come to rest? 

Consider the three-spring problem shown 
in Figure 8.21 with mı = m = 1 and 

ky = ko = kz = 1. Determine x(t) and y(t) if 
x(0) = y(0) = 0, x'(0) = —1, and y'(0) = 1. 
Graph the solution parametrically as well as 
simultaneously. When does the object 
attached to the top spring first pass through 
its equilibrium position? When does the 
object attached to the second spring first 
pass through its equilibrium position? 


0xt«1 


E(t) . (a) Find 


E(t) = 
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93. 


94. 


95. 


96. 


Solve Exercise 91 with the forcing functions 
Fı (t) = 1 and F»(t) = cost. Graph the 
solution parametrically as well as 
simultaneously. When does the object 
attached to the top spring first pass through 
its equilibrium position? When does the 
object attached to the second spring first 
pass through its equilibrium position? How 
does the motion differ from that in 

Exercise 91? 

Consider the double pendulum with m, = 3 
slugs, m2 = 1 slug, 41 = €? = 16ft. If 

g — 32ft. /s?, determine 01 (f) and 69(t) if 
61(0) = 1, 64(0) = 62(0) = 0, 02'(0) = —1. 
Graph the solution parametrically and 
simultaneously. 

Suppose that in the double pendulum 

mı = 3 slugs, m» = 1 slug, €; = £) = 4 ft. If 
g = 32 ft. /s?, determine 01 (t) and 6»(t) if 

6, (0) = 1, 01'(0) = 62(0) = 0, 02'(0) = —1. 
Graph the solution parametrically and 
simultaneously. How does the length of 
each pendulum affect the motion as 
compared to that of Exercise 93? 

Suppose that in the double pendulum 

mı =m, = 1 slug, £1 = £5 = Aft. If 

g = 32 ft./s?, determine 64 (t) and 02 (t) if 

01 (0) = 1, 01'(0) = 02 (0) = 0,6?'(0) = —1. 
Graph the solution parametrically and 
simultaneously. How does the mass of the 
first object affect the motion as compared to 
that of Exercise 94? 

Consider the physical situation shown in 
Figure 8.28, where the uniform bar has mass 
mı, a centroidal motion of inertial I, and is 
supported by two springs each with spring 
constant k. A mass ma is attached at the 
center of gravity (Point G) of the bar by 
another spring with spring constant k. 
Using the coordinates q1, q2, and q3 as 
shown in Figure 8.28, we find that the 
motion is modeled with 
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FIGURE 8.28 A mass connected to a bar that is connected 
to its support by two springs. 
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.d? 
x +2kÊq — 0 


d2 

ma — kqı +kq3 = 0. 
(a) Determine the motion of the system if 
k = 2, mı = 2, m3 21,1 = 1,1 = 1 and the 
initial conditions are q1 (0) = q2(0) = 
q2'(0) = q3(0) = q3'(0) = 0, and q1'(0) = 1. 
What is the maximum displacement of q1, 
q2, and q3? (b) If the initial conditions are 
qı (0) = q1'(0) = q2 (0) = q2'(0) = q3'(0) = 0, 
and q3(0) = 1, determine the motion of the 
system. What is the maximum displacement 
of q1, q2, and q3? (c) How do the changes in 
the initial conditions affect the maximum 
displacement of each component of the 
system? 
Consider the system of three springs shown 
in Figure 8.29, where springs S1, S2, and S3 
have spring constants kı, k2, and kz, 
respectively, and have objects of mass mı, 
m2, and m3, respectively, attached to them. 
Summing the forces acting on each mass 
and applying Newton's second law of 
motion yields the system of differential 
equations 


mıxı” = —kyx1 + ko(xo — x1) 
mx?" = —ko(xo — x1) + ka(x3 — x2) 

(^ denotes d/dt) 
m3x3” = —k3(x3 — x2) 
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FIGURE 8.29 Two pairs of three masses connected by 
three springs. 


Solve this system if mı = 2, m2 = m3 = 1, 
ky = 1/2, kp = 1, and k3 = 2, using the initial 
conditions x4(0) = x2(0) = x3(0) = 0, 
x1 (0) = 2, x2'(0) = 1, and x3'(0) = 2. When 
does each mass first pass through its 
equilibrium position? 

98. Consider the problem y'(t) — 2y(t — 1) =t 
subject to the condition y(t) = y(0) for 
—1 < t € 0. Laplace transforms can be used 
to solve problems of this type with the 
following procedure. 
(a) Take the Laplace transform of both sides 
of the equation to obtain 


sY(s) — y(0) — 2 / e “yt —1)dt=—> 
0 


(b) Evaluate fj" e *'y(t — 1) dt by letting 
u=t—1 to obtain 


CO 
Í e “y(t — 1) dt 
0 


0 00 
=e? (/ e ?"y(u) du + / e *y(u) 2 : 
-1 0 


(c) Use the condition y(t) = y(0) for 
—1 < t < 0 to simplify the expression in 
(b). Substitute this result into the 
expression in (b). Substitute that result 
into the expression in (a) and solve for 
Y (s) to find that 
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—e* + 2sy(0) — 2e5sy(0) — e°s?y (0) 

s3es — 25? f 
(d) Use partial fractions to find that 


2(1 +2sy(0)) 1+ 2sy(0) + s?y(0) 
s? (ses — 2) s3 ; 


Y(s) = 


Y(s) = 


1 4-2sy(0) +s "yo | 
33 


(f) Find £7! [LL 
s? (ses — 2) 


this expression as 
20 +2sy(0))  2(-2sy(0) 1 


(e) Find £7! 


| by rewriting 


s? (ses — 2) stes 1 — 2s7le-s 
| 20 +2sy0)) $ f, y" 
ES — 2 (2s e ) 


d 212,0) 


Z 22 dece 


(g) Show that 


gnt3 x) 


n+2 
+2 yO) gn3 =| 


pr dee E 
ma F 


= ES — n) ?u(t — n) 
(n +3)! 
x [t + 6y(0) + Qy(0) — Dn] 
so that 
E | 2(1 + 2sy(0)) | 
s? (ses — 2) 


29n+1 


ER q +2 _ 
la nyt U(t — n) 


x [t + 6y(0) + (2y(0) — Dn]].. 
(h) Find y(t). 


CHAPTER 8 SUMMARY: ESSENTIAL 
CONCEPTS AND FORMULAS 


Definition of the Laplace Transform: 


£f) = ef dt. 
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Linearity of the Laplace Transform: 
Llaf(t) + bg(t)} = acCf() + bL O. 
Exponential Order: A function f is of 
exponential order (of order b) if there are 
numbers b, C > 0, and T > 0 such that 
FOI < Ce" for t > T. 


Shifting Property of the Laplace Transform: 


£e"! f (t)) = F(s — a). 
Inverse Laplace Transform: f (t) = 
if LF) = FG). 
Laplace Transform of the First Derivative: 
£( (0) = sL{f()} — f0). 
Laplace Transform of Higher Order 
Derivative: Z(f ? (t)} = 

PEO — 8" 1f() — ... fF" VO. 
Derivatives of the CUBE Transform: 
LFO} = E iyd ds 
L{f(t)} = F(9). 
Laplace eae of a Periodic Function: 
£0) = — Io ef dt. 
Unit INC Function: ó(t — t9) — 0, 
tz to, [A d(t — to) dt = 1, 
L{S(t — tg)) = e *%, 
Convolution theorem: 
LON EG)GG) = £ {Lf *g)(O}} = 
FDH = fo f(t — v)g(v) dv. 
Coupled Spring-Mass System: Two 
Springs: 


Lo{f(s)} 


d?x 

nm —=k1x + kaly — x) + Fit, 
d? 

mit = ky — 3) Fat) 


Coupled Spring-Mass System: Three 
Springs: 
2y 
mag —kyx + kaly — x) + Fi(b), 
2 


d 
m5 = —k3y — ko(y — x) + F2(t) 


The Double Pendulum: 
(my + my) e170," + mot1£50?" 
+(m + m2)1g0, = 0 
mo 05205" + ml 001" + m2l2¢62 = 0 


CHAPTER 8 REVIEW EXERCISES 


In Exercises 1-4, find the Laplace transform of 
each function using the definition of the Laplace 
transform. 


1. ft) 21-t 
2. f® =te* 

1, Oxt«b5 
«jo - y uu 

t, Oxt«1 
f= e Si 


In Exercises 5-26, find the Laplace transform of 
each function. 


10. 2ef sin 5t 

11. tcos 3t 

12. tsin2t 

13. e^?! cos 3t 

14. 5(t — 27) 

15. $(t — 31/2) 

16. 7U(t — 7) 

17. 6U(t — 7) — AU(t — 4) 
18. 36e-^u(t — 2) 

19. —42e°'U(t — 1) 

20. 5sin(t — 5) (t — 5) 


21. Wd e2) 

2, Died 
n. f= y bap egftt2) =f ift>2 
23. f) =1-4,0<t<1ft+D=f@ift>1 
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24. f(t) - sinzt,0 € t « 1,f(t-1) 2 f(Dift 1 
cos Zt 0O<t<1l 
25. f(t) = 27 t) = f(t — 2) if 
f(t) n tage y HO JT )i 
t>2 
t, 0<t<2 
26. f(t) = 12, 2<t<4,f(0 2 f(t — 6) if 
6—t, Axt«6 
t>6 
27. f( = Eo 
et — grbt 
28. 
t 
1—-e^ 
29. 


In Exercises 30-41, find the inverse Laplace trans- 
form of each function. 


—10 


—25 
2s 


(2412 

3(40 — s?) 
s6 
2s? — 7s + 20 
s(s? — 2s + 10) 
zg4 15s 32 
s(s? + 10s + 26) 
14 

85. — 


30. 


31. — 


32. 


33. 


34. 


36. 


37. 


38. 


39. 


(+1 ML — e-s) 
Ssin $ + wcosq 
AA 
scos ó — o sinó 
$49 — 


40. 


41. 
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In Exercises 42 and 43, compute the convolution 
(f * 9)(t) using the given pair of functions. 


42. f(t) = Vi, git) =P 
43. f(t) = cost, g(t) = sin 2t 
In Exercises 44-54, solve the initial-value 
problem. 
44. y" + 6y' + 10y = 0, yO) = 0, y'(0) 21 
45. y” — 4y' + 5y = 0, yO) 2 1, y/(0) 20 
sinzt, O<t<1 
46. t t= = 
y +y =f), f6) = £1 
y(0) — 0 
47. y +2y = ô(t — 1), yO) = 1 
t, 0<t<1 
48. /'-y —f(,f(0 2 12-t 1<t<2, 
0, t>2 
y(0) =y'(0) =0 
49. y” + 12y' + 32y = f (t), 
t, O<t<1 ; 
t > 2, y(0) =y (0) =0 
2 O<t<1 
50. y + 6y' + 8y=f(b,f) =4 * = ; 
y"  6y + 8y = f(t), fH E iyu 
51. x" -- 3x! 4+ 2x = (t — 1) + (t — 2), 
x(0)2x'(0)20 
52. x" -- 9x = cos 3t+ 6(f — 2/3), x(0) = x'(0) = 0 
53. g(t) = sint + i g(t — v)e^" dv 
54. g 2 5 t— fo(t—v) go) dv 
55. Use du n series San 


tan! x2x-ix sti dad tx? —... to 
find the Maclaurin series pansion for 
tan! (1/s). Use this bu oM to show that 


£- (tan! (1/s)) = —— T ane Use the 


Maclaurin series exbansión of sin x: sinx — 
EE ou 
aa =0 (2k + 1)! 


- 1.23 T 5 
—— ———Xx =x- UA Wax) 
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d" ; 
56. Use LEF D} = (Ca 9 with n = 1: 
Y ¿fd 
fH= =7£ (ro) to compute 


E s—5 = s2 +4 
ee {n=} ana e fin l 


In Exercises 57 and 58, solve the initial-value 
problem mx” + cx’ + kx = f (t), x(0) = a, x'(0) = b 
to determine the motion of an object attached to 
the end of a spring using the given parameter 
values. 


57. m = 4,c = 0, k = 1,a = 0, b = —1, 
cos2t, O<t<r 
t) = ~ 

FO h Lx 
58. m = 1, c = 1/2, k = 145/16,a =b = 0, 

f(b = &(t — r) 
In Exercises 59 and 60 solve the L-R-C series 
circuit modeled by 


dQ 1 
AE TRE + 20 =F, 
dQ 


Q(0 =Qo, 10) = ds — lo 


using the given parameter values and functions. 
(Assume that the units are Henry, Ohm, farad, 
and volt are used, respectively, for L, R, C, and 


E(t).) 


59. L=1,R=0,C=10-4, 
220, 0<tłt<2 
E(t) = ; 
0, t> 2 
60. L = 4, R = 20, C = 1/25, 
0 0<t<1 
E ,E(t +2) = E(t if 
6 tare c COEM 


t>2,Q0=l0=0 


Qo = Io = 0 


E(t) = 


In Exercises 61 and 62, interpret the initial-value 
problem as a population problem. In each case, 
determine if the population approaches a limit 
as t — oo. 


61. x’ — 2x = 100 d(¢t — 1), x(0) = 10,000 
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diei E 100, O<t<1 
100, tz1 
63. Suppose that the vertical displacement of a 
horizontal beam is modeled by the 
boundary-value problem 
d'y/dx* 2 WG), y(0) = y) — 0, 
yq) =y()=0, 
where W(x) is the constant load that is 
uniformly distributed along the beam. Use 
the two conditions at x = 0 with the method 
of Laplace transforms to obtain a solution 
that involves the arbitrary constants 
A = y"(0) and B = y" (0). Then apply the 
conditions at x — 1 to find A and B. 
64. Suppose that the load in Exercise 63 is not 
constant. Instead, it is given by 


10, 0<x< 1/2 
Ü. teased 


, X(0) = 10, 000 


W(x) = . Solve 
d'y/dx* = Wœ), y0) 2 y (0) — 0, 
yd) 2 y' 0) =0, 

to find the displacement of the beam. 


In Exercises 65-68, solve each system. 


65. y” = —x — 2y, x" = —2x — 4y, x (0) = 1, 
x(0) = y(0) = y(0) — 0 

66. y" — 3y = —x’ — 2y + x, x + y = 2y — x, 
x(0) = y(0) = 0,x(0) = 1, y) = -1 

67. X = —2x — Ay, y = ix +f(0, 


1, 0xt«2 
fO = 0, 122 , x(0) = yO) =0 
68. x = -y - f(, y =x, 
1, O0Oxt«m 
f(0-211, T<t<2x,x(0)=y(0)=0 
0, t> 2x7 


69. Solve the spring-mass system with two 
springs, as shown in Figure 8.18(a), using 
mı = m =k, = 6, k2 = 4, and the initial 
conditions x(0) = y(0) = y'(0) = 0 and 
x'(0) = 2. (Assume no external forcing 
functions.) 
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70. Solve the spring-mass system with two 
springs as shown in Figure 8.18(a), if the 
forcing functions F4(f) = 2 cos t and 
F(t) = 0 are included with the parameters 
mı = m = 1, kı = 3, k2 = 2, and the initial 
conditions are 
x(0) = x'(0) = y(0) = y'(0) = 0. What 
physical phenomenon occurs in y(t)? 

71. Solve the spring-mass system with three 
springs (as shown in Figure 8.21) if the 
forcing functions F4(f) = 2 cos t and 
F2(t) 2 0 and included with the parameters 
mı = m = kı = kp = kz = 1 and the initial 
conditions are 
x(0) = x (0) = y(0) = y'(0) = 0. 

72. Solve the double pendulum with m1 = 3, 
mz = 1, £41 = lo = 16 ft., g = 32 ft./s*, and 
the initial conditions 6,(0) = 6;/(0) = 0 and 
62(0) = 62'(0) = —1. 

73. Solve the double pendulum with m = 3, 
m = 1, £4 = lp = 16ft., g = 32ft./s?, and 
the initial conditions 61 (0) = 0, 6;/(0) = —1 
and 62(0) = 0, 62'(0) = 1. 


DIFFERENTIAL EQUATIONS 
AT WORK 


A. The Tautochrone 


From rest, a particle slides down a frictionless 
curve under the force of gravity as illustrated in 
Figure 8.30. What must the shape of the curve be 
for the time of descent to be independent of the 
starting position of the particle? 

The shape of the curve is found through the 
use of the Laplace transform. Suppose that the 
particle starts at height y and that its speed is v 
when it is at a height of z. If m is the mass of the 
particle and g is the acceleration of gravity, then 
the speed can be found by equating the kinetic 
and potential energies of the particle with 


jm? —mg(y—-z) or v= 2g/y —z. 
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M 


(0,0 x 


FIGURE 8.30 The tautochrone. 


Christiaan Huygens (1629-1695), Dutch math- 
ematician astronomer, and physicist, originally 
solved this problem in 1673 as he studied the 
mathematics associated with pendulum clocks. 
Huygens greatly influenced Leibniz. Huygens 
designed an internal combustion engine powered 
by gunpowder. Unfortunately, he was never able 
to build a working one. 


To avoid confusion with the s that is usually 
used in the Laplace transform of functions, let 
c denote the arc length along the curve from its 
lowest point to the particle. Therefore, the time 
required for the descent is 


o 1 y1 
Time = f ¿do = f Tar d 
0 0 v dz 


Ü 
y 
zi 1o (2) dz, 
0 v 
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where $(y) = do/dy, which means that $(z) is 
the value of do/dy at y = z. Now, because the 
time is constant and v = /2g/y =Z, we have 


f $(z) dz 
0 Jy —Z 


where c4 is a constant. In an attempt to use a con- 
volution, we multiply by e~*Y dy and integrate. 
Therefore, 


Ea y p(z) oo 
sy = sy 
I i ] deme ip cre 
Lipsy ") =La. 


By the convolution theorem, this simplifies to 
c 
Lip ety 172) = — 


Then, because £(t-!/?) = Js, we have 


cio E=% or nuo LJ 

=== of = —=— 

8 S Jt »/s 
Applying the inverse Laplace transform with 
£M s-17) = t-V?/ / then yields 


-1/2 -1/2 


$= = ky 


c1 
W 
Recall that ¢ (y) = do/dy represents arc length. 


Hence $(y) = do/dy = ,/1+ (dx/dy?, so 


substitution into the previous equation gives 


dx\? dy? Ke 
1+ (z) =ky 1? or 1 + (s) =, 
dy E dy y 


Solving for dx/dy then yields dx/dy— 
,/ (k?/y) — 1, which can be integrated with the 


substitution y = K sin? 0. 


1. Find x(0) using this substitution. 

2. Use the identity sin? 9 = Ia — cos 20) to 
obtain a similar formula for y(0). 

3. Graph the curve (x(0), y(0)) for —1/2 x 0 <0 
for k = 1,2,3. How does the value of k affect 
the curve? 
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4. Find the time required for an object located 
at (x(—7/2), y(—7/2)) to move along the 
curve to the point (x(0), y(0)). Does this result 
depend on the value of 0? 


B. Vibration Absorbers 


Vibration absorbers can be used to virtually 
eliminate vibration in systems in which it is 
particularly undesirable and to reduce excessive 
amplitudes of vibrations in others. A typical type 
of vibration absorber consists of a spring-mass 
system constructed so that its natural frequency 
is easily varied. This system is then attached to 
the principal system that is to have its amplitude 
of vibration reduced, and the frequency of 
the absorber system is then adjusted until the 
desired result is achieved (see Figure 8.31 (a)). 


Fo sin ot 


N| 


(a) 


FIGURE 8.31 (a) The principal system and the vibration 
absorber attached to the principal system. (b) A simple model 
of an airplane. 


DIFFERENTIAL EQUATIONS AT WORK 


If the frequency w of the disturbing force 
fo sin wt is near or equal to the natural frequency 
Oy = yk,/m; of the system, the amplitude 
of vibration of the system could become very 
large due to resonance. If the absorber spring- 
mass system, made up of components with kz 
and my, is attached to the principal system, 
the amplitude of the mass can be reduced to 
almost zero if the natural frequency of the 
absorber is adjusted until it equals that of the 
disturbing force œ = y/k2/mo. These types of 
absorbers are designed to have little damping 
and are "tuned" by varying kz, mz, or both. This 
problem is modeled by the system of differential 
equations 


d2 
mm + (ky + k2)x7 — kox2 = Fosinot 
d2xo 
m2 d = kox4 + k2xX2 = 0. 


m= 


. Solve the system for x1 and x». 

2. When is the amplitude of xı equal to zero? 
What does this represent? 

The mass ratio m2/m is an important 
parameter in the design of the absorber. To 
see the effect on the response of the system, 
transform these properties to the 
nondimensional form 


om m m ky 

3. If Ay is the amplitude of x1, express 
A1/(Fo/Kk4) as a function of v/w25. 

4. Plot the absolute value of A1/(Fo/k1) for 
w= 0.2. 

5. When does A1/(Fo/k1) become 
infinite? Do these values correspond to 
resonance? 

6. In designing the vibration absorber, 
what frequencies should the absorber 
not be "tuned" in order to avoid 
resonance? 
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C. Airplane Wing 


A small airplane is modeled using three 
lumped masses as shown in Figure 8.31(b). We 
assume in this simplified model of the airplane 
that the wings are uniform beams of length £ and 
stiffness factor El where E and I are constants. 
(E depends on the material from which the beam 
is made and I depends on the shape and size of 
the beam.) We also assume that m, — m3 and 
mz = 4m1, where mı and m3 represent the mass 
of each wing and mz represents the mass of the 
body of the airplane. 

We find the displacements x1, x2, and x3 by 
solving the system 


xj" X1 0 
M x?" +Klx|=J|0], 
xa" X3 0 
El 3 -3 0 
where R= —3 6 3 and M= 
0 -3 3 


1. Solve system (8.9) subject to the initial 
conditions x4(0) = x2(0) = x3(0) = 0, 
x1 (0) = 1, x?/(0) = —1/2, and x3/(0) = 1.! 

2. Determine the period of x1, x2, and x3 for 
c = 1074, 10-7, 1/10, 1, and 2, where 
c = EI/(m;). 

3. Graph x1, x», and x3 over several periods for 
c = 1074, 107, 1/10, 1, and 2. 

4. Illustrate the motion of the components of 
the airplane under these conditions. 


lTames, M.L., Smith, G.M., Wolford, J.C., and Whaley, P.W., Vibration of Mechanical and Structural Systems, Harper and 


Row, New York, 1989, pp. 346-349. 
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D. Free Vibration of a Three-Story 
Building 


If you have ever gone to the top of a tall 
building, such as the Sears Tower or Empire State 
Building on a windy day, you may have been 
acutely aware of the sway of the building. In 
fact, all buildings sway (or vibrate) naturally. 
Usually, we are only aware of the sway of a 
building when we are in a very tall building 
or in a building during an event such as an 
earthquake. In some tall buildings, like the Park 
Tower in Chicago, the sway of the building dur- 
ing high winds is reduced by having a tuned 
mass damper atthe top of building that oscillates 
at the same frequency as the building but out 
of phase. We investigate the sway of a three- 
story building and then try to determine how we 
would investigate the sway of a building with 
more stories. 


The Park Tower in Chicago was the first building 
designed with a tuned mass damper. The damper 
in the building weighs 300tons. Taipei 101's 
730ton tuned mass damper was featured in 
Popular Mechanics in May, 2005. 


We make two assumptions to solve this prob- 
lem. First, we assume that the mass distribu- 
tion of the building can be represented by the 
lumped masses at the different levels. Second, 
we assume that the girders of the structure are 
infinitely rigid compared with the supporting 
columns. With these assumptions, we can deter- 
mine the motion of the building by interpreting 
the columns as springs in parallel. 

Assume that the coordinates x1, x», and x3 as 
well as the velocities and acceleration are posi- 
tive to the right. If we assume that x3 > x? > x1, 
the forces that the columns exert on the masses 
are shown in Figure 8.32. 
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One of the world's tallest building is Taipei 101, 
which has one of the world's largest tuned mass 
dampers. The damper weighs 730 tons! 


In applying Newton's second law of motion, 
recall that we assumed that acceleration is in the 
positive direction. Therefore, we sum the forces 
in the same direction as the acceleration posi- 
tively, and other negatively. With this configura- 
tion, Newton's second law on each of the three 
masses yields the following system of differen- 
tial equations: 


d2x 
ex pista = m t 
1X1 + Ko(x2 — x1) = my dg 
d?x 
—ko(xo — x1) + ka(xa — x2) = Tur 
d? 
—k3(x3 — x2) = m3 
which we write as 
2x, 
diera + (ky + k2)x1 — k2x2 = 0 
2x, 
mad — kox1 + (ko + ka)x» — kaxa =0 
d?xs 
mad — k3x2 + k3x3 = 0, 


where 111, m2, and m3 represent the mass of the 
building on the first, second, and third levels, 
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k3(x3 — x2) 


k3(x3 — x2) 


(x2 — x1) 


ky(x2 — x1) 
— 


FIGURE 8.32 Diagram used to model the sway of a three-story building. 


and kı, k2, and k3, corresponding to the spring 100\ fx)" 1 (tk -k 0 
constants, represent the total stiffness of the 020]|[x"|]-—]| -k k2+k3 =k 
columns supporting a given floor.” 003J WX") ™ 0 —k3 k 
1. Show that this system can be written in xi 0 
matrix form as x?,|] 210 
ma 0 0 x" X3 0 
0 m 0 | [x 3. Find exact and numerical solutions to the 
0 0 m3} Ax" system subject to the initial conditions 
ko bie -k 0 xi 0 x1(0) = 0, x1'(0) = 1/4, x2(0) = 0, x2'(0) = 
+| =k o ds la xo |-l0]. —1/2, x3(0) = 0, x3'(0) = 1 if kı 23, kp = 2, 
0 —ks k X3 0 and k3 = 1, for mı = 1, 10, 100, and 1000. 
4. Determine the period of x1, x2, and x3 for 
kitko —=k2 0 mı = 1, 10, 100, and 1000. 
The matrix | —k2 kp +k3 —k3 | is called 5. Graph x1, x2, and x3 for m4 = 1, 10, 100, and 
0 —ks k3 1000. 
the stiffness matrix of the system. 6. Illustrate the motion of the building under 
2. Find a general solution to the system. What these conditions. 
can you conclude from your results? 7. How does the system change if we consider a 
Suppose that m2 = 2m and m3 = 3m. Then, 5-story building? a 50-story building? a 
we can write this system in the form 100-story building? 


?James, M.L., Smith, G.M., Wolford, J.C., and Whaley, P.W., Vibration of Mechanical and Structural Systems with 
Microcomputer Applications, Harper and Row, New York, 1989, pp. 282-286. Vierck, R.K., Vibration Analysis, Second 
Edition, Harper Collins, New York, 1979, pp. 266-290. 
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E. Control Systems 


Consider the spring-mass system or circuit 


described by the IVP? 


2 
aS + bo +cx=f(t), x(0) =x'(0) =0. 


(8.10) 


Many times the constant coefficients a, b, and c 
are unknown, and it is the job of the engineer 
to determine the response (solution) to the in- 
put f). 


1. 


N 


o 


A 


Ol 


Show that X(s) = F(s)/(as? + bs + c). Let 
P(s) = 1/(as? + bs + c). This function is 
known as the transfer function of the system 
and p(t) = L HP(s)) is called the weight 
function of the system. 


. Use the convolution theorem to show that 


the solution of X(s) = P(s)F(s) is 
x(t) = hope — v) dv, called Duhamel's 
principle for the system. 


. Find the response to the spring-mass system 


2 
Eun 


m T x(0) = x'(0) = 0. 


42x = f(b, 


. Using the fact that L(8(t)) = 1, show that 


P(s) = £(8(t))/(as? + bs + c). Therefore, the 
solution to initial-value problem (8.10) is 
p(t) = £- (Ps), called the unit impulse 
response. 


. Let h(t) be the solution to 


a d?x/d£? + b dx/dt + cx = U(t). Show that 
H(s) = P(s)/s, so that by the convolution 
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theorem, h(t) = fa p(v) dv. Therefore, 
h'(t) = p(t). Use Duhamel’s principle to show 
that x(t) = fo hoft — v) dv. 


. Suppose that we differentiate the equation 


Ld?Q/dt* + RdQ/dt + (1/C) Q = E(t) with 

respect to t. Use the relationship dQ/dt = I to 

obtain L d?I/d£? + R dI/dt + (1/C)I = E'(t). If 

we do not know the values of L, R, and C, we 

may select the voltage source E(t) — t to 

determine the response, as in 5. In this case, 

show that I(t) = fol (v)E' (t — v) dv = 

i h'(v) dv, so we can use an ammeter to 

measure the response, h(t), when E'(t) = 1. 
Suppose that the readings on the ammeter 

given as ordered pairs (t, h(t)) are: (0,3.), 

(0.299, 3.07), (0.598, 2.22), (0.898, 0.896), 

(1.2, —0.337), (1.5, —0.972), (1.8, —0.753), 

(2.09, 0.232), (2.39, 1.58), (2.69, 2.74), 

(2.99, 3.16), (3.29, 2.57), (3.59, 1.), 

(3.89, —1.14), (4.19, —3.23), (4.49, —4.65), 

(4.79, —4.96), (5.09, —4.06), (5.39, —2.23), 

(5.68, —0.0306), (5.98, 1.89), (6.28, 3.), 

(6.58, 3.07), (6.88, 2.22), (7.18, 0.896), 

(7.48, —0.337), (7.78, —0.972), (8.08, —0.753), 

(8.38, 0.232), (8.68, 1.58), (8.98, 2.74), 

(9.28, 3.16), (9.57, 2.57), (9.87, 1.), 

(10.2, —1.14), (10.5, —3.23), (10.8, —4.65), 

(11.1, —4.96), (11.4, —4.06), (11.7, —2.23), 

(12, —0.0306), (12.3, 1.89). 

Fit this data with a trigonometric function to 

determine h(t) to use h'(t) to find I(t) if 


E(t) = 10 sin 10t. 


3 DiStephano, J.J., Stubberud, A.R., and Williams, I.J., Feedback and Control Systems, Schaum's Outline Series, New York, 


1967. 


Answers to Selected Exercises 


Exercises 1.1 


1. 


11. 


13. 


15. 


45. 
47. 


49. 


Second-order linear ordinary 

differential equation. The forcing function 
is f(x) = x? so the equation is 
nonhomogeneous. 


. Second-order linear partial differential 


equation. 


. This is a first-order ordinary differential 


equation. It is nonlinear because the 
derivative dy/dx is squared. 


. Second-order linear partial differential 


equation. 


. Nonlinear second-order ordinary 


differential equation. 

This is a second-order partial differential 
equation. It is nonlinear because of the 
product, uuy = udu/dx, of functions 
involving the dependent variable, 

u= u(x,t). 

This is a first-order ordinary 

differential equation. If we write it as 

(2t — y) dt/dy — 1 = 0, y is independent, 

t — t(y) is dependent, and the equation is 
nonlinear. If we write the equation as 
dy/dt + y = 2t, t is independent, y = y(t) is 
dependent, and the equation is 

linear. 

This is a first-order ordinary differential 
equation. It is nonlinear in both x (because 
of the 2x dx term) and y (because of the 
—y dy term. 

y = In(cscx + cot x) + cos x + C 

y (x) = Ie 


5 2. 
y (x) = Z6 E ae 


51. y (x) = a (—3 + 3e?* — 2x) 


53. y (t) = € + t$ 

55. y (x) = és 1/2x? +2x + 1 
57. y (x) = — sin (x7!) +2 

67. y (x) = c1 X + c2 xX? 
69. y (x) = (e* + C) e?* 


1 , ; 
81. y= q ^ Vel cos 2x — 74 cos 3x — 


111e* sin 2x — 20 sin x) 


83. x= $e (e?! + 8), y = Se (e?! — 1) 
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(b) 


Whe 


ANSWERS TO SELECTED EXERCISES 


Chapter 1 Review Exercises 


1. 


3. 


5. 


17. 
19. 


21. 


23. 


First-order ordinary linear homogeneous 
differential equation. 

Second-order linear homogeneous 
differential equation. 

Second-order nonlinear partial differential 
equation. 

y=(Q- x2) cos x + 2x sin x. 


y= save —1+4+ InQx -2/ x2 — 1)). 
1 
y= gO + 4cos2x). 


1 
y = zu — cos? x). 


Exercises 2.1 


1. 
3. 


S 


11. 


2./y,y>0 
sen = 2 | VE 


(a) yes; (b) no; (c) no. 

1 i 
f(xy) = y1, so fyt, y) = ee is not 
continuous at (0,0) so uniqueness is not 

5/4 

guaranteed. Solutions: y = (5*) j 
y=0. 

, SO 

2/-yy <0 
-1/2 
y '^5y0 
ty) = 

fut, y) Ex <0 
continuous at (0,0). Therefore, the 


hypotheses of the Existence and Uniqueness 
Theorem are not satisfied. 


Yes. y = exp Ger = D). 


is not 


. Yes. f (t, y) = sin y — cost and fy (t, y) = cosy 


are continuous on a region containing (7, 0). 
y — sect so y' = secttant = ytant and 

y(0) = 1. fy(t, y) = tis continuous on 

—n/2 < t< n/2and f(t, y) = sectis 
continuous on —7/2 < t < 1/2 so the 
largest interval on which the solution is 
valid is —x/2 < t < 7/2. 


13 


15. 
17. 
19. 
21. 
23. 
25. 
27. 
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1 
Ft, y) = Jy? - 1 and fyt, y) = ; —1yW?. 
unique solution guaranteed for (a) only. 
(0, oo). 
(0, oo). 
(—oo, 1). 
(—2,2). 
t>0, y = Hisint—cost, —oo < t < oo. 
t» l/aort < 1/a. 
[t| <a. 


Exercises 2.2 


25. 


3 1/3 
.Y= E A 


. y = (0 — 2Cx + Cx?) /4x2. 
1 5 9 
. 3t E y A =C. 
3 +5 + y ia! C 
1 
. sinh3x — 5 cosh 4y = C. 
.y=-2+Cy2t+ 1. 
3 
.y—sin (- ec). 
.y=Ce*, 
= cosh! 2 sinh 6t 
mate 120 
1 
=; costar +C). 
1 3 y 
I +c). 


3 1 1 
. 40089 = 45 60836 + io eS C. 


. ysin 2x + 2xy + 2? + 5 + 4Cy = 0. 


1 
A pq c + 1)(—64C cosQy(x)) — 
64C + cos(8x — 2y) + cos(8x + 2y) + 
2 cos(8x) + 4 cos(4x — 2y) + 4 cos(4x + 2y) + 
8 cos(4x) — 128) = 0. 


1 1 1 
4 8in2x + e — g (092x — 2sin yy = C. 
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27. 


1 
g 0 c1 + sin(y)))(58 + 6sin (y) — 
2 cos (4x) + sin (y + 4x) — sin (—y + 4x) + 
8 cos (2x) — 4sin (y + 2x) + 4 sin (—y + 2x) — 
64C + 64C sin (y)) — 0. 


2 1 
29. ¿Mx? + lll zc 
2,2 
14 Ce? 2 
31. y = > 
1— Ces? 2t 
33, y — 184120 4x(3C 1) 
SE 40 - 0-8 C 
2y -1 
85. —3t + V3 tan`! (2) + 
J/3 
yt) |. 
g^ Due 
Ce?! 
37. y = +,/ ————. 
y Y 1 — Ce% 


39. 


41. 
43. 
45. 
47. 


49. 
51. 


53. 


55. 


57. 


A 
Y= 1 CY 


y (x) = 1/4x*. 

x (y) = sin (y) +2. 

y (t) = 2/39 + 38/2, 

y(t = -1— 4-14 2e. 

Voy certe A 
y (x) = arctan (x) + 1. 

y = -34+4(3x + DM, 


1 1 
y= in (3e — zte) 


The solution for (a) is y = e*^*, for (b) it is 


1 
y = at and for (c) itis 


1 
Y=; (4+ rsint + sin?#). 
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15 
12.5 
10 
7.5 
5 
23 
—7.5 =5 -2.5 2.5 7.3 
=2.5 
59. y = 2x(x - 2). 
3Ce® +1 
ix yng E 
Ce% — 1 
71. y=exp (Za = 1). 
73. L(t) 2 Loo — eB. 


Exercises 2.3 


. y = —10 + Ce. 
. y = Ce! — cost + sint. 
. y = Ce - 2te™ — e 


—t 


1 
. y = -t+ CE. 


. y xe + Cx}, 
. y = 4 F1 C/AP +1. 


1 
y= —5 costcott + Ccsct. 
1 
. y= w — 9) + Cy/4t? — 9. 


1 
‘y= 3 Sin x + Cesc x. 
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19. 0 = —1 + Ce? 
21. x(y) = -1— y + Ce. 
23. x(t) = C/(P — 1). 
25. v(s) = se ? + Ce 5. 
27. y = e t (t — 1). 
29. y 21—2e7f. 
81. y = te! — 2e! — 1)/t. 
33. y= E 
M s 
35. y — 
89. (a ind Ce! + 1; (b) y = Ce™ + t; 
(c) y = Ce™ + sint; (d) y = Ce! + et. 


—1+2e™%,0<t<1 
43. y(t) = ED 
yO Ene 
-2 
e“,0<t<1 
45. y(t) = 1 
y(t) pro 


47. y (t) = —2/5cos (2t) — 1/5sin (2t) + Cet. 


49. y (t) = (t+ Cet. 
51. y (t) = —1/25 — 1/5t + Ce*t. 


53. y (t) = —2 cos (f) + Asin (t) + 4e! + Cel? 


55. y (t) = 2/11e! + Ce-1^*, 

57. y(t) = (2t+ O) é. 

59. y (t) = cos (t) + sin (f) + t — 1 + Ce™. 
63. y(t) =t— 1+ Ce *, 


y (t) = —1/2cos (t) + 1/2 sin (t) + Ce *, 


y (f) = 1/2 cos (t) + 1/2sin (f) + Ce“, 
y (t) = 1/2e! + Cet. 

65. y(t)=t-1-e* y(t)=t-1, 
y (t)=t-1+e* y(t) =t-1+2e*, 
y (ft) =t-1+3e*, 


Exercises 2.4 


1. My(t, y) = 2y — i 1/2 — 


3. My(t, y) = cos "c: 


5. The equations is exact because 
à, (sty?) = 3y? = dy (y). 


= N;(t, y), exact. 
ty sin ty = Ny(t, y), exact. 


7. 


9. 
11. 
13. 
15. 


17. 


19. 
21. 


23. 
25. 
27. 


29. 
31. 


33. 


35. 
37. 
39. y 
41. 
43. 


49. 


51. y” 


53. 
55. 


57. P 
59. 


My(t, y) = sin 2t z 2sin2t = Nit, y), 
not exact. 

M,(t,y) = y ! = Nut, y), exact. 
y=C+P. 


+ ty + 4y (t) 2C 
342 2 
—1/81n (ie) -In(0 2C 


Int + 2 In sin y = C. 
e' siny + y ^ C. 
y =0, y = Cy sec t? + tan t?. 
t+ysin(yt) = C 
3sin(t + y) + tsin(t + y) = 
ytt + t= C. 
y?—1290. 
| 0 -PB-1 
578-0040 
te! — Py = 0. 
t (y^ + cos Qt) -y -2 =0. 
2 arctan (t) 
EN 
y? -x — sin(xy) = 


=0. 


1 2 
z5 e 

5% + xy 

i C 
(e + py 


1. —t4- C 
{2 


=0. 


yP + # (y +1/4 =C 

cos (y (D) 2 + sin (y) t = C. 

+ y cos ty — C. 

(a) G) y = —t, ? + 2ty + y? =C, (ii) 


1 
+ ¿VOR + 10), (iii) 


20. ~ 20 


1 
— y —39C2P2 + 20), 
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Exercises 2.5 

1. y = +y —2 — 2t + Cel. 
_ ,V- Qcos (t) +2tsin (t) — C)t 
> 2 cos (t) + 2t sin (t) — C 


2 


y 


5. + 2 cos (t) — Š sin (t) — Ce* = 0. 
7. y= " 
P -— 3C 
9. y = 1/(CF! — 1). 
11. Homogeneous of degree 0. 
13. Not homogeneous. 
15. Not homogeneous. 


17. —2In (-==) +In (43) alndjsc 
=t + 2y y B 
19. -1/4In (=) -1/2In (5) — In (b =C. 
21. y? — (31n(t) +C) P =0. 
23. y = (- In (D +C) t. 
25. —2/3 In (3c) + 1/2 In (=) — 
In (f) ^ C. 

y y _ 

27. 1/47 — In D -mn =C. 
2 2 

29. y = —t, -1/2In (te E. 


(t= 2y) v3 
t 


1/34/3 arctan (vo ) — In (t) 2 C. 


31. 1/2 (-y 4 t) y (e!) * — 1n (y) =C. 
83. y — ¿4814 8? dg SE 
35. y = 1/22 + 2P?t. 
37. y = —1/2 + 1/28. 
39. y = / —3In (0) + 27t. 

1y y 8 
1.55 — In (5) —Int-8/3+In2=0. 
43. y = J2tV Int. 


45. y= ty — + y xt + C. 
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47. The general solution is y? = (8cotx + C) 
sin? x or y — 0. So, the solution to the initial 1 
value problem (IVP) is y — 0. 19. =P Iny + y — C. 

53. y = 1/42 4 1/2t - 3/4, y 2 Ct -1- C2 4 C. 2 

55. y = 3/22/88 — 1/2. 


1 
17. ay — cost — siny — C. 


21. y = 1 + Ce? 72, 
23. r=t (cost + tsint + C). 
25. y = t^ 1 (6e! — 6te! + 312ef + CE. 


Exercises 2.6 27. y= —2 + 2In(—2/t), y = Ct + 21nC. 
1. 47.3742, 63.2572. 29. y= —1/3t 6t — 6y £? TE + 
3. 1.8857, 2.09847. 

, EGP Gita) , 
5. 79.8458, 123.048. 54 ( ) 
7. 1.95109, 1.95388. y=1136 606/4100 = 
9. 83.6491, 88.6035. 1 3/2 
11. 2.37754, 2.41897. 5i (6t ay ae 12C) o 
13. 185.34, 206.981. 
15. 1.95547, 1.95609. m —1/3ty 6t + 6y £? pes t 
17. 90.6405, 90.6927. 2 
, —(6t-e/P-—12C) , 
19. 216.582, 216.992. 54 ( ) 


23. 1.95629, 1.95629. y = 1/3ty 6t + 6/2 — 12C — 


25-27. (a) y(t) = e *,y(1) = 1/e ~ 0.367879x. 1 3/2 

h = 0.1, h = 0.005, h = 0.025. 51 (6t *tey/P — 12C) . 

25. (Euler's) 0.348678, 0.358486, 0.363232. 31. y + sin(t — y) = 7. 

26. (Improved) 0.368541, 0.368039, 0.367918. — 33. tsiny — ysint = 0. 

27. (4th-Order RK) 0.429069, 0.414831, 35. tIny+ylnt=0. 
0.36788. cq -— —————————— 

29. y(0.5) ~ 0.566144, 1.12971, 1.68832, EN mede a Ma Hood QE 
2.23992, 2.78297. i 


1 1 1 1 

1.05 1 1.00559 1.00678 
11 1.01118 1.0181 1.01921 
1.15 1.02608 1.03383 1.03486 


Chapter 2 Review Exercises 


Oodo 0i 0K2-1AC 
a 
N 


1. y = 1/54/2516 + 125C. 2 1.04368 1.052 1.05296 
t 1.25 1.06345 1.07219 1.07309 

3. y = ——.. 13 1.08505 1.0941 1.09494 
H NS 1/5 135 110823 1.1752 1.11831 

5. y = (e" + C)”. 14 113281 1.14228 1.14303 
7. y(t) = e£ -e7 2C. 9 145 115866 1.16825 1.1696 
9. y= cos — sint + Cet 10 15 118565 1.19533 1.19601 

; : 11 155 121368 122343 1.22407 

1. y= te 1 DCR]. 12 16 124268 125247 1.25307 
E 13 165 127256 128237 1.28295 

ty? COE CE X C 14 17 130828 1.31309 1.31364 

13. = Cor y = ———— ———. 15 175 1.33478 134456 1.34509 
t+2 t 16 18 1.36699 1.37675 1.37726 
TERI (- -x + =) Žin € + =) s 17 185 13999 140961 14101 

8 A 8 n 18 19 143344 144311 1.44357 

Le e 19 195 146759 14772 1.47764 

1 In (5) —In@)=C. 20 2. 150232 1.51186 1.51229 


39. 


Y, Y, (Improved  Y,(Runge-Kutta 
n X, (Euler's) Euler's) of order 4) 
0 1 1 1 1 
1 0.05 1 1.00125 1.00125 
2 0.1 1.0025 1.00501 1.00501 
3 0.15 1.0075 1.01129 1.01129 
4 02 1.01503 1.02012 1.02013 
5 025 1.02511 1.03156 1.03157 
6 03 1.03779 1.04564 1.04565 
7 0.35 1.0531 1.06242 1.06245 
8 04 10712 1.08198 1.08201 
9 0.45 1.09189 1.10437 1.10441 
10 0. 1.11548 1.12966 1.12971 
11 0.55 1.14194 1.15789 1.15795 
12 06 1.17132 1.1891 1.18918 
13 0.65 1.20364 1.22329 1.2234 
14 0.7 123889 1.26043 1.26056 
15 0.75 1.27702 1.30042 1.30058 
16 0.8 1.31791 1.34309 1.34329 
17 0.85 1.36139 1.38818 1.38842 
18 09 1.40717 1.43532 1.43561 
19 0.95 1.45488 1.48403 1.48438 
20 1. 1.50399 1.53369 1.5341 


Exercises 3.1 


1. 


y(t) = 100e*. With t = 3, y(3) = 100e% 

= 200 so e** = 2 which means that el = 21/3 
and y(t) = 2/2. y(30) = 2? = 1024; while 
y(t) = 2'/3 = 4250 when t = 31n(4250)/ 
In(2) = 36.16. 


. y(t) = e* and y(1) = el = 2/3 so y(t) 


= (8/2) *. yŒ) = (3/2) * = 1/3 when 
t = In(3)/In@G/2) = 2.71. 


. y(1000) = 100e1000* — 50 so ek = 271/1000 


and y(t) = 100 x 27/1000 (1) 
= 100 x 271/1000 2; 99.93 and y(500) = 70.71. 


. y(t) = 500e and y(6) = 500e% = 600 so 


el = (6/5)!/6 and y(t) = 500 x (6/5)'/6. 
y(24) = 500 x (6/5)* = 5184/5 = 1036.8. 
500 x (6/5)'/6 = 1000 when 

t = 61n2)/In(6/5) © 22.81. 


. yd) = & = 1/2 so e = 2- and y(t) 


= 2—/5, Then y(t) = 274? = 1/6 when 
t = 51n(6)/In(2) ~ 12.92 and 
y(15) = 27? = 1/8. 


13. 
15. 
17. 


21. 


23. 


25. 
27. 
29. 


31. 


33. 


ANSWERS TO SELECTED EXERCISES 


9.72 days. 

y(100) ~ 0.96yo. 

ttool ^? 3561.13 years old, tts ^: 4222.81 
years old, tfossil — troo ~ 661.68 years. No. 


y = 100,000 (1 + 9e-#/100) ^; 
y(25) ~ 1.25 x 10%; limt+oo y(t) = 1,000,000. 


NC 
y = 200 (1 +199 (735) ) ;yQ) © 191; 
because there is no f so that y = 200, all 
students do not theoretically learn of the 
rumor. 
y(t) = 1 + 499e*!; y(20) ~ 1; quickly. 
limmn—>oo So (1 + k/m)" = Soe. 
(0) wt =2 (1+ e), lim; y(t) = 0; (d) 
y(t) = 6 (8 — e) 5, imo y(t) = 0. 
(a) y = 2, semistable; y — 0 unstable; (b) 
y = 0, unstable; y — 1, unstable; (c) y = 0, 
semistable; y — 1, unstable; (d) y — 3, stable; 
y — 0, semistable, y — —3, unstable; (e) 
y — —1, unstable; y — 0, semistable; (f) 
y = —1, stable; y = 0, unstable; y = 1 stable. 
See Figure 8.33. 


y(t) = (100 — 99e=+/100) 1 (p) 
= (20 — 19e-1/20) y(t) = (10 — 9e-*/10) 7, 
yt) = (2 — et?) -1 See Figure 8.34. 


Exercises 3.2 


19. 


. t © 55.85 min. 

. 12.59 min. 

. tœ —2.45h, 12:30 p.m. 
. T(5) ~ 76.3 °F. 


75°F: 


. tx 4.7 min. 
. u(t) = —5(9 + 22)-1(—8z? — (22? + 


27)e7 144 371 sin(zt/12) +9 cos(1t/12) — 72). 


. u(t) = —5(9 + 22)-1 (—14z? + x2e-t/4 + 


3x sin(zt/12) + 9 cos(rt/12) — 126). 


. If Ry = Ro, the volume remains constant, 


so V(t) = Vo. If R1 > Ro, V increases. If 
R4 « R5, V decreases. 
y = 2t + 400 — 390 x 200? (t + 200). 
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ANSWERS TO SELECTED EXERCISES 


FIGURE 8.33 Using direction fields to investigate stability 


Exercises 3.3 


1.0 


1. v(t) = 32 — 32e7*; v(2) © 27.67 ft./s. 


7. dv/dt = 32 — v, v(0) = 0 has solution 


v(t) = 32 — 32e^*; ds/dt = v(t), s(0) = 0 has 


= 32t 32e! — 32; 
96.59 ft. « 300 so about 203.41 ft. 


(1 — e75 limi, 00 v(t) = 49/5. 


11. v(t) = —9800 + 9900e+*/1000; v(t) = 0 


[æ 
Vv 
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DT g z 
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+ Bx 10235 
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pa 
S 
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¡a 
mg 
Ye 
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oo E E e Emm 
[2] [2] o o EA oH 


when t = 10.152 s; s(t) = —9800t 


+ 9, 900, 000(1 = e 5/1000). 


21. (a) u(t) = e-*/^(—6 + 76e*/4); (b) u(t) 


s(10.152) = 506.76 m. 


(9 + 22)71(639 + 7171? + (81 — 212)e */4 — 


13 


307 sin(7rt/12)); (c) 
2)71(333 + 3771? + (27 — 


2712)et/* — 45 cos(zt/12) — 15x sin(zt/12)). 


90 cos(7 1/12) — 
ult) = 2(9 + x 
23. ug ~ 69.8273. 


dv/dt = —g, v(0) = vo has solution 


v(t) = —gt + vo; ds/dt = v(t), s(0) = so has 


solution s(t) 
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15. Because the object reaches its maximum 
height when v = —gt + vo = 0, t = 09/2 and 
the air resistance is ignored, the object hits 
the ground when t = 2009/2. The velocity 
at this time is v(209/2) = —2(vo/8) 

+ Vvo = —00- 

17. c— 5. 

19. The velocity of the parachutist after the 
parachute is opened is given by 

17e% + 13 
umeni = 8. a 
v vdr v 

AH. ar = ara tar 
(c) lim% 0? = vo? — 2gR. 

23. g © 82 ft./s? ~ 0.006 mi/s?; vo = /2gR = 
A2 x 0.165 x 0.006 x 1080 ~ 1.46 m/s. 

25. Q(t) = EoC +e RO (E0C + Qo); 

I(t) = BON EC + Qo). 


27. v(t) = 12(4 — V3) — 12(4 — V3)e—#/3; 
x(t) = 12(4 — 43)t + 36(4 — V3)e7"/ 
— 86(4 — 4/3). 

29. v(t) = 32, lim; (32 + Ce‘) = 32. 

31. v(t) = —gm/c, lim. cs (—gm/c + Cem) 
= -gm/c. 

83. c = 1/2: v(t) = 64e (—1 + ef/2); c = 1: 
v(t) = 32e™(—1 + e5; c = 2: 
v(t) = 16e 2(-1 + e”). 

37. approximately 300.772 s. 


; the limiting velocity is 


Chapter 3 Review Exercises 


1. y = 0 is unstable; y = 1/2 is stable. 

3. y = 0 is unstable; y = 4 is stable. 

5. y = P93/^; t = (41n5)/1n3 5.86 days. 

7.3 = yo2 1/700. (50) ~ 0.9798yo (97.98% 
of Yo): 

9. y = 1000(1 + 317571; y = 750 implies 
t = (In9)/(In3) = 2 days. 

11. T(t) = 90 — 50 x 271/20. 

T(30) = 90 — 50 x 2-9/2 ~ 72.3 °F. 


13. T(t) = —225 x (7/9)!/^ + 325 so 
T(—60) z 10.43 °F. 
15.v(f) = 4 — 4e-95 (3) ~ Aft./s; 
1 1 
s(t) = 4t + 2 = 5:56) x 11.5 ft. 
17. dv/dt = —9.8 — v, v(0) = 40 has solution 
1 
v(t) = g(-99 + 299e75); v(t) = 0 when 
t = In(299/99) = 1.11s 
ds/dt = v, s(0) = 0 has solution 
s(t) = 5 (99 — 299e + 299); 
s(In(299/99)) = 18.11 ft. 
1 
19. dv/dt = 32 — 50 v(0) = 30 has solution 


19e?! + 11 


21. With m — 230kg, 
dv/dt = 82/115 — 637v/230, 000, v(0) = 0, 
which has solution 
v(t) = , (1 — e-6371/230000)- u(t) = 12 


2 
when t = 207000 In TE 000 = 17.23s 
637 39,089 


dy/dt = v, y(0) = 0 has solution y = 
164,000, 37,720,000,000 (e—6371/230.000 _ 1) 
637 405, 769 
H = y (7.23) © 104.17,798. 
23. (a) 41? = 32 cos? 0 — 16; (b) r 2 2sec0 + 2; 
(c) r = —6cos?(0/2) + 6. 


1 
29.y = =x +k. 
31. xy =k. 


33. Yes. The orthogonal trajectories of 
dy y 


2 2 sati 
y^ — 2cx = c^ satisfy — = . 
dr pt xia y? 


One solution of this equation can be written 
as y? + 2Cx = C?. Now replace C by —c. 


35. Equipotential lines: x? + y? — c; orthogonal 
trajectories: y — kx. 


1 1 
37. (c) e + xy = 3 = kı and 


1 1 
-5 + xy + ay = ko. 
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39.1. V(x) = fy ry?dt, 


41. 


W(x) = pV(x) = p fy ry?dt 


2. o (x) = FD where F(x) = W(x) + L and 
A(x) 
A(x) = ny. 


3. y(x) 2 Kexp (=). If y(0) = 1, then 
K=1. 


Z = kx?, x(0) = 100, x(1) = 60. 


x(t) = Hac so that C = —1/100 and 
k = —1/150. When t = 3, 


3 1 \} 100 


Exercises 4.1 


1. 


W(s) = ; ' — 1; linearly independent. 
-6t —4t 
. Ws) = ecd iu = 2e-1?* linearly 
independent. 
. Linearly independent; 
plo pm ee E 
W(S) — ee E Bm —2t ^t 42 et, 


7. Linearly independent; W(S) — 0. 


. Wet ep = -2. 
. War, By) = jen. 


. y(t) = —2e?! + et. 
.y=-1134 28, 


. y = sint + cost + tsint. 
cos4t sin 4t 
E —4 sin 4t ij E 
4 cos? At + Asin? 4t = 4. 
E: A 
. W(S) = ee i = 24+. 


. S = {e”, e°}, y = e” + cze”. 
. S = (e^! te}, y = e” (c1 + oot), y = te. 
. S = {cos 3t, sin 3t}, y = c1 cos 3t + c» sin 3t, 


4 
y = cos 3t — 3 sin 3t. 


31 


33. 


35. 


37. 


39. 
41. 


43. 
45. 
47. 
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. S = (E4, t}, y = cyt + cot. 
sint 


ud 
is y = t1? (c1 cost + c» sin f). 
1/2 


For t > 0, yo(t) = so a general solution 


Substituting y = e? and y = e/? into the 
equation y” + (b/a)y + (c/a)y = 0 results in 
the system of equations 2b/a — 4c/a = 1 and 
3b/a — 9c/a = 1 so b/a = 5/6 and c/a = 1/6. 
Hence, the equation is 6y” + 5y' + y = 0. 
Substitution of either function into the 
differential equation and equating 
coefficients gives us a — b = —3 and 2a = 4 
soa=2andb=5. 
1 

— f p(bdt — e- f pdt 
w(p OS oy uj) li | 
y = cy + c2 tan(c3 + cq Inf) is a solution of 
the equation if (a) y = c1 (note that if c2 = 0 
or c4 = 0, y is a constant function); or 


(b) y = E + c2 tan(c3 + c2 In t). The 
Principle of Superposition does not hold. 
y =t 1cos4t. 

y = —nt 1cos4t. 

y- t? (acost + bsint); ya = —an =0 
implies a = 0; y(27) = aa = 0 implies 


that a = 0. y = t^? sint, C arbitrary. 


Exercises 4.2 


1 


. y = 0 has characteristic equation 1? = 0 so 
r = 0 has multiplicity two. Two linearly 
independent solutions to the equation are 
yı = land y? = t; a fundamental set of 
solutions is 5 = {1, t}; and a general solution 
is y = c1 + Cot. 

. y" +y' = 0 has characteristic equation 
1? +r = 0, which has solutions rı = 0 and 
r2 = —1. Two linearly independent 
solutions to the equation are y; = 1 and 
y» = e”; a fundamental set of solutions is 
S = (Le anda general solution is 


y=Cc1+ ce t. 
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5. 
6. 


7. y = ce 
. y = c1 cos 4t + c2 sin 4t. 
-Yy=C1 cos(4/7t) + c2 sin(4/7t). 
< y = cet + 02e%/7. 

. y =c1e% + cte”. 

. General: y = cy + c2e!?; IVP: 


29. 


31. y 


= «e € + cet, 
y 2 


6r? +5r+1=(8r+1)Qr+1) = 0s0 

rı = —1/3and rp = —1/2. Thus, two linearly 
independent solutions to the equation are 
yı = e? and y2 = e7!7; a fundamental set 
of solutions is S = [e!/8,e7*/2); and a 
general solution is y = c1e ^? + eze, 
—1/4 4 oye t/2, 


y = -21(1 — e'/9), 


. General: y = c¡e* + coe*; IVP: 


y = 14e% — 11e“. 


. General: y = c1e?! + c2e%; IVP: y = e”. 
. General: y = c, cos 10t + c» sin 10t; IVP: 


y = cos 10t + sin 10t. 


. General: y = e^?! (cy + cat); IVP: 


y =e (1 + 5t). 


. General: y = e^?! (c1 cos 4t + cz sin 4t); IVP: 


y = e^?! (2 cos4t + sin4t). 
3 1 3 
y = ef? cos (+) + — sin (+) 


1 45 1 y5 
Gc) (77) 
e =p 


V5 


ANSWERS TO SELECTED EXERCISES 


1 2 3 4 5 
33. y = 9e7!/5 — ge!/?, 
3 
35. y= sin(4t) + e? cos(4f). 


37. (a)y = atb + cot; (b) y = t(cy + coln t). 
41. y = Ce™ sin 2t, y = 0, y = e™ cos2t. 


3 1 1 1 
43. y= E + 3) ef + (-5: — 3) e^?! so 


1 1 1 
y=- E + 3) et-3 (-5: - 3) et 


1 4/3/(b +a) (3a +b) 

3 b+a 
For none, (b + ay(3a + b) x 0 while for one, 
(b + a) (3a + b) > 0. 

45. (a) No (b) To be a general solution, a 
fundamental set for the equation is 
S = {tcost,tsint}. Now substitute each of 
these functions into the differential equation 
and set the result equal to zero. Solve the 
resulting system for p(t) and q(t) to obtain 
p(t) = —2/t and q(t) = (Ê + 2)/#?. 


, 


y =0ift=-—In| + 


Exercises 4.3 


1. F= {t,1}. 

3. Fy = {e*'}, Fo = (1). 

5. Fy = le! Fo = (#4, P, #2, 4,1}. 

7. F4 = {cos 2t,sin 2t}, Fr = (e 4). 

9. F1 = {cos 3t, sin 3t}, F2 = {cos 2t, sin 2t]. 
11. F4 = (e^! cos 2t,e~' sin 2t}, Fz = {1}. 


13. 


15. 
17. 


19. 


21. 


23. 


25. 
27. 
29. 
31. 
33. 


35. 
37. 


41. 


43. 


45. 


47. 
49. 
51. 
53. 
55. 


57. 


59. 


ANSWERS TO SELECTED EXERCISES 


8 
yp = Ae? (y = c1 cost + cp sint + xe"). 
yp = Ate? (y = cie! + coe! + te), 
yp = AP + BE+C 
(y = e'(c1 + cot) + £ + 4t + 6). 
yp = Acos2t + Bsin2t 
1 
(y = &1cost + cosint — 3 cos 2t). 
yp = At cos 2t + Btsin2t + Ct + D 
1 1 
(y = c1 cos 2t + c2 sin 2t + 41 sin2t + a) 
yp = Al’ + BP + Ct + DP + EP 
1 1 

= t+ —f° — -P). 
(y cei ott qt sf) 
y = ciel + ce + 1/2. 
y = qe” + coe! +1 — 4t. 
y = cje ‘sin (5t) + coe cos (5t) +1 — 13t. 
y = 280 — 60t + 52 + c4e 12% + cpe 71/4, 
y = —4sin (3f) + 8/3 cos (3t) + cie?! + c2. 


216 54 
y- c1e 4 coe?! — — cos (2t) — 13 sin (2t) t. 


169 
y = c4e 7! + coe t + (—4t + 3) cos 2t) — 
4t sin (2t) (t — 1). 


1 
yY = c1 T oe 8 + rdi + te“, 


1 
Y = Yn + Yp = c1 + oe ^ — 3t? + she 


1 t : 
EIL RE +e — sint. 


y = 2e f + 2e — 4. 

y = 2e! — 2e?! 2/3, 

y=e +40 Att + 1/4. 

y = 7/4e—* sin (4t) — 1/25. 

y = —2t?e” + 6e?tt — 7e?! 4 3/21? + 5e 
+ 3t — 3/2. 


1 
y = -3P + ¿Per 
2 2 
g 7 57 Sin3t,0 xt«m 
—- cos3t — 57 Sin3t,t >x 


Y= Note: A 


CAS was used to construct the solution. 
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61. 


67 


sin2t,0 € t « x 
1 
y= z © — 5cos2t + 2sin2t), x <t<2r. 
sin 2t,t > 27 


Note: ACAS was used to construct the solution. 


. Q9 —2. 


Exercises 4.4 


1 


3. 


5. 


11. 


13. 


15. 


17. 


19. 


21. 
23. 


25. y 


. y = cı sin (2f) + c» cos (2t) + 1/4. 
y = qe” + ce” — je. 
1 

y = c1e 7! sin (4t) + c?e ^?! cos (4t) + ge 
. y = c1 sin (4t) + co cos (4t) + 

1/16 In (sin (4£)) sin (4t) — 1/4t cos (4t). 
. y (D) = 1/49e (c1 sin (7t) + c2 cos (7t) + 
In (sin (7£)) sin (7t) — 7t cos (7t)). 
y = ce! sin (5f) + coe! cos (5t) — 
1/5(—1/5 cos (5t) In (cos (5t)) — 
1/5 sin (5t) In (sin (5t)) + 
t (— sin (5t) + cos (5£)))e!. 
y = cie?! sin (5t) + coe?! cos (5f) — 


1 + sin (5f) 
3t 
1/25e” cos (5t) in( cos (5h Jj 


y = cye sin (t) + coe cos (f) + 
eĉ! (t sin (t) + In (cos (£)) cos (£)). 
1 

y= cje $ cope 4 gs ce" + 
en (e? + 1) — In (e% + 1)). 
y =cyel + coef + 
1/2e~!((t + 1/2 cosh (2t) — 1/2 sinh (2t)) e*— 
1/2 cosh Qt) — 1/2 + t — 1/2 sinh (2t)). 

n o2 2 n2t 
y = cie” + coe?! — e* (In (t) + 1). 
y = ce + coe Ft + t (—1 + In (0) e %. 
(tan (1/2e*)y? 


(1 + (tan (1/20) et 


cqet+c | ef. 
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27 


29. 


31. 


33. 


35. 


37. 


39. 


41. 


43. 
45. 


51. 


53. 


= cel + cett + 


V 
re! Qv 1— 2-4 y1-— PE + 3tarcsin ®). 


y = ce? + oett + 1 hann HE+- 
arctan (f) — t In (t? + 1)). 

y = cy sin (1/2t) + c2 cos (1/2t) + 

cos (1/2t) In (cos (1/2t)) + 

sin (1/2t) In (sin (1/2£)) — 

1/2t (— sin (1/2t) + cos (1/2t)). 


1 
y = c1 cos 3t + c? sin 3t + 9 cos 3t ln cos 
1 
3t + a Ue 
y = c1 cos 2t + c» sin 2t — 


1 
7008 2t (In (sec 2t + tan 2t) — sin 2t) 
1. 2 
+ 2 sin 2t cos” 2t. 
1 
y = c2 cos 2t + c» sin 2t + 4 cos 2t (sin 2t — 2t) 
1 1 
+ 2 sin 2t (in cos t — 2 cos 2). 
. 1 
y = c1 cos 2t + cp sin 2t + zt cos 2t 


1 
+ 4 sin 2f In sec 2t. 


l sin 2t l + 
peo L — — 
2 4 
sin 2t In (sec 2t + tan 2t). 


1 
=- 2t 
y 495 t 
1 
4 
y = 2cost t sint — 2 + sin f — In(sect + tan t). 


Tt 1 1 
-[--/424— t+ —X2 
y ( av + gr) 083 + ae A6 + 


1 1 
4/21n2) sin 3t — 31 cos 3t + 9 sin 3t In sin 3t. 


y- ; (to cos kzdz) sin kt 
- (Jf © sinkzdz) cost] 
y= x LG eEf(2Jdz) eft 


— 0 ef (z)dz) go 


63. 


65. 


. y= cté + cot} 


ANSWERS TO SELECTED EXERCISES 


.y— cyt! + cot lnt + Int — 2. 


2 


iex 
3 18 


1 1 1 
-Y= exp (jee — zte” + 1e + cit + 3! 


. (a) y = (c cost + co sin f) + t (b) 


y- E (c1cost + cosint) +t (infinitely 
many solutions). 
(a)y — tV? (c cos 2t + cp sin 2t) + t 172 
(b) No solution (c) y = t7! (1 — cos2t). 
A general solution is y = c1t + c? sint + cost 
and the solution to the IVP is 
4/2, m-c4 


t+ 


sint + cost. 
m —4 m —4 


Y= 


Exercises 4.5 


1. 


11. 


3E EOr-9P 
W(S) =| 6t 1 2—4t | =0, linearly 
60 -4 
dependent. 
tal te?! 
. W(S) = | —e7! 36% e3 + 3teót | = 16e5t, 
e^! 9e ge3t + 9te3t 
linearly independent. 
tee) ce 
01 2¢ 32 48 
. W(S)=|00 2 6t 122? | = 288, linearly 
000 6 24t 
000 0 24 
independent. 


. Fourth order, y = (c1 + cot + c3t?)e~*! + cae. 
. Fourth order, y = c1 + cot + c3 cos 3t 


+ c4 sin 3t. 
Sixth order, y = e~*'[(cy + cat) cos 4t 
+ (c3 + cat) sin 4t] + cse?! + cge ^9, 


13. 


15. 
17. 


19. 
21. 


23. 


25. 
27. 


29. 
31. 
33. 
35. 
37. 
39. 


41. 


43. 
45. 
47. 


ANSWERS TO SELECTED EXERCISES 


All are solutions of y” = 0 but the 
Wronskian of the set is 0 so they cannot 

be a fundamental set. 

Yes: ya m y" Eu 2y" & Sy E y= 0. 

k — 0 with multiplicity 3 is the solution of 
the characteristic equation so $ — f1, t, gj is 
a fundamental set of solutions and, thus, 

y = co + c1t + cat? is a general solution. 

y = c1 + ce + cze™t. 

The characteristic equation is kt + 16k? = 0 
and the left-hand side of the equation 
factors resulting in K2(K? +16) 2 0 so 

kı2 = 0isa 0 of multiplicity 2 and 

I2 + 16 = 0 has roots k54 = +4i. Thus, 

a fundamental set of solutions is 

S = {1,t, cos 4t, sin 3t} and a general solution 
of the equation is y = c1 + cot + c3 cos 4t 

+ c4 sin 4t. 

y = ciel + coef/? + c3t/2. 

y — ce + coe VD y e ee t 

The characteristic equation is 

kt + K =K(k+1) = 0 so k1 23 = 0 is a zero 
of multiplicity three and k4 = —1 is a zero of 
multiplicity one. A fundamental set is 

Sat Lee, e”*); a general solution is 

y = c1 + cot + ca? + cae t. 

y = c1e 72 + coe?! + c3 sin (2f) + c4 cos (2t). 
y = cie + coe! + coe + c4e t, 

y = c1 + cot + cat? + cat? + cse 

y = c1 + cot + cse + cate! + csP2e7t. 

y = (c1 + cot) cos 2t + (c3 + cat) sin 2t. 

y = (cy cot + cat?) cos 2t 

+ (C4 + cst + cg?) sin 2t. 

y =e — V3e 12 sin (1/2v3t) = 

e !/2t cos (12st). 


y = t(el! — e”). 

y = e™ — 2e^f, 

y = e™/2 (1 + 3cos3t — 4 sin 3t) Note: A CAS 
was used to assist in constructing the solution. 
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49. y = 8P + 4t + 9. 


53. 


59. 


61. 


63. 


(a) 3, (b) t — 1, (c) 2, (d) 0. 
e 3t et 
—3e-3t Let 


mines et 


et 


—27e 3  —e-t 
e^! cos (3) 

—4e* cos (3t) — 3e- ^ sin (3t) 
7e7* cos (3t) + 24e7*! sin (3t) 
44e—" cos (3t) — 117e~ sin (3f) 
e sin (3f) 


—4e~* sin (3t) + 3e~* cos (3f) 


7e* sin (8t) — 24e cos (8t) 
44e" sin (3t) + 117e7* cos (3t) 


1080e- ?*. 
f® tf (t) 
d t t ia t 
(b) W(S) = ap © fa ap © 
d? d d? 
qt (t) 20 (t) tiu (t) 
Pf (t) 
d 
2f (+P =f O = 2(f (^. 
2 


d m, 
2f (0 4t f D+ Pf O 


(a) y = —0.09090909091e-9^! + 
0.5142594770 sin (1.414213562t) + 
0.09090909091 cos (1.4142135621) 

(b) y = 2.020725943e2' sin (1.7320508081) + 
e20t cos (1.732050808t) — 

0.5773502693e2 sin (1.7320508081) t — 
3.500000000e2%! cos (1.732050808t) t 

(c) y = 0.0002889303734e -9699601821t — 
1.06119219400-4334929696t 

sin (0.5236492683t)—1.000288930e9-4934929696t 
cos (0.5236492683t)]. 


478 


65. 


y = 0.05460976246ype 712630674 + 
0.8550147286yge 702076539530 

sin (1.126208087t) — 
0.05460976246ype7 020765395308 

cos (1.126208087t). 


Exercises 4.6 


1. 


3. 


5. 


11. 


13. 


15. 


17. 


19. 


21. 
23. 


25. 


1 
y = c1 ot + c3e™ + "E 
1 
y = c1 + cot + ca£ + cyt? + cset — UE 


1 
y = c1 + cot + cse t + c4et + zte”. 


7 
. y = et + 3/4te™ — 3° + 3/28 — 


1/4e—t? + ce + ce 24 caet, 


. y = el + cec + coe! cos (f) + cae sin (f). 


1 
y = c1 + c2 cos 2t + c3 sin 2t + g msec2t+ 


1 1 
8 cos 2t(4t — sin 4t) — 8 sin 2t In sec 2t. 
Y = Vn + Yp = C1 cot + c3 cos 2t + c4 sin 2t + 


1 
T (In sec 2t — sin 2t In(sec2t + tan 21). 


y- hs + In(cos(3t/2) — sin(3t/2)) — 
In(cos(3t/2)+sin(3t/2))) cos 3t+c> sin 3t+c3]. 


y= je + c3 cos? t — 2t cos 2t 

— In(cost — sin f) + In(cos t + sin £f) + 
C3 sin 2t + In(cos 2t) sin 2t). 

y = —3/4te! + 1/21n (t) Pe! + cre + 
cote! + cat?et. 

y = 1/6e^! + cre + cpe + cze*. 
y = 1/10sin (f) — 3/10 cos (t) + cie?! 
+ cpe! + c3. 


y= -te +c, + c? cost — In(— cos(t/2) 
— sin(t/2)) — In(— cos(t/2) + sin(t/2)) 
— (c3 — In(cos(t/2) — sin(t/2)) + 
In(cos(t/2) + sin(t/2))) sin t. 


27. 


29. 


31. 
32. 
33. 


35. 


ANSWERS TO SELECTED EXERCISES 


y = 1+ t-— cost — In(cost) 
— 2tanh" ! (tan(t/2)) sin t. 


1 
y —2-2cost— af sint. 


y=cy+ cof? +c3tInt +t 

y — c 4 coe! +c3Int 4 t. 

A general solution is y = c1t + cot Int 

+ caV/t — £^; the solution of the IVP is 
y=t-P4+2tint. 

A general solution is y = c1 + cot 

+ cat In t + cat? + 2t 17^; the solution of the 
IVPisy — sca + 16t- V? 4 12t 


+ 131? — 30t In f). 


Exercises 4.7 


1. 


y = xt? + cox?/?, 


3. y = c1X + cxt. 


. y = J/x(c1 cos(21n x) + cz sin(2 Inx)). 
. y = x(c1cos(31nx) + c2 sin(31n x)). 
y x 1? (e +c) Ix). 

. y= x3(cy + co In x). 

y= ex 1 + Cox” + C3x *. 
Y= qx? + cox + C3X3. 

. y = cx + x(co cos(In x) + c3 sin (ln x)). 


2 


y= x (cy + co nx + c3(Inx)?). 

a coln(x) 5 
ge E +1/9x >. 
«y = cy + cxx? In (x) + 1/2 (In c9) x. 


. y = c sin (In (x)) + c2 cos (In (x)) + 1/5x 2. 
“a 2 
.y- uo et — 1/2x. 
. y = c sin (21n (x)) + c2 cos (21n (x)) +2. 
y= 1/25x-3 + cx? + = + c3x? In (x). 
x 


. y —9/54/x + 1/5x. 
. y = cos (21n (x)). 


. y = —3/4x? + 1/44x71 + ax. 


37. 


39. y — 


41. 


43. 


49. 
51. 
53. 


67. 


ANSWERS TO SELECTED EXERCISES 479 


y =3/2x + 1/2x? sin (In (x)) 
— 3/2x? cos (In (x)). 


22 
gy + 1/5x7? — 5/3x71. 


y= evi — 8/5 /xIn (x) + 1/25x?. 


xh x? 
WGS) B xh-ln xr271 
—x"itr l (5p + r1). 
y = c1 + c2 cos (6 In x) + c3 sin (6 In x). 
y = x(c1 + c2 lnx + c3 (In x)?). 

(c) y = c1sin (2 arctan (x)) 

+ c2 cos (2 arctan (x)) 

(d) y = c1 sin (2 arctan (x)) + c2 

cos (2 arctan (x)) + 1/4 arctan (x) 

(e) y = 1/2sin (2 arctan (x)) (f) y = 3/8 
sin (2 arctan (x)) + 1/4 arctan (x). 


y = +y/2c1 In (x) + 2c2. 


r2 


Exercises 4.8 


1. 
3. 
5. 


=0,R>1. 
+2,R > 1. 
o - a1x + (11/24 — 15a9) x? + 


E 
(= ja ag) SH 
( 
(s 


1 
SEN em; 
1 
Vp e + 
5 
51 + 1/4a9 + x) A+ 
1 
1/12 AN 
(a+ / TESE + 


y =ag tax — 1/4a1x? + 8/16a1x* 


e HP e 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


y = ag +41x+ (0/20 — a9) x? + 


5 
(—1/3a, — 1/3ag) x? + Cw 54! + 1/600) x44 


120 
y = ag + 44x + 3/4agx? + 1/12a4x? — 


1 
(- 3541 + 1/1500) a x +: 


10 - 1/32a1x? +. 
1 1 
=1 A 8 
Baer aks Ts ap age 
y = ay +a? (x — 1) + 1/825 (x — 1)? + 


5 4. 15 - 
96 gg2 9 - D tgpec-D' 


az (x — 1? + O((x — 1)9. 


A... 


3 
2048 


1, 1 1 
=1 3 5 Ze 
Pe ge Ea 


37 


Du x 
90,720. * 


s 1 2 1 4 1 5 7 6 
A SEU eg ag 
NE ee NN 
1680. " 2688. ' 2880 ; 


(a) y = ay + ax — 1/2a1x? + 1/6a2x3 


7 1 
ey 4 1/24, Brana Sn, 6 as 7 
i + 1/24ax 249^!* + par 


13 9 
= -(b)y= 
1920 api Fere Oy a 
+ a2x — 8/2a1x? — 1/6a5x? — 1/8a1x* 


3 
— 1/40 — 1/48 — —— ax! — — qyx8 
/ ax? / a1x$ 240* 89g 1* 


+ ¡Y =M0 tax — 1/2ka1x? 


a1x? + 


anx? 


~ 17,280 
+ (1/3a2 — 1/6kaz) x? + (— We 


+ 1/24k?a1)x* + (^ /15ka2 + 5e 2 


1 
-— n 
+ (st a- zyg Fn 
2 23 1 
ES. < ka g 
45 2E +(- 1260 7 * 3gg* 7? 
1 1 
1/42a2 — s -— K 
+ 1/42a2 504 icd +( 1680" ^! 
1 
e) x8 4 


1 
ud be ite 
t 20320 "! * 2520 ?1 — 105 


Fi Z3 


480 


n 
E Kap = 
45,360 
1 
T 362,880 


1 11 


la, — ——k 
11,340 ^2 28352 


1 
AS 
— — Pa a2 + 752 a) DE 


"gs 7° O11 
171 

27. y=1- gx +3% = 

MAE PNE NM 

5040" — 20,160. * 7560" 

4l 5 3007 


302,400. ^ 19,958,400" 
8219 4 3431 id 


119,750,400 2,075,673, 600" 


Exercises 4.9 


1. x = 0, regular. 
3. x = 4, regular. 


1 1 1 
5 ce (14 art zs 2. a 


22 286" 


1 4 
tao" "386,00 + =) 
c PAP m 
+02 (1- 5* + 19* - a0 
9 4 9 5 
1 3 29 
7.y —a«|1 = e 3 
y a( ta 10" 6867 ^ 
19 y 2351 5 T 
65,472 * 11,348,480. * ) v 
C jus DU 99 + 
a 14^ 644 61,824 
C UI 
247,296" ' 12,364,800 
9 1 1 + : 2 : xX + : x4 
. y= — xe — - 
OTT .* AR 389^ ' 8640 


1 
amt) +(In@ (e — 3t 


1 
x5»... ol + (2 — x + =x — 
24* ^ 360° + ) E Eg 
DE (aa E 
288^ Pare ^ )* J 


13. y =cje 


ANSWERS TO SELECTED EXERCISES 


3 9 
11. y= (1452 gtt Jats 


2* 74 
9 
O pos. 
ade(1- x X tug + ) 
7 77, 77, 209 
ala Al 3 4 
pus ie (- *g** Teg? + sgg + 3070" 
4807 . 15 
cee 1 L3 
245,760. * )««( noo (Px a 
105 , 231, "e 
105 , | 231 12415 
m x cT 256 + x + + 15x + 
15, 195 144 445, E! 
4* 72" 356^ ~ 1024 
15. y — ex ^7 + cox. 


17. y = cy? + cox? In x. 
21. y = 6 ( e 
a C ER) 
Va +0) + ca) WHI + 3)7902, 
23. y = c1 (1 — 2x) + co((—1 + 2x) In(x) — 
(1 — 2x) In(-1 + x). 
27. (a) 2 x- V? (c1 cos x + c? sin x) 
(b) y = es (4x) rid ; 
33. y- 1c (1-25 C1 3? - 5 CL 4 
101 


uut 


29 
—1 5 
384 ms by 


Due 


Chapter 4 Review Exercises 
1. Both are solutions of y” — 25y' = 0 and 


e* 1 
W((e**,1)) = | = —5e* 4 0; linearly 


5e?! 0 


independent. 
_|t tinc) 

OY m EOS 

independent. 
5. All three are solutions of y" + y” = 0 and 
t cos(f) sin(t) 
1 —sin(f) cos(t) 
0 — cos (t) — sin (t) 
independent. 


11. y = t-!(cy cost + c sint). 
1/28 y (043, 


| = t; linearly 


W(S) = = t; linearly 


15. 
17. 
19. 
21. 
23. 


25. 
27. 


29. 


31. 
33. 


35. 


37. 


ANSWERS TO SELECTED EXERCISES 


y = ce 7. + coe t. 


y = ce 1% + ce”. 


y = cie IA y cael/st, 
y (t) =01 + ce 1"? 4 cze™. 
y = c1 + ce 7" sin (t) + c3e7?/% cos (t). 
2 
y = —1/5£ + 1/38 — 1/50, + os +0. 


y = ce ! sin 2f) + c2e™ cos (21) + 
3 12 
17 sin (2t) — 17 cos (2t). 
y = 1/4 In (1 + e”) + 1/4e% In (1 + e”) — 
1/4 — 1/2t — 1/2te?! + ce?! + c2. 
y = e* (c4 cos 2t + cz sin 2t) + TA 
y = ce 7 + coe — t (6 +3t + 2) e^. 


1 
y= ( /36tel0t — m +1/12te*+ 


1 
1/36te + ag“) 404077. + ce“ + 


cae ?'t. 
8 
= -—--—t41/258 = cos (2t 
a A SA 

coe! sin (2f) +c3e™ cos (2t) t--c4e sin (2f) t. 


89. y = 2/3e 7! — 2/3e- 8t, 
41. y — cos (5t) 
19 19 
43. y= —e! — —e + 1/5te! 
de dn RNE 
45. y = 1/2sin (t) t. 
47. y = cı sin (f) + c2 cos (t) + In (sin (t)) sin (f) — 


49. 


51. 


55. 


57. 
59. 
61. 
62. 
63. 


65. 


t cos (t). 
1 
y- me (P + 208). 
1 
y= rca (8 — e — 4t + 4et — 3e? + 2et* In t). 


(a) y = —et*l4 jet 

y = c1x? + Cox. 

y == +21 

y= x%(c1 cos(3 In x) + co sin(3 In x)). 

y = cx? + cox? + x. 

y = 01 +09x+ a5 —201)x? + Qa? 8/321) + 


16 
(4/305 — 21) + (2 - jn Je Te 


y = a1 +09x— 8/2a1x? — 1/6a5x? — 5/8a1x* — 
1/8223? +---. 


66. y= «l1 DEM PEL S T dae 
AAA T a60 


1 1 
Hu E RUNS 
33,600 * ) +o( "apt 

1 2 1 3 1 4 
308. t 15,708. * 1,256,640. 
x? + ders i 


+ 


144,513,600 
67. y = cx ? + cox 2, 


69. y = c1 (—1 +x)" (x — 1/9 ( -601+ 

(x — 1/6) In (1 + x) +6 (—1 + x4 (x — 1/6) 
197 

in) ea Pe = +22x° 6x1), 
73. y= J2E- Alnt - 1, t 21. 


Exercises 5.1 


1. m = 4 slugs, k = 9 1b/ft.; released 1 ft. above 
equilibrium with zero initial velocity. 

3. m = 1/4 slugs, k = 16 lb/ft.; released 3/4 ft. 
(8in.) below equilibrium with an upward 
initial velocity of 2 ft./s. 

5. x(t) = 5cos(t — à), $ = —cos 1 (3/5) 

x 0.93rad; period = 27, amplitude = 5. 


7. x(t) = e cos(t — $); $ = cos! (-8/4A/65) 
= 3.02 rad; period = 7/2; amplitude 
= 65/4. 

9. x(t) = 2 cos(3t — q), 


$ = —cos 1 (1/42) = —7r/4rad; period 
= 27/3; amplitude = 4/2/23. 

11. x(t) 2 cos8t, maximum displacement — 1 ft. 
when —8 sin 8t = 0 or 8t = nz so that 
t=n1/8,n=0,1,2,.... 


1 
13. x(t) = x^ cos 8t; t = 11/16 sec; 


1 
x(5) © 0.167 ft.; x(t) = 3 sin 8t; t = x/8s. 


15. As k increases, the frequency at which the 
spring-mass system passes through 
equilibrium increases. 
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17. 
19. 
21. 
23. 


27. 


29. 


31. 


b = 4/1023/16. 

m — 2 slugs. 

cx a? + B2/0?. 

y(t) = 1.61 cos3.5t — 0.856379 sin 3.5t; 


maximum displacement 


= y (1.61)? + (0.856379)? = 1.8236 ft. 
a=1:x=cos2t;a = 4: x =4cos2t;a = —2: 


1 
x=-2cos2t;B=1:x= z sin25 p =4: 
x = 2sin2t; B = —2: x = —sin2t. 


1 1 

gv 72 = 1.37941, DY 199 = 1.17556. 
1 

4v 199/15 = 0.910586. 


Exercises 5.2 


1. 


11. 


13. 


15. 


m —1,c—4,k = 3; released from 
equilibrium with an upward initial 
velocity of 4 ft. /s. 


. m = 1/4,c = 2, k = 1; released 6in. above 


equilibrium with a downward initial 
velocity of 1 ft. /s. 


. x(t) = ea cos(3t — $), 


$ = cos-1 (3/4/10) ~ 0.32 rad, O.P.: 27/3, 
t © 0.63. 


. x(t = V2 e cost — ), 


$ = cos-1 (5/4/29) ~ 0.38 rad, O.P.: 27/5, 
t x 0.39. 


.x(t) = sog + ~e~*!; overdamped; does 


not pass through equilibrium; 
1 
x 6 In(5/3) | = 0.093. 


x(t) = —3e7! + 2e71/2; overdamped; x(t) = 0 
implied t = 21n(3/2) = 0.811; maximum 
displacement = 1 at t = 0. 

x(t) = 4e~* + 14te—; critically damped; 
does not pass through equilibrium; 
maximum displacement = 4 at t = 0. 

x(t) = —5e~*! — 24te^*' critically damped; 
does not pass through equilibrium; 
maximum displacement = 5 at t = 0. 


17. 
19. 


21. 


23. 
25. 
29. 


35. 


37. 


39. 


ANSWERS TO SELECTED EXERCISES 


C= 2: 
x(t) 2 — 2n + e“; does not pass through 


equilibrium; maximum displacement — 1/2 
att — 0. 


x(t) = e» — 3cos(4 /11/5t) — 57i 


sina 7750 ) or x(t) = a 


cos(4,/11/5t — $), where 
= cos 1 (24/11/7) ~ 2.81646; x(t) = 0 


1 1 
when ¢ = 7/9/11 znt lat} ,nan 


integer or t © 0.739471, 1.26899, 1.7985, 
2.32802, 2.85753, .... 
c = 32,0 < c < 32. 
c = 10/13. 
x(t) = c1e P! + cote^?!, p = c/(2m); x(0) =a, 
x'(0) = £ implies that x(t) = «e ^! (1 + pt); 
x(t) = 0 implies t = —1/p <0. 
c = 24/6: x = te-tV6; c = 4/6: 
1 

x = —e 3v 20+ (e6tV2 — 1); c = Vb: 

64/2 


y= Eze! 3/2 sin (5) 

The object does not come into contact with 
the floor in any of the cases. 

c = 2: x = e™ (2t — 1); c = V8: 

x-//2— 2)e- 0-2 Y (1.— 1/4/2)e0-Y2t 


Exercises 5.3 


1. 


3. 


2 Tie 2 
x(t) = a cos 4t + 2 diri + 7 cos 3t,w = 4. 
x(t) = 141 cos(44/3t) + 17 cost. 
7 (cos 3t — cos ot), w 4 3 
SOLIS E dimi ; 


g nope =3 


resonance occurs if w = 3. 


1 7 
.X(f--e* (z cos3t 4- — sin3r) + 


20 
1 
ae cost — sin t). 
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9. 


11. 


13. 


15. 


17. 


21. 


23. 


25. 


27. 


ANSWERS TO SELECTED EXERCISES 


1 1 
x(t) — ace t — cos 2t); +- sin (5) 
decreases. " : 
x(t) = et (2cos (5) — 4sin (3)) = 
2cost + 11 sin t; transient: 


5 5 
e™t/2 (2cos (2) — 4sin E) 


steady-state: —2 cost + 11 sint. 
(a) x(t) 2 a cos(y k/mt) 


— a V nfEsin Knit + 


m 


a nffsin of 
— mo 
Fo 
(b) x(t) = (e = e 


F 
y m/ksin(k/mt) + Fame ESE 
— mo 
sys Eus pe 
—2cost,t >x 
x(t) = 
t—sint,0O<t<1 
—2sinlcost + (2cos1—1)sint+2-—-t, 
1<t<2 
1 
(sin 2 — 2sin 1) cost -- 4cos1 sin? 2 sint, 
1-2 
Tis» 
b=0:x = stsint; b= 1: 
1 
x= -(2sin t + tsin t). 
100 
(a) x(t) = 39 (cos(19£/10) — cos 2t); (b) 


x(t) = T. (cos 2t — cos(21t/10)). 

x(t) = 
t—sint+acost+bsint0<t<1 
—t — sint + 2sin(t — 1) + 2 +acost 
+bsint,1 <t <2 


— sint + 2sin(t — 1) — sin (t — 2) + a cos t 


+bsint,t > 1 
5000 
x(t) = ————————— 
89,733, 775,561 
cos(20V15t)). 


(cos(299, 5811/50) — 
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Exercises 5.4 


1. Q(t) = Pa — cos 4t). 


9. (a) 


11. 


13. 


15. 


17. 


. Qi) = 


; Q(t) = e- 125t/2 E 


1 
. QŒ) = zg 8 — sin 16t). 


84/7 js 254/7 
LN a | Dies AA M YA 
175° sin 2 t |; max 


0.0225 at t = 0.0147. 


12,185 aa 25/7, A 
12,502, 813 2 
26,554,371 . (E7 ) 

t))+ 


sin. 
312, 570, 325/7 2 
12,185 62,526,875 . 


12,502,813 9! * 12 502,813 9^ 
steady-state charge: lim; Q(t) = 
12,185 62,526,875 . he 
12,502,813" 12,502,813.” 
steady-state current: 
12,185 


cL Sn. 
12,502,813 


62,526,875 dn 
12,502,813 
s(x) = 1 + lo 
~ 300 3 15 
1 10 2 
b = 4 as, 3. 
(b) s(x) 30° + 3* 3* 
1 1 2 
(c) s(x) = ae + we — 2 


S f. 


x5; 


(a) s(x) = + —x 


xt — 
300 3 15 
1 4 100 
(b) s(x) = 30* + 3 x— 


1000 
x 


1 
(c) s(x) = 3" + 
support leads to larger maximum 
displacement. 
1 10, 000 125 
E 6 , 3. 
= Ta g 
1 1250 125 
= 6 = 3 
(d) s(x) = 360° + 3 x 18 xX. 
Q(t) = Qo cos(t/v LC); 
I(t) = —Qo/^ LC sin (t/v LC); maximum 
Q = Qo; maximum I = Qo/A/ LC. 
Eo((Lo — 1/(Co)? + R?))~! (R sin ot 
—(Lo — 1/(Co) cos ot). 


ui x5; simple 
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1 175 500 
21. s(x) — 560" : a na 3 x2; 
pra 360" 2 UN + 12502; 
(c) s(x) = 8e" = ~ + a 
(d) s(x) = e 2 x 5 ¿2 


23. (a) s(x) = 480,0007*sin(x/10); (b) no 
solution; (c) s(x) = —801*( — 6007x — 
300m 3x — --1?3? — 6000 sin(rx/10)) 

(d) s(x) = 240z —*( — 1007x + zx? + 
2000 sin(zx/10)). 


5 100 
25. = oS 3 ; (b 
(a) s(x) 36.000% T + = (b) no 
lution: = 6_ “43 1 Ş 
solution; (c) s(x) 36,000" g* + 150x; 
1 inr Diog C29 


(d) s(x) = 


30,000 72 a" 


Exercises 5.5 
1 
. = 231 At; 
1. (a) 0(t) 20 cos , 
p-- 7 sin 4t; 
(b) 0(t) 20 cos 4t + 4 sin 4t; 
(c) 0(t) = — cos 4t — — sin 4t; maximum 
displacement: (a) 1/20; (b) and 
(c): /26/20 ~ 0.255. 
1 
8. (a) 0(t) = e Tsin 3t + 3 cos 3h); 
1 R 
(b) 0H = e ((v7 + 20) sin 3t 
1 
+3 cos 34); (c) A(t) = —e-tv7 


60 
(w7 = 20) sin 3t + 3 cos 31), 


9. T=21,//2/9.8 ~ 2.83 s. 

11. T = 22/8/32 ~ 3.14s. 

13. 21 /L/9.8 = 1 if L = 0.248 m. 

17. b? = 4Lg > 0, overdamped; b2? — 4Lg — 0, 
critically damped; b? — 4Lg < 0, 
underdamped. 

19. (c) yes; (d) no. 


21. (a 
(c 
(e 
(g 


— 


0(t) = 2sint; (b) 0(t) = 2cost; 

0(t) = —2cost; (d) 0(t) = — sint; 
0(t) = —2sint; (f) 0(t) = cost — sint; 
0(t) = — cost + sint. 


== wa 


Chapter 5 Review Exercises 


1. x(t) = L cos 85; maximum displacement 
= 1/3; t = n/16, n/8. 

3. x(t) = =e sin 3t, limi, x(t) = 0; 
quasiperiod = 27/3; maximum 
displacement = ae tan! 6/2) = 0.144; 

t= n/3. 


1 
5. x(t) = -(1 — cos 2t); maximum 


displacement is 1/2 and occurs when 
t = n/2. 


1 1 2 
7. x(t) = 3 cost — 3 cos 2t; beats; t3 sin(t/2). 


2 
I(t)— e sin 3t; lim; Q(t) = 25/109; 
lim I(t) = 0. 

11. 
11. Q) = 500 4 — cos 100t); I(t) = 5 sin 100t; 


limi, Q(t) and lim; 5 I(t) do not exist. 


13. E DL. 3 Bi 6. 
a ie 2 : m 360" 

15. = E 3 5: J 
5. s(x) x x pe 360* 


17. 0(t) 2 cos 8t; maximum displacement = 1; 
t = x/16. 

19. 0(t) = e Y! + 8te-8': motion is not periodic. 
21. 0(t) = 0.2168 cos 3.7t + 0.0471622 sin 3.7f. 
23. y(t) = 

3—-P-—3cost0 xt «1 

(—3 + 2cos1 + 2sin 1) cos t— 

(2cos1 — 2sin1 + sin2)sint,t > 1 


74/5 


25. x(t) = 25 ——t]. 
x(t) cos 25 


27. x(t) = Asin ont + B cos wnt + F/k, 
x(t) = (xo — F/k) cos ont + F/k. 
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Exercises 6.1 


at. UL 


21. 


23. 


25. 


27. 


29. 


33. 
35. 


37. 


[x (E) = 6t + c», y (0) = sin (t) + c1}. 
[x ®© = czy @) = e7” ]}. 
{x1 ( = —-e? 5x, (t) = ef]. 


3 
[so = -5ne 77 + ce? yb) = 


cje 7 + ae]. 


. [x = cı sin(t) + c? cos(t), y(t) = 


—1/2c1 cos(t) + 1/2c2 sin(t) — 1/2c, sin(t) 
— 1/2c, cos(t)]. 


. {x(t) = —c1 cos(t) + ca sin(t) + 1, y(t) = 


C1 sin(t) + c? cos(t)]. 


. (Y =y, y = —4x + 3y}. 

. {xX = y,y = —16x + tsint. 

. y = x, xX =z, z = —6x — 3y — 3z + t}. 
. Write the equation as 


1 
x” +u (512) X1! + x1 = 0. Now 
let xy! = x». Then, x?! = x4" 


=x? X2. 


== 


1 
x = coe * + 0% + E 


5 5 
At py o 
c2e ¿01€ + 3(' 


{x = 2/9 + 2e?! c5t — 1/4e! 4 ec, 

y =1/3+e*c2). 

x = ciel + cet + c5 sin (t) + c4cos (D), 

y = —cje! — cet — cz sin (f) — c4 cos (f) + 
c3 COS (f) — c4 sin (t). 

x = —3/10cos (t) — 1/10sin (f) — 2cye* — 
2c5e?! — 2c3e™t + 3c3e™t, y = 

1/2sin (f) + 3ce7* + 3cge^!t — 4c3e™t, z = 


3/10 sin (f) --2/5 cos (t) J-c1e^! -- coe?! --cse "t. 


{x = —20 + e'(20 — 20t), y = 

—30 + 1/2e'(60 — 40t)]. 

[x = x,y = —x + 1/1284 + tei +02). 
[x = -1/2 + 1/8%k + c,, y = 
1/68 + 1/24kP + cot + 1/8%k + c1}. 
[[x(b = +e, yH =}. 


Exercises 6.2 


1. 


$ 


17. 


19. 


21. 
23. 


25. 


=5 21 
1.3 
1 eH - 8 
E [5 ‘ay Bec ee Sn) 
22 -5 -13 
AB = | 22 -24 —17 | and 
-31 -4 37 
1 9 16 -35 
-25 20 20 5 
Lice ME = Bs S08 
27 —11 —22 25 
17. 
3, 
1. 
ia 
2]. 
(7 z) 
—1 -3 5 -2 
001 0 
1 1 -3 1 
WE E) 
1 
^1 T —5, vi = (1) À2 = —4, vi = (3) 
M12 = —-242i,v12 = je. 


21 = —2 has multiplicity one and 423 = 1 
1 
1 


-1 -1 
V2 = 2 and V3 = 0 |. 
0 1 


à1 = —1 and å23 = —3 + i v1 = [0], 
1 


—i 0 —1 
vo={1+i}] =]1]+] 1 |i.Since 
1 1 0 


eigenvectors of complex conjugate 


has multiplicity two. vı = E E 
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eigenvalues are also complex conjugates, 23. [x (0 =e! + 20%, y (E) = —e7t + 30%). 


0 -1 E Lin E 
re () 7 | i ) " 25. [x (t) = sin (D ,y (t) = —sin (f) + cos ()] 


0 27. x 4t 1 - 1,y 2 4- E. 
29. {x(t) = t, y(t) = sin(3t) + cos(3t), z(t) = 


27. 14 = —2 and 234 = —1; vi = E ] — cos(3t) Pas 
1 33. &(t) = (a m 
1 —1 
Vo = : ,and v34 = > 
1 0 Exercises 6.4 


-2t 
—2e7 3 eft et 
29. . X= 
E Se s)| 7 ore 1. X a 3e?t C 
sint cost — tsint 6e-4* 0 
31. E cost csi inf 3. X= (= "i 


sint cost+ tsin A 


— cost sint — tcost 5.X— C. 
Tu e? TN + e 
4 =e 
4e t 1 4 7 el sin Qf) el cos (21) Je 
33 =3 sin 3t d inl sin 3t . —1/2et sin (2t) + 1/2et cos (2t) —1/2et cos (2t) — 1/2et sin (2f) ` 
a ; . 
3cos 3t 


0 e? En 


Exercises 6.3 0 0 e” 
sin (t) cos(t) 0 


E 
Y: e À j "E (HS an 
j- (mee) 
(o 
(e 
"S 
E 


ja 


d 


A = D x 13. X= -4t 15t 


XV. 1 x cost 
7 {y| = 3 ; 1 y|+| 0 |. Lak 5e! edt 
Z 0-2 -1 Z sin t 
0 EN 


e- 1t 
C. 
n —2e Mt 


9. —5, linearly independent. 
11. 2 — 4cos? 2t, linearly independent. 
13. 2e? linearly independent. 


17. X= 


15-22. X(t)®(t)C where C = (e for 2 x 2 or 19. X 
2 


C1 
C2 for 3 x 3. 21. X= 
C3 


e712t 
C. 
1/2e-4 3/2e- Ut 
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23. X 


ett; 
C. 
8t ett; TS 1/06 


25. X= r sin (4t) cos (4t) Je 


E cos nd s sin (4t) 


27. X 
: Es 


E. et 


29, X= 0  -4/7e% —e-t |C. 
—2e™t —6/7e%* S264 
e e! cos (2f) e! sin (2f) 
6 4 A 6 . 4 
31. x-|? 13 el cos (2t) — 13 el sin (2f) 15 el sin (2f) + T e! cos (2t 


Au 6 tg 6 4 ls 
0 -B° cos Qf) — pe sin (2t) Be cos Qt) — Be sin (2t 


—2e! —2e! 1 AV fc 
0 -3e 11] ]c 
0 3e 02] ]c 
3e 0 10/ Vc 

85. x = 4e (—1 + e), y = 4e”. 

37. x=8e*, y = 16e“t. 

39. x = —8sin4t, y = 8 cos 4t. 


N e 


33. X= 


Ae 0 


41. x = —e” (—1 + 2e), y 22e! (1 — e! + e”), 


z = 2e? (—1 + ef). 
43. x = 9e ! (—1 +), y = 
z= E (9 — 18e! + 7e”), 
-7 (—1 + e). 


Exercises 6.5 


2e™ 1Y (cy —ef 
mx (E OG) 
8. x 2 —c1e ! — 2coe! — t +1, 
y = ce t + 3c2e! — 2t. 


-2t ae-t 
| (e^ 3e Cy — cost 
aS = m (a) E ES — cost 


|: 
) 


e^t (9 — 15e! + 7e”), 


) 


24 -t —2t 

| (e —2e Cy —te 

ium (a 3e"! ) (2) di ea - 2) 
3e2 eN (cy 0 

im (a P le Fl _o9+) 
11. X= 

2te™t+e™ —2te a, et 

—2te^! p ect J Veo 0 f 


217 - 
13. (a) 
x = 2048 7! + 3ce t, 
y= eee + coe! 
(b) 
x = 2048 7! + 3c;e 7 +26, 
y= zug + coe t. 
(c) 
x= 2c1e7? +30e*+4e*, 
y = e? + coe, 
15. X= —e™ —te? — le* EN 
-t te-t C2 


—e! —te! — <e*) fe tet 
x= "uev 
d tet 2 
3 
ect oat 
X, = and 
— tet — tet 
oma 
X= e te e (2)+ 
et tet C2 


3 
=P =t ot =f 
> e + 2te 


z Sen! — te 

17. x(t) = cos (D c2 — sin (t) c1 + t cos (t) — 
In (cos (£)) sin (t), y (f) = c» sin (t) + 
C1 COS (t) + tsin (t) + In (cos (£)) cos (t). 
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19. 


21. 


23. 


25. 


27. 
29. 


31. 


x (t) = cosin (t) + c1 cos (t) — 


2 sin (f) In LES, 
sin (f) 

y (f) = c2 cos (t) — 

2cos (t) In (ES) — c& sin (t) — 2 
sin (f) 


83 
x (f) =- 16 71/41 P4cie T Eee cze”, 


125 9 
y (t) = E 3/2c1e7* + 3/4c2e7t + ge 


15 11 
$ at - P, zt) = TE 3/4t — ce * 
— 1/4c;e^f + 1/2cae?t. 


—e-f —e™ cos2t 
X = 0 e (cos2t+2sin2t) 
et 2e™ cos 2t 


—e™ sin 2t C1 
e^! (—2.cos2t+ sin 2t) | | cz |, 
2e sin 2t C3 


X= X, 4 X, 


—e-f —e™ cos2t 
= 0 ef(cos2t+2sin2t) 
et 2e— cos 2t 


—e™ sin2t c ef 
e^! (—2 cos 2t + sin2t) | | co | + | cos2t 
2e sin 2t C3 sin 2t. 


x (t) = —1/2 cos (Qt) c2 + 1/2 sin 2t) c4 
+1/8 cos (2t) + 1/4 sin (2t) t + cs, 

y (t) = 1/2c2 cos (2t) — 1/2c» sin (2t) 
—1/8 cos Qt) — 1/4 sin Qt) t — 2c3, 

z (t) = sin (2t) c2 + cos Qt) cy + 1/2t 
cos (2t) + 3c3. 

x(t) 2 1t e,y(t)- 0. 

x (t) = —2/8e^! + 1/6e*! — 1/2e!, 

y (t) = 2/3e™t + 1/12e* + 1/4ef. 


120. y 7 
x(t) = ate (1/39sin an 73 999 n 
30 62 
t) = —— — 1/2e?| — — sin Gt 
y(t) 13 /2e ( 39 In GÐ 


8 
-5 cos (3t) ) 
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33. x (f) = —1/4sin (2t) + 1/2 cos (2t) 


—1/2sin 2f) In (mE 


cos (2t) 


1 + sin (2f) 
—1/4cos Qf) In (55) 


+5/4 cos (2t) In (cos (2t)) + 5/2 
sin Qt) t + 1/2, y (t) 2 —1/4sin Qt) 


1 + sin (24) 
— 1/4cos (2t) In (me) 


—1/21n (cos (2£)) sin (2f) 
+1/4 cos (2t) In (cos (2t)) + cos (2t) t 
+1/2sin (26) t. 


x= 16 In(cos(t) — sin(t)) cos(2t) 
— 5|In(cos(t) + sin(£)) cos(2t) 
+ 4 cos(2t) — 3sin(2t)) 


and 
y= ;( — cos? Qt) + 21n(cos(t) — sin(t)) 
cos(2t) — 2 In(cos(t) + sin(t)) cos(2t) 
+ cos(2t) — sin? (2f) — In(cos(t) 
— sin(t)) sin(2t) + In(cos(t) 
+ sin(t)) sin(2t) — 2 sin(2t)). 


0000 
EE 


391 


260 , 179 


a ta 


7 14 7 
7 6t t ‘ —2t m —2t HE -2tp3, 
+7/6t%e" + 9 © T 27* + g 
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(0) x (t) = oo cos (4f) — ii sin oe a 
3g th /2sin (4t) t— e cos (4t) Heute, Hh Wy Y) 
y (t) = 32 sin (4t) + 289 cos (4t) — j j )) ] | Ly 
530° + pe — 1/2cos (4t) t. [— o ü 
Em 
Exercises 6.6 SS = At | {| 


1. 41» = 1, —11; Saddle point, unstable. 
3. 412 = 2; Deficient node, unstable. 
5. 412 = —8, —12; Improper node, 
asymptotically stable. 
7. 44,2 = —1; Star node, asymptotically stable. 
9. 415 = 2 + 5iv2; Spiral point, unstable. 
11. 112 = +iv41; Center, stable. 


E i) X, Saddle point, 


17. x" — x' — 2x = 0, X' = 


unstable. 
19. x” — 6x' + 9x = 0, X' = e e) X, Deficient 
node, unstable. E 
III IN IN 
MB MI 
<A YUE 
Exercises 6.7 DRS Wy /]] 
1. (0,0), saddle point, unstable; (1, 0) Qut[26]= Y | 


inconclusive-center or spiral point. 
3. (0,0), saddle point, unstable; (1, —1), 
spiral point, unstable. 
5. (0,0), inconclusive-center or spiral point. 
l. 


y s 
Uo o \\ E 
WEEN \ \\ NS y) » 
NEO a a 
EAS ME! WWA) 14 
PS | WM ZI 
Hl VE — M ANS ZH 
ij / y 7 E, | / | WAS Y) Hf] | | 
WE) jl WACS 
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11. (—4, 4), saddle point, unstable; 
(1, —1), saddle point 
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= 
SL Z 
D Q o : " a 
"d oO = R R R 
oth yo) yz Q "m Tp 
3 77777 S 777 SA MIDES 
ŽE Y. P M ONES DUES QQ 
a A SX Kt E AN 
MESE: = MO 
n E. M: ! (@ n NS At if | 
aa 14 = = AC SS TT AAA 
¿as e V NV AW 
ROSA " zs WMA SH 
Iide ls | We MANS 
Hess Me EIC pq exe 11 NS ELT TG T 
w 1 
m m 
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(0, 4), saddle point, unstable; (2, 0), saddle 
point, unstable; (3, 1), spiral point, unstable. 


WU AWS HNL ail 

\ f i} f IWS HIT ZN | fi 

WAEN SN ZA 
| = LL 

P MESS SS 

id < l^ E 3 e T NES 

A EE Li AN is 

PL TN EE ZO liWN\ = 

fff NRS Lj; | NS NNNM 

HOUR SS 

A NS T SLE N 


9. (0,0), improper node, asymptotically stable; 


7. (0,0), node or spiral point, unstable. 
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A 


BELA 


| LASS 
ee 
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13. 


\\ 
NN 


\ NN XS QA 


VO ee pP prre 


ML, 


14. 


x 


ES PR 
EN I SE 
NI 
=> ee 
SN 
TT A 
C T CC T, 
: K SS : «| 
BOO DHEUN 
SS N 
== uda 
unm AT 


112 = —2, —4, stable node; (2, 0), 
M2 = £2V2, saddle; (—2,0), A1,2 


saddle. 


17. (0,2), 112 = —6, 1, unstable node; (0, —2), 
19. (0,0), 412 


\ 


W 


W 
B NN V 


NN 


NN 


N 


N 
"ss 


SS 


2/2, 


2, saddle; (—1, —1), 


Ay2=12 iV3, unstable spiral. 
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21. 


25. 


223] 
I INS x 
A i NS 
NON) 
S SUN 
M N 
MH- SN 


(0,0), 41,2 = 41, —az, saddle; (a; /b1, 0), 
A12 = —1, 41C2/b1 — az, stable node; 
(—42/c5, (aca + a5b1)/ (0102), 

a2b1 (= ) 4a» (d1C2 + a2b1) 
A122 — = ; 

i C2 C? bi 

unstable node if 
(= y _ Aa»(mc2 + abi) 


> 0; unstable 


C2 by 27. H(x,y) = f (x cosxy — sin 2y)dy + g(x); 
2 
spiral if (=) 7 ma + a2b1) <0. g(x) =- f sin2x dx = ; cos 2x so 
2 1 1 1 
H(x,y) = f Qy +x71y 3) dy + g(x); Hing) = z cos 2y + z 60S 2x + sin xy. 


g(x) = — f —2xx so 
H(x,y) = eo (xy! Ty. 


QU E ES A 
E D S ARP ud eC 
MG ois 3 T a m 
TESTER, NANA | TIENE; 1 x 
MES Al UT 
A AN NS ADS Pw 
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4. Since the eigenvalues do not depend on 
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e 
M SHAM | | | // 
=====o=oSÓ0 \ 
=r aa||!/// 
AN I 


fiti == 
N 
L 


HA 
LZ Sy) 
Hi 
/ 
i 
II 


© © 
OS \ | Wy SS 1117 
33330 111/// SSS jj 
=== NY | | WA E / / 
IZN Wi —— Yi 
iS" WWW SES 
WEE LLG A i: 


positive real components of 12 3 cause the 


k3 = 0. Substitute the values of kı, k2 and 
equilibria to be unstable. 


k3 = 0 into the controlled system. 


ks, we can simplify the problem with 
5. The equilibrium points are 


(3V7,3V7,21) and (-37, -3/7,21) 
with corresponding eigenvalues 
Ay © —1843, 125 © 42 + 14.881. The 


AH 


NISS= — 
THAN IN 


TN SSS 
| 


WSS 


"AS AC Logg 5 > Y AÑ 2 
SARI — E SN LR 
SS 


SES //] 


SA // 
I 


depend on k3. 


- LL E E 
DAME N IS i 
T 4 5 a | 5 2 S 
A O 
+ A EN Sala 555 
> — BEN 
A ÍA o9 o. B9 
oo: J^ A— 0 —  — WWE 
MM — 3 a RE TO 
Il a EE NN xr MS BE +o 
B: ESSE II 
EN . noc x Ww — e E ERI 
— E n ENE 
Wa & P/F 2 es 
SEM SOL EE RES 
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y y 13. x = y, y' = —2x — 3y, x(0) = 0, (0) = —3; 
Euler's method yields x(1) ~ —0.723913, 
y(1) ~ 0.40179; Exact solution is 
x(t) = 3e 2 — 3e™ so 
- x(1) = 3e-?(1 — e) ~ —0.697632. 

15. x = y, y! = —9x, x(0) = 0, y(0) = 3; Euler's 


=== 
RV 


wn 


\ 

\ 

LL 

WE 
== 
SS 
© 

= 


MN method yields x(1) = 0.346313, 


E 

/ 
// 
H 


y(1) = —4.49743; Exact solution is 
x(t) = sin 3t so x(1) = sin 3 ~ 0.14112. 
17. x =y, y = —t-* (16x + ty), x(1) = 0, 
y(1) = 4; Euler's method yields 
x(2) & 0.354942, y(2) = —2.90834/ Exact 
7 solution is x(t) = sin(4Int) so 
15 x(2) = sin(4 In 2) = 0.360687. 
19. (See 13) Runge-Kutta yields 
x(1) ~ —0.697621, y(1) ~ 0.291602. 
21. (See 15) Runge-Kutta yields 
x(1) & 0.141307, y(1) & —2.96975. 


== ES 23. (See 17) Runge-Kutta yields 
AN x(1) ~ 0.360845, y(1) ~ —1.86541. 
H ELN 1 1 
> HUG ENI no 25.20) = ze? (e? yO = ze? (e? + 2). 


[7 


E ; 
s CES 
INS) 27. x(t) = 2e (t + 1), y(t) = —2tel. 
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Exercises 6.8 


1. x(1) © 8.64479, y(1) © 8.29263. 

. x(1) © —7.2362, y(1) ~ —1.5998. 

. x(1) ~ —0.113115, y(1) ~ —1.06576. 
. x(1) ~ —326.204, y(1) ~ 608. 

. x(1) ~ 0.164251, y(1) ~ —0.504587. 
. x(1) = 1.52319, y(1) ~ 0.419975. 


me ON OF Y 


m= 


ANSWERS TO SELECTED EXERCISES 


Chapter 6 Review Exercises 


1 —2 
1. Ay = 11, à2 = —4, vı = (3) v= ( 1 ) 
3. 44,2 = —4,v = (m 
135 4i 


5. 412 = $31,143 = —1, v12 = -1/2 |, 
—2 1 
vz = |-1]. 
J 
0 
7. 1232 0, v = (:) i 
1 


9. x= ge ((4+ e) c —4(-1 + e”) o), 


1 
y= ze (—e%cy +01 + 4e%c) + c5). 
11. x = —e % + 2e!, y = 3e f — 3ef, x(0) = 1, 


y(0) — 0. 
13. x = 2sin 4t, y = cos4t + sin 4t. 


17 
15. x = ~ sin 4t, 


y= su cos 4t — sin At). 

17. x =e! Qtc1 + c1 + 2tco), 
y =e! (c2 — 2t (c1 +C2)). 

19. x =e! ((5 — 4e*) c 
+2 (-1 + e!) (3c2 — 2c3)), 
y = (-24+2e2) cy + (3-2e%) c2 + 
2(-1+e 7) c3,2=e 2 (-8e; (-1+ et)? 
+ (3 — 5e! + 2e?!) cy + (3 — 4e! + 2e”) c3). 


21. 


23. 


25. 


27. 


29. 


31. 


495 


11 
x = cos 3t + 3 sin 3t, 


1 
y= 3c + 5cos3t + sint), 
z = — cos 3t + 5sin3t. 
x (f) = -e + cet, 
y (t) = qe T ce t cie. 
x (f) = ce! + ce +1, 
y (t) = —oet + 1/2c1e* — 1. 
X (f) = c2 sin (t) + c1 cos (f) — cos (t) 
—tsin (t), y (t) = —c2 cos (t) 
+c1 sin (f) + t cos (t) 
— sin (t). 
2 45 » 
x (D) = 15/28 In (t) — a — tln 
(t) + t+c1t + cz y (t) = tln(f) 
—f4- 1/90 +54 ln (t) — 15/24 
+ 2/3c1t + 2/3c2. 
1 

ec 3/2 7/2 
x 210 (1408? + 1617/72), 

= — (-1087 — 1215/2), 
Y= 5 ( ) 

= — (14082 t5/2 + 1692). 
z= jig 0082 45608 + 16 ) 


32. 
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Exercises 7.1 


1. 


11. 


(a) Q(t) = Bop sin y > 


ies (co (=) —J/5sin ($) 


— oL o, 1-5/3 
(b) Q(t) = =e + 15? 


(^ cos ($) +7v5sin ($9), 


I(t) = E 
~ 8 


De J/5 xal NIB 
ze 5t/3 (ios (+) — A/5sin ($) 


. (a) Q(t) = 10%"! cos(v2t) 


2 4/2 

(b) Q(t) = sor + eS sin(/2t) 
1,999,991 
9,000, 000° 


8 
b(t) = il — 


= cos( 2t), 

1,999,991  ,. 
——————————e ‘sin A/2t 
4,500, 0004/2 c 


8 
= ge” cos(V/2t). 


. QŒ) = 107e” (1 + £), a(t) = 10-8te^?! so 


I(t) = —10-9e-?' (4 + 2t) and then 
LE = =10 et 0] + t). 


1 
. (a) Q( = 1076e-! — 5 * 18-92 8-*. 


1 
D) = 10"éte*, Iz (t) = ;* 10792e-t; 
1 
(b) Q(t) = 1079e-* + te? — a 106p a. 
In(t) = 10-8te-*, (t) = —te* 
1 
EIS 10-9528- t. 


. (a) Q( = 90 — let — 90e-f, h(t) = et 


13(t) = —90 + te! + 90e7*; 
(b) Q(t) = —te + 45e~ + 45 sin t — 45 cost, 
h(t) = e™t, I3(t) = te! — 45e7 


— 45 sin t + 45 e t. 2e 
(a) QŒ) === V ut 
3 


3 , 
4 266 
3 


DE) = e-*/^, LE = —90 + 3005 ta 


ANSWERS TO SELECTED EXERCISES 


(b) Q(t) = —45cos t + 45sint 
4 139 
= qune + ao h(t) = et 


4 139 
Bt) = 45cost — 45sint + ae - E 


13. x' = y, y' = —9x, A = +3i; undamped. 
15. x = y, y/ = —9x — 10y, A, = —1, 45 = —9; 


overdamped. 

17. x = y, y/ = —50x — 10y, 412 = —5 + 5i; 
underdamped. 

19. x = y, y! = —25x — 10y, 415 = —5; critically 
damped. 


21. (13) x(t) = cos 3t, y(t) = —3 sin 3t; (15) 


x(t) = ge - ao y(t) = "EET T se” 


23. à = Qm)! (^c + ye — 4km), overdamped 
if c? > 4km; critically damped if c? = 4km; 
underdamped if c? < 4km. 

25. limt+oo Q(t) does not exist; lim; 2 I(t) does 
not exist. 

27. limt+oo Q(t) does not exist; lim; oo I2 (t) 
does not exist. 

29. lim; oo QH) © 91; limi os In(t) = 0; 

limi, (tf) ~ —43.5. 


31. x(t) — je (ae -= 1)xo + 2(e' — 1)yo), 


1 
y(t) = — ¿Pee — 1)x0 +2(e! — 3)yo); 
stable node. 


Exercises 7.2 


1. x(t) = a — 3e™), y(t) = 50 + 3e75, 
limi, o5 (x(0, y() = (3/2,3/2). 

3. x(t) = Sa — eH), y(t) = sa + 2e 3/2), 
limi, o5 (x), y(t)) = (8/3,4/3). 

5. x(t) = 1 + 3e71*/4, y(t) = 4 — 30719/4, 
limot), yH) = (1,4). 

7. x(t) = 101 — e^), 
y(t) = 10(1 — e7*/5) — 2te7/5, 
limi, oo (x(t), y) = (10, 10), x(t). 


11. 


13. 


15. 


17. 


19. 
21. 
23. 


25. 


29. 


ANSWERS TO SELECTED EXERCISES 


4 
. X(f) = 4e7 15, y(t) = de t5 + zie 


limi. oo (x(t), y(t) = (0,0), x(t). 
(a) x(t) = 300(1 — e-*/20), 
y(t) = 150(1 + e-*/10 — 2e-t/20) (b) 
limi. oo (x(t), y(t)) = (300, 150). 
x(t) — 325 == 125 31/25 as 174 
200 
y(t) => 2 
limo (x(t), y(t)) = (325/6, 200/3); 
x(t) 2 y(t) att = 29.1 min. 
System: dx/dt = 2y — 2x +1, 
dy/dt = x — 3y + 1; 
8 

jn m eem —4t RATES 
jac M O 
y) —- ao + se 4; 
limp oo (x(t), y(£)) = (4/3,3/4); maximum is 
x & 4 and y = 1. 


ge 


+ 125 3525 a 175 ias. 
6 , 


1 
System: dx/dt — —10* +10, 


1 
dz/dt = 


1 


10" 10” 
x(t) = 100(1 — e-*/10), 
y(t) = 10(10 — 10e7*/10 — te-t/10). 


z(t) = 100— 100e7/10 — 10te-!/10 — Leet, 
limi (x(t), y(t), z(£)) = (100, 100, 100). 

x(t) = De + se, y(t) = 25e% — 5e-?t, 
x(t) = 15e?! — 10e™t, y(t) = 10e7*. 


67 171 663 
4) m —10t EA MUST -3t 
T ji D uum 
y(t) = 5e-10t =p et = e? 
52 171 663 
z(t) = e- 10t as et e; 


x(1) = z(1) = 18,752.89. 


46 

t = — — 7t —— -Bt 
x(t) 7 + 2 ze 
yG) = ze" + ze”, 

43 136 1 

th = —-— 4 Set Le Ft. x 86. 
z(t) atar” ;z(1) = 7095.86 
x(t) = xoe ^, y(t) = yor -- axote *', 


-=at L expe 05 


z(t) = xo + Yo + Zo — (xo + yo)e 


33. 


35. 


37. 


39. 


41. 


43. 
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lim; x(t) = limi, oc y(t) = 0, 
lim; oo Z(t) = xo + yo + Zo. 


47 42 
x(t) = 7e 8,y(t) = —et- —e 8, 
47 > i 
z(t) = 16 — pu + ze 75 limp oo z(t) = 16. 


x(t) = e *, y(t) = 3% — 20 *, 

z(t) = 3 — 3e Y + e^ lim; +00 z(t) = 3. 

x(t) 22,yt) 22-e zt =t+1+e7%; 
limi, oo x * t) = limps oo y(t) = 2, 
limi, oo Z(t) = oo. 

x(t) = 10 — 2e 5, y(t) = 10 — 8e! — 2te f, 
z(t) = 10t — 8 + 10e7t + 2te^t; 

limi, xX * t) = lim; y(t) = 10, 
limi; œ z(f) = oo. 

x(t) = (01 +02)! 

[bV: (1 — exp(—Pt(v1 +02)/(V2V2))) 

+a (Vi + V2 exp(—Pt(01 + 72)/(V2V2)))], 
y(t) = (01 +02)! 

[aV» (1 — exp(—Pt(v1 + 02)/(V2V2))) 

+b (V5 + V1 expC-Pt(v4 + 02)/(V2V2)))] 

(a) limi oo x(t) = (a + b)V1/(V1 + V2), 
limo y(t) = (a + b)V2/(V1 + V2) 

(b) Vi > Vo, V4 = Vo (c) bV4 = aV» > 0, 

aV — bV4 > 0, no. 

The problem can be solved as a system or 
the system can be written as a second-order 
ODE, where x" = (a4 — a2)x' + by 
(derivative of first equation) or 

y' =1/b,(x" — (a1 — a2)x’). Substitution of y’ 
and y = 1/b1(x' — (a1 — a2)x) into the second 
equation and simplification yields 

x^ — [(a3 — a2) + (by — b2)]x' + [(b1 — b2)(a7 — 
a2) zm a5bi]x =0. 


We consider the characteristics of this equation 
(same as the eigenvalues of the system). 


Periodic if a1 + b1 = a2 + b? and a1b1 — 2a5b1 — 


aby + a2b2 > 0. For example, if az = a = —1, 


b1 


= bo = 1, xo = 1, and Yo = 0, then x(t) = COS t, 


y(t) = — sint. 


Exponential decay if b? — bı > a, — az and 


(by — b2) (a1 — a2) — a2b1 > 0. For example, if a) = 
—1,a = 0, bı = b = 1, xo = 1, yo = 1, then 
x(t) =e, y(t) = 0. 
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Exponential growth if a] — a2 > b — bı 


(will have at least one positive eigenvalue). For 
example, if a1 22,42; = 0, bı = bı = 1, xo = 1, 
yo = 0, then x(t) = e”, y(t) = 0. 


Exercises 7.3 


1. 
3. 
5. 


11. 


13. 


15. 


17. 


—aln |y| + by — cln |x| + dx = C. 

(a) (2k, k) stable spiral; (b) (2k, k) center. 

dx/dt = y, dy/dt = — sin x, (kr,0), k = 0, 
1 


. dx/dt = y, dy/dt = —k’x, 


dy/dx = (dy/dt)/(dx/dt) = —k*x/y; 
1 
2 + ak 2 = C; (0,0) center. 


. dx/dt = y, 


dy/dt = -gMix ! + gM3(R — x) 7; 

(Xo, yo) — 

(ROM; + VMıM2)/(Mı — M5),0) = 
(R/Mi/(/M1 = / M5), 0); saddle. 

If dx/dt = y — F(x) = y — fy f (u)du and 
dy/dt = —g(x), then d?x/d£ = 

dy/dt — f (x)dx/dt = —g(x) — f (x)dx/dt, 
which is equivalent to 

d?x/d£? + f (x)dx/dt + g(x) = 0. 

In each case, no limit cycle in the xy-plane: 
(a) f(x,y) + gy G5 y) 
-233)p143224x3?41-2 0; 

(b) f(x, y) + gy(x, y) = 1-12 -2«0; 
() f(x, y)  gyGo y) =y?+8 > 0. 

du/d0 = y, dy/dó Za — u = ku?; y = 0 and 


1 
e +/1—- 4ka). We 


1 
choose u = x — 4/1 — 4ka) because it is 


æ — u — ku? = 0 so u = 


1 
closer to u = 0 than u = zl + X1 — 4k0), 


and we are considering a small change in 
the orbit. The eigenvalues of 


1 0 1 
satisfy A? + VT — 4ka = 0; center. 
1 
Differentiating 21) (dx/dt? + V(x) = E 


1 
with respect to t yields j" (x) (dx/db? + 


19. 


21. 


23. 


25. 


ANSWERS TO SELECTED EXERCISES 


m(x)dx/dtd?x/d£? + V'(x) dx/dt = dx/dt 
Ea (x)(dx/dt)? + m(x)d?x/dt* + vw] 
= 0, so 


d?x 


2 
mM (x) (F) + moda + V(x) =0, 


! (E) o 
m(x) | 2 =) TS a T x) 


1 m'Q) (=). etx Ve _o 
2 /m(x) \ dt A "up mx) 
d dx V(x) | 
at" ar | + reg =? 


Notice that du/dx = ./m(x), so the equation 
V(x) 


is 
d [du dx 
di E =| S OD C 
Notice also that du/dt — (du/dx)(dx/dt), so 


we have 

d (du V'(x) 

+ —— =0 

dt ($) smx) 

or 

d?x " væ 

d£? Jm) — 
paths; circles; equilibrium point; center; 
agree. 
(a) center if x = 1; saddle if x = —1; 


(b) saddle if x = 0; center if x = 1, x = —1. 
dé/dt = y, dy/dt = —FRsgn(y)/L; 
equilibrium points: (0,0); if d0/dt > 0, then 


do d (de 
we integrate I — = —FR with 


dt do V dt 
respect to 0 to obtain the parabolas 


=I| —) =—FRO +C, d9/dt > 0. Similar 


calculations follow for d0/dt < 0. 

(a) With ' 2 d/dt, 

(x? + y? +x)! = 2xx! + 2yy' + 2zz' and 
substitute for x’, y”, and z', where x’ = y, 


ANSWERS TO SELECTED EXERCISES 


y =-xon x2 + y? +22 =1. (b) z(t) = C4, so 
z(t) = zo. (c) Use the change of variables in 
Exercise 10. 


27. Use a numerical solver with initial guess 


xy = 1 and graph the solution. Observe the 
graph to see that xo = 2. 


Chapter 7 Review Exercises 


1. 


13. 


- (a) Q() = 


1 (3 
tH = ES: —2t3 _ —t A 
@ QO = 00,000 ES E ) 
Es O -h. E 
16) = 55 p00 | e773 +e); (b) Q(t) 
4,500,001 , 9,000, 003 
_ 2308, El ANA -21/3 
A O 


id) = 
3,000,001 _, _ 3,000,001 21,3 
1,000, 000 


A te! 
500,000 © ^ 4€ 
cost, 


1, 000, 000° 
= sint; (b) 


T, 000, 000° 

59,999, 999 
tH = Rp eee Oa Oh 
Q(t) = 60 + 60e 1.000, 000 € 


59,999,999 _ 
1,000, 000 


h(t) = 
cost, 


h(t) = 60 — 


. (a) x(t) = ef + te™, y(t) = —te™ (critically 


damped); (b) x(t) = cos 2t, y(t) = —2 sin 2t 
(undamped). 


. x(t) = 20 — eb, y(t) = Mc +e‘), 
. x(t) = 15e% + 5ef, y(t) = 15e% — 5ef. 
11. 


128 139 


Eis -5t _ 14° 14 3t 
nD) =P ae "i Ur SS 
ES —5t -  a-14t nat: 
is 2 zw 94 so: 
jy = e5 eum E 3t 
ACE OQ e eae 


(0,0); Ay — a > 0, 4 = —c < 0, saddle point, 
unstable; (a/k,0), 44 = —a « 0, 

A2 = —c+ ad/k = d(a/k — c/d) > 0, saddle 
point, unstable; (c/d, (ad — ck/(bd)), 


1 
dy = —(—ck + y —4acd? + 4c2dk + 22), 
where 4dc(cd — ad) « 0, so 
—ck — /—4acd? + 4c2dk + c2k2 < 0 if 


e^! sint — 60e cost. 
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—4acd* + Ac?dk + c?k? > 0 (improper node) 
and Aj has negative real part if 

—4acd* + Ac?dk + c?k? < 0 (spiral point); 
asymptotically stable. 


Exercises 8.1 


"ora 

«2g y. 
. A/(s? +4). 
-e 


-$g-1, 
s+ e77s/2 
s241 


. (Bs — 14e 9874. 

. (1 — ea hg t 

. k/(sd +R). 

. (s —1)/[(s — 1? +9). 
. 5/[(s + 1)? + 25]. 

. 16(2s 4-1) 3. 
188) 


s? — 25 


| (s2--25) 
1 5 


VAT WESS. 


s2+2s-3 


' (s2-p2s4- 5)2 
a 
n s76 = gs + s. 


24(5s* — 10s? + 1) 
(s2 + 1)5 
6s 


"gir 


14s 


' (82 + 49)? 


2(s? -- 275) 
(s2—9)9 ` 
2 


"24253 


s+2 


` (s-2)? - 16 
4 


` (84-5? 4-16 
s? + 212 212 
-@ e © 13% 
s? + Ak*s S? + 4k4s 
. No to all. 
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Exercises 8.2 

1 

1. ——?’. 
5040 

8. e 


21. t+ cos 2t. 
23. 1+t+ £. 


1 1 
25. t— -Ê + -P — 
2 *3 


-Hn, 


ab — ab? 
(s? + a2) (s? + b?) 
a^s — b^s f 
(s? + a?) (82? + 12) 


27. (a) L{a sin bt — b sinat} = 


and L{cos bt — cos at) = 


(b) 
"E 1 . asin bt — bsinat 
(a2?) +b2)) aba? -— b?) 
and 
L3 | S _ cos bt — cosat 
(2-2)94-»5J] a-b 
—1 — to: we 
29. (b) L [=e = Ju sink T= 
1 k 
d 10)" G 
n (1 — cos kt) and £ [a EE | 


1 
Jo Sa sinkadàdt = qz V — sinkb. 


Exercises 8.3 
1 
1. y = ze — 8e55 


1 
8.y2— ze 3 + 4e7). 
5. y= te. 
1 
7. y = ¿2 + el + cost — sin f). 


29. 


ANSWERS TO SELECTED EXERCISES 
1 2 
. y= 5 cost +t — 2). 
1 
. y = —Pet, 
VERE 


1 
. y= xed — e” + t+ te”). 


1 3 » 
| y = - — Že7%/3 y de-t/2 — 3e-t/3. 
y 5 ze + 4e 3e 
==, 
7-5 
y=41 
.y-£8. 
. Y () - 2Y(s) =s, 


— (s? + 25)Y'(s) + ( + n(n + 1)Y (s) = 1, one. 


. y (D) = -1/24e sin (31) 434 


35 4 tst 
SS (31) +1/24 (-8 + (6t — 3) ef) e*. 


y (t) = 
e! — 1/6te"! + 1/6 (-3P + t + 2) e~. 


Exercises 8.4 


EE) 


21. 


23. 
25. 
27. 
29. 


X e 21$ 


. —28e-5s71. 
. (8e — eg, 


42e—4s 
s—1' 
12e-?5 


14e-75/3 
|^ $11 
e (e — 1 — s) 
S2 (e? — 1) 
2e +3 


' ses + ses + 5° 
Lee 
. 100e-75 + e7?, 


s2+1 

1 

LEO) = 3 fae 90-1) 
e? 

dt = 2 
—3U (t — x). 
—3U (t — 4) + 2U(t — 1). 
—3U (t — 6) + 3U (t — 5) — Au (t — 3). 
e674 (t — 2). 


1 
100e?75/2 + zu) 


ANSWERS TO SELECTED EXERCISES 


31. cos(2t — 6U (t — 3). 
33. sima —5)U(t — 5). 
2(1 — 2e? — e*5) 
s*e4s(1 — e-45) 
|.20-2e5-e^5) 1 


s2e4s t= e-45 
2s —4s 
= 2(1 — 2e? — e^) yo e^ so 
zi gels k=0 


s2e^s(1 _ e-4) 


2 | 2(1 — 20% — ets | 
oo 


=o Aes e 77) als 
= s2e4s 
k=0 
CO 
=2 Y '[(t — 4k — Aut — 4k — 4) 
k=0 


— (2t — 8k — 4)U(t — 4k — 2) 
— (t—4U(t— 4k). 
37. oa 2bU (t — 3). 


Ak 
39. 8 a Ny e ^. Then, 
oo 
x E d = Y (t— 4k)JU(t— 4k) 
k=0 


1 
—ks 
4° | c 


41. A i 
[xis s2 + 


1 
B No sin(2t — 2k)u(t — k). 


43. f(t) = —8(t -1/2,0 < t < L,f(t) 2 f(t — 1), 
fed 


45. y — 
47. 


e [2 + e + (e% — eU (1 — t]. 


^^ 


e ^ (1—2e* + e(9-—4f),1<t<2 


16 


y= 
gto ite, O<t<1 
e (et dy ese 
x 


16 


49. 1 — cost — 10sin tU (t — x). 
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10 

51. x= xe [sin 3t + 2e" cos 3tU (2t — z)]. 
1 —2t 

53.x= 39° 


3e?! — 3cos3t — 2sin3t,0 < t <1 
6e?! — 3 cos 3t + e2(—3 cos(3t — 3) 
—2sin(3t — 3)) — 2sin 3t,t > 1 
55. 


2 So gai | 1067 =D cs 
Hein | co 
5e 2! 5 [co = ebu(t —k- D 


+(e% — Ay — 1/2 — ko] 


57. 
oo —28 _ a-s 
=F [E ES a 
k=0 
E. 23 [a — 2 -2ku( —2 — 2k) 
+ 7 — t+ Dk UE = 1 = 2k) 
43(t —2ky!u — 2k) | 
59. 
= V -1 et —nks/2 
= -i >i [Gr — 2t + kr) cos 2t — kr) 
k=0 
+ sin(2t — kr)]A(t — 2/2 — nk/2). 
63. y(t) = > Na — e2*-?typ(t — 1 — 2k). 


Exercises 8.5 


1 
1. =P. 
3 


2. tet, 
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3. Zas TES —tcost -- sint,0 x t « x 
qos 2 |-x cost,t > x 
4. 5 (2e — 2 cos2t + sin 2t). , 1 fisin e m 
1 zs OO 
5. ps 9 — 12t + 3sin4f). 2 [rsinttzx 
1 
yb. 17. x = cos 4t— ZU (4t — 7) — 2U (8t — x)) sin 4t, 
1 1 "E y = U(4t — 1) — 2U (8t — 71)) cos 4t + 2 sin 4t. 
9. s2 p s 19. 
i d 1 1 00 ; 
hged "3 s x(t) = (De! 
1. 5 T 
m3 [En +e (8—2t4 2k)) u(t —1—k) 
7375/2975 -1) 
ae eS + (e +t- 2k)) ut — ko] 
1 
17. z — 2e?! — 6t +92). and 
jen 00 
19. 10 ee — 2cos 2t+ sin 2t). y(t) 22 »E 2 |- (t -2-k+ gt) 
21. (1 + cos D)ü(t — r). k=0 
23. g(t) = sint. ut - 1-8)  (t-1- ke) 
25. h(t) 2 cos( 2t) 2/2 sin(V2t) 
: => — — Si 
3 5 ut — k) | 
10 » 
1 5 1 Ay ,2t 
27. y(t) = (of + n Je”, x(t) = (sin(t — 2kz) — cos(t — 2kz) + 1) 
U(t — 2kz) — (cos(t — 2kz) 
Exercises 8.6 — sin(t — 2kz + DU(t— x — 2kz) 
1. x2e7 — e y = 3e77: + e”. and 
8. x = 2e!(cos 2t + 2 sin 2t), y = —4e! sin 2t. y = —2(cos(t — 2kr) + 1)U(t — x — 2kn) 
5. x =e “(34 4e), y = 3e ?(—1- e”), + Asin?(t/2 — kzx)u(t — 2kr). 


z=e 2(3 — 4e! + e%). 


et A 23. x(t) = —1 — e^ + 2e!, y(t) = —2 + e. 


2 1 
y- ¿ne -1?Q- ef). 25. x= -1 +&-—t, y= esr 
9. x =e (6 — 6e! + 6t), y =e (2 — 2e! + 3t). 
1 
T1. x = a — 2 cos 4t + 9 sin At, 
1 ‘ 
y= gg 168 — 16 cos 4t — 13 sin 4t). Exercises 8.7 


1 l 1. QŒ) = 2 — e™ — 2(1 =e Sug — 1), 
13. x= ge — 10t — 2 cos 2t + 9 sin 2t), I(t) = 2e-* —22(1—e1-58(t—1)—2el- (t1). 


1 1 
y= ge — 2t — 4 cos 2t + sin2t). 3. I(t) = 7 NAEDA - eUt - n). 


33. 


35. 


37. 


. x(t) = 
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. IŒ = t — 1+ e™) — (t — 1DU- 1) 


+ (1-34 e DU (t— 2) — (t — 3U —3) 
+(t54e € 9)4(t-4)— (t-5)U t -5) +++. 


V3 


—t 
2 


. I(t) = 100te—**. 
2 
.I(t) = z ge sin 


2 3 
- age me sin Be = m) Ut — n). 


: (a) I(t) = eu (t E 1); 


(b) I(t) = e + e-4* 44 (t — 1). 


I =t- 1+e™ -— (t—2+e™™DUt-— 1). 
. I(t) = e-'u(t — 2) + eé-tut — 6). 


. x(t) = z(t cos t + sin HU (t) 


— ((r — t) cost + sin HJU (t — 7 )). 


. x(t) = 3 cos 3t — 3 sin 3t. 
. x(t) 2 e? Qt + 1). 

. x(t) = 
. x(t) = e 2(4 — 4e! + 2t + 2tel). 

. x(t) = sea — e! — 3t + 6te*). 


1 4t 
ze ^ (4e — 1). 
3s (4e ) 


2 
oe —6)coszt 
a lh 
— et (—12e? + 18e!+2 — 3e3 72 + 2712et+2 
+5re* sin zf)(t—1)) —e 9 (— 12+ 18e! — 37” 
+ 2z2e! + e (x? — 6) cos at — 
5zr e?! sin zt t)u(t)]. 

1 
x(t) — za +e% — 2te*yu(t — 2) 
— (-24- e? +e” + 4t — 2te? — 2U (t — 1) 
— 2PU (t). 
x(t) = —e2(3f sin 3tU (t) — (6x cos 
3t — 3t cos 3t + sin IHU (t — 27) 


+ (8z cos 3t — 3t cos 3t + sin 3t + 3x sin 
3t — 3t sin 3D)u(t — z)). 


x(t) = 


302—4 
3544 1732416) € — 98 


zt — e" (157e" sin zt + 16e%+! — 4e + 
mem — Ane Ut — 1) — e (get 
(x? — 4) cos zt + 16e?! + z:2e?t — 47? 

— 15ze* sin zt — A)A(t)]. 


39. 


41. 


43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 
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x(t) = ging — T indi 
— 15sin(4 — 404 (t — 1)). 
x(t) = Pete sin(3t — DU (t — 3) + 


e? sin(3t — 3)U(t — 1)). 
127,150 


x(t) = 200 + e 

+ T st— g sin t, bounded. 

x(t) = 200 + ee 

2s ~ cost — = sin t, bounded. 

x(t) = —250 + 5350e?! — 200 sin t — 100 cos t, 


unbounded. 

x(t) = 

—10, 000 + 17, 500e! + 2500 cost + 2500 sin 

t + (10,000 — 10, 000e/— + 2500e/-? cos 

5 — 2500 cos 5 cos(t — 5) + 2500e'—? sin 

5 — 2500 sin 5 cos(t — 5) — 2500 cos 5 sin(t — 5) 
+ 2500 sin 5 sin(t — 5))U(t — 5). 


1 
e DEM EN — sj = 
x(t) = —5000 {1 ze + 5 (cost sint) + 2 
(—2 + 2e'71 + et! c081 — cost — e~! sin1 
+ sin tU (t — 1)+ 
3 1 
( = E + 5 (cost — 2) — sin (t — 5) 


UE=2) be 
x(t) = e'-2(100&? + 2004(t — 2)) so 
x(5) = e?(200 + 100e2) ~ 18,858. 


x(t) = 


iB etc + ce + ck — ck? c2 e 


+ kxg + xp — cke* cos t + ck*e" sin t). 
(b) x) = 052 

[a — e AMY (E — An) 

(1 — e ED) Y (t— 4n — 1/2)); 
(c) y(t) = Efo co 


ES — e EAM Y (t — An) 


b—a 
1 
= an co ke = e- 9 (-4n-1/2) 


E 1 (e-*t-4m Ju e HEA) 74 (t = am | 
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59. 


63. 


65. 


67. 


69. 


71. 


73. 


75. 


77. 


79. 


U(t — 4n — 1/2) 

= (e a(t—4n—1/2) +e b(t—4n 12) 
b—a 

U(t — 4n — 1/2)]. 

(d) x(t) = cos 5t — cos 5V/3t, 

y(t) = 2(cos 5t + cos 5431). 


x(t) = = (cos t — cos /6t), 


y(t) = MT cost + cos V6t). 

x(t) = 3 (cos t -- 2cos2t), 

y(t) = = (cos t — cos2t). 

x(t) = : (cos A/3t + cos (=')). 


y(t) = : (- cos 4/3t + cos (=). 


x(t) : + J sin 2t + f cos 2t + : sint 
4 18 12 18 
+ b codi E ost (t) l sin 2t 
B == ? m Ici 
6 6 a (8 


7 
— — cos 2t + -sin t + 2 cost — Boek 


12 9 3 

x(t) = d t+ H 2t + m in 2t 
= i is COS 12 SI ? 

(t) ee f e l t sin 2t 
E ES — tsi ; 

IG ME eae 

01(t) = —gv3sin (=) + z sin2t, 

ba(t) 1 Bein z t : sin 2t 
L-——— 1 —t]—- E 

3 4 B) 4 


pity SO a i st 
1 aD 23 2 , 


62(t) = cos (=) — cos 2t 
2(t) = WE . 


1 2 1 
01(t) = q sin (=) + sin 2t, 


1 2 1 
h(t) = 5 sin ) 23 sin 2t. 


4/8 
01(t) = cos = t| + : cos 2t 
1 = J/3 4 4 
0»(t) = : : t : 2t 
20 = 5 cos B 2 cos 
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81. x(t) = — cos (va + ka), 
m 


y(t) = cos (=! 2k + kor), 


83. x(t) has frequency «1, where 
c1? = 9k/(2m) — k/17/ (2m); y(t) has 
frequency w2, where 
= ii —100(54-24/6)t 
87. (a) RO = i9 SL eH, 9 
__ 7,387,691,623 — — wosio Joy 
1,276, 696, 581, 1284/6 
dE 292, 175, 000 e400v6t—100(5--2 V/6)t 
159, 587,072, 641 
7,387, 691, 623 e400/61—100(5--2/6)t 
1,276, 696, 581, 1284/6 
584, 350, 000 
cos 377t 


~ 159, 587,072, 641 
204, 799, 950 


~ 159,587,072, 641 76 
584, 350, 000 
(c) I(t) = 


~ 159, 587, 072, 641 
204,799, : 
SO STE 


~ 159,587,072, 641 
1 1 
91. x(t) = = Na sin 3t, y(t) = 3v3 sin Jat. 


cos 377t 


1 2 
93. 01(t) = = [cos 2t + 4 cos (=!) 
i 8 J/3 


2 
-Fsin2t — v3 sin (49| 05(t) = — cos 2t + 
PE A ole 


cos ( : ?) l inzi S sin ( E ?) 
—t|—-si — — sin | —t }. 
V3 4 4 V3 


97. x1 (f) = —2sint, x2(t) = sint, x3(t) = 2sint. 


Chapter 8 Review Exercises 
s—1 


s 
5. 2573 45571, 


7. (s — 2)? 
9. 6 (s — 1) 4. 
one 
11. es 
(s? + 9) 
LR y 
s? + 10s + 34 
15. e —3/2sn 
—7s 2 —4s 
jy 5-96 > 
5—s ? 
19. 422 
S taa, 
T. so (2s? + 2s + 1) 
s3 
23. Lf} = = — f (1 — t)e™dt 
EN us De d 1 
s2(es —1) ` 
25. C(f()) = — Jr cos 5 te=dt 
O i: T) 
~ (as + 22)(e2 —1) 
1 1 
27. cl ma = “tan? 
T S S 
lee 1 
29. c| 3 | =m(1+=) 
t S 
31. £7} |- a | = —2sint 
(s? +1)? 
2s* — 7s + 20 
33. gola ec EZ e sint. 
E — 2s +10) die 
14 
85. Lo} |- > | = —14U/(t — 2). 
ses 
6—s 
37. £1 E = —3ebU (t — 1). 
6—s 
—18 
89. £7! = 
lz 24+1)(1-— ==] 
ix 18 e 
£ vee 2 e =| = 


41. 
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iso 18 sin(3k — HUM — 3k). 
pol scos@—wsing 
st o2 


| = cos(wt + $). 


43. 
45. 
. y =e (14 eult -— 1). 
49. 


47 


51. 


52. 


53. 
57. 


. x(t) = 
: Q0) = = 


2 
3 (cost — cos 2t). 


y = e” (cost — 2 sint). 


B 1 ak 
JUE mt eve | 


fel DENS SEEN —1 k ,—sk—s 
i BEN dd | 


(8+8 — 4e HAD + 6811 + gk — 85) 
utt —k-1)- 
u(t —k)]. 


x(t) = e 12 [e(-e? + eut — 2) + (-e + el) 
u(t — 1)]. 
x(t) = : (t — 24 (8t — x )) sin 3t. 
g(t) = 1-4 sint — cost. 
x(t) = 
ig (costt/2) — cos2t — 30sin(t/2)), 
O<t<x 


jg (cos(t/2) — 81sin(t/2),t > x 


1 
E eS D/4U(t — zr) sint. 


js sin? 50t,0xt «2 


a 
1 
500 —— ((—1 + cos 200) cos 100t + sin 200 


sin 2000, t > 2 


. x(t) = 100e?'7? (100e? + U(t — 1)). 


1 1 
x= ¿UF cos tsin t), y = zC% + sin 2t). 
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67. x = 4e !((ef — e?(—1 + DUE — 2)4- 
(1— e + HU), y = et ((-2e*- 
te2)U(t — 2) + (2 + 2e! — HUW). vids ¿E cost + cos /3t + sint). 

2 


; : 1 
69. x(t) = pe iur n. 73. x(D — iG 3sin2t — vsin(=+)), 
y(t) = 5 (-2v2sin/21)+4V3 sin (39) y(t) = ¿le sin 2t — v3 sin (A). 


1 
71. x(t) = zost — cos /3t + tsint), 


[5] 


[6] 


[7] 


[8] 


[9] 


[10] 


[11] 


[12] 


[13] 


[14] 


[15] 


[16] 


[17] 
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Appendices 


Table of Laplace Transforms 


FO 
1 


t”, n a positive integer 
¿a 

sin At 

cos At 

sinh kt 

cosh kt 

e” sin kt 

e” cos kt 

e” sinh kt 

e” cosh kt 

te" 
t sin kt 

t cos kt 

sin kt — kt cos kt 

sin kt + kt cos kt 

1 — cos kt 

kt — sin kt 

(1 + K?t?)sin kt — kt cos kt 
sin kt sinh kt 


cos kt cosh kt 


PS = HSO sin kt cosh kt 
S 
n! cos kt sinh kt 
"n et ai et 
s—a 
k ae? == be?! 
+h 
s t"e"'. n a positive integer 
2 
S P e t"f(t), n a positive integer 
P- so 
a O) 
e A f?) 
(s- ay +k 
s—a e"f(t) 

(s- ay +k Cf : 29 = 
m [ft - eo) dv 
s—a at — a), a=0 

2 2 
dri f(t — DU- a), a=0 
L FOUG- a), a= 0 
(s p ôlt — to), fo =0 
(s? + y f = T) z f(t) 
im pu 
G^ x py 
2k? Y 
(^ + gy 
2ks? n—1/2 
t w= AA 
24 py > , 2, 
erg 
noA £^5,u2—1 
s(s? t K*) 
k 1 
t aie —flt 
s*(s? + k?) H O 
Ses 
= [ f(a) aa 
2k?s Lea] + 2at 
yag Vat 2 
s? 1 ( e = e”) 
st + 4K* 2V at? 
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k(s? + 2k?) 
si + AK? 
k(s? — 2k?) 
sî + AK 
a—b 
(s — a)(s — b) 
(a — b)s 
(s — a)(s — b) 
n! 
(s— gy 
Cie) 
sFG) — f(0) 
s F(s) — sf(0) — 
"(0 


s"F(s) — s"-1f(0) = 
s" ?f'(Q) zx ce 
0-0) 
F(s — a) 
F(s)G(s) 


e^ F(s) 
Life a)} 
Lo 


e 


yis 
I eT f ef dt 


SAT 
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Vz- ae" 'erfc(a Vi) =< : 
Vat ae" "'erf(a Vi : E 

e" 'erfc(a V) VAS 
Jo(kt) T= 
= cos(2 VT) pe -ks 


Special Formulas 


Trigonometric Identities 

cos? a + sin? a = 1 

1 + tan? a = sec? a 

1 + cot? a = csc? a 

cos(æ + B) = cos a cos B — sin a sin B 
cos(a — B) = cos a cos B + sin asin B 
sin(a + B) = sin a cos B + cos a sin B 
sin(a — B) = sin a cos B — cos e sin B 
sin 2a = 2 sin a. cosa 

cos 2a = cos? a — sin? a 


2 1+ cos 2« 22 ] — cos 2a 
cos^ a = —————— sinó a= 
2 2 

sina cos a 
tan a — cot a == 

cos @ sin a 

1 1 

sec a= csc a = — 

cos @ sin a 
cos(—a) = cos e sin(—o) = —sin a 


Logarithmic and Exponential 
Function Properties 


Ina*=xlIna,a>0 
Inab=Ina+Inb;a,b>0 


Inj =Ina—Inb;a,b>0 
Ine*=x 
eae 0) 


eg mg 
e? 2 (ey 


APPENDICES 
: sin V kt) Ant 
il l y 
cosh(2V kt — els 
vee Vs 
1 9 1 kis 
mn sinh(2V kt) = 
1 bt_ „at sa 
"i e?) In s- b . 
24 — cos kt) In SEE 
: 25 qa 
Zn — cosh kt) In 3 =k 
t s 
L sin kt tan”! E 
[; s 


Hyperbolic Trigonometric Functions 
cosh x — ic te7) 
sinh x — ie -e7) 


sinhx e*—e * 


mabe = coshx e +e™ 
sech x = a = 
cohx e +e™ 

1 2 
esca sinhx ee * 
1 ter 
Ss Pe 


cosh? x — sinh? x = 1 


Maclaurin Series 


2 3 29 
X= E qp fL essem Y EE. 
pela zw 
—o0 «x«o 
3 5 = 2n+1 
x x x 
j — +>... = — o 
MPB" Px "Ont Dr 
—00 « x « co 
2 4 zd n 
E AN 192 
cosx=1 mt al PA: 1) Onl’ 
—o00« Xx « oo 
l tirada = Sx -0«x«d 


Table oí Integrals 


1 


n+1 A 
"EL +Cn#-1 


[wt du = 
[= au = m+ c 


fetdu=e"+c 


au— 1 
2 


Í ue™ du = ep aec 


1 n - 
[ ee du = quem = = y 1gau du 


u 


| atau o E 


qe 

| sin u du = —cos u + € 

[ cos u du = sinu + C 

J tan u du = —In|cos u| + C 

J cot u du = Infsin | + € 

| sec u du = Inlsec u + tan ul+C 
esc u du = In|csc u — cot u| + C 
sec u tan u du = secu + C 
sec? u du = tan u + C 


sin? u du = sin 2u + C 


à -4, l; 
cos u du — + y sin 2u + C 


KT m 


sin? u du = -io + sin? u)cos u + C 
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Abel's formula, 142, 169, 178 
Absorber 
Vibration, 456 
Aging springs, 271 
Agricultural model, 362 
Airplane wing, 457 
Airy's equation, 206, 414 
Analytic function, 198 
Annihilator, 177 
Application 
Colon cancer, 397 
Dating works of art, 99 
Destruction of Microorganisms, 52 
Diabetes, 148 
Elastic shaft, 258 
Escape velocity, 116 
Fishing, 121 
Gompertz's law of mortality, 100 
Harvesting, 101 
Kinetic reactions, 42 
Lasers, 41 
Logistic difference equation, 101 
Modeling the motion of a skier, 222 
Oblique trajectory, 123 
Orthogonal trajectories, 122 
Pollution, 67 
Radiation poisoning, 101 
Running shoes, 82 
Schródinger Equation, 224 
SIS model, 84 
Testing for diabetes, 221 
Tumor growth, 43 
Applications 
Fermentation, 82 
Archimedes' principle, 233 
Associated linearized system, 342 
Asymptotically stable, 38 
Attractor 
Róssler, 390 
Autonomous equation, 37 
Auxiliary equation, 191 
Average value of a function, 48 
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B 
Balance 
Harmonic, 264 
Barometric formula, 123 
Beam, deflection of, 254 
Bendixson's theorem, 386 
Bernoulli 
Jakob (Jacques), 61 
equation, 61 
Bernoulli equation, 61, 224 
Logistic equation, 96 
Bernoulli, Daniel, 69 
Bertalanffy, Ludwig von, 100 
Bessel function, of the first kind 
of order jz, 212 
Bessel function, of the second kind 
of order jz, 213 
Bessel's equation, 211, 415 
Bifurcation point, 86 
Bodé plots, 271 
Bonhoeffer-Van-der-Pol (BVP) 
oscillator, 388 
Building 
Vibration, 458 


C 
Cable 

Suspending object from, 273 
Catenary, 272 
catenary, 272 
Cauchy, Augustin Louis, 189 
Cauchy-Euler equation, 189 
Cauchy-Euler equations, 189 
Center, 336 
Characteristic equation, 133, 144, 172 
Characteristic polynomial, 289 
Chemostat 

Simple food chain, 395 
Chen system, 349 
Circuit 

L-R-C, 252 
Clairaut equation, 66 
Clairaut, Alexis, 67 
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Coefficients, method of 
undetermined, 151, 180 
Cofactor, 286 
Colon cancer, 397 
Competing species, 21 
Computer algebra systems, 354 
Continuous 
Piecewise, 402 
Control systems, 460 
Convolution theorem, 427 
Corresponding homogeneous 
equation, 44 
Coulomb damping, 268 
Coupled spring-mass systems, 438 
Cramer's rule, 160, 171, 185 
Critically damped motion, 235 
Current law 
Kirchhoff's, 365 
Cycle, limit, 282 


D 
Damped motion, 234 
Critically damped, 235 
Overdamped, 235 
Underdamped, 235 
Damping 
Coulomb, 268 
Deflection of a beam, 254 
Degenerate system, 284 
Delay differential equation, 437 
Delta function, 422, 423 
Dependent, Linearly, 135 
Dependent, linearly, 167, 298 
Determinant, 286 
Diabetes, 221 
Difference equation 
logistic, 101 
Differential 
Total, 53 
Differential equation 
Autonomous, 37 
delay, 437 
First order 
Linear, 44 
First order linear, 44 
Linear, 5 
Nonlinear, 6 
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Differential equation (Continued) 
Ordinary, 3 
Singular solution, 13 
Solution, 3 
System, 9 
Trivial solution, 6 
Variation of parameters, 322 
Differential equation:First order, 4 
Differential geometry 
Curvature, 391 
Differential operator, 148, 177 
Dirac delta function, 423 
Direction field, 17 
Discontinuity 
Jump, 402 
Duffing's equation, 9, 136, 273 
Duhamel's principle, 460 


E 

Eigenvalue, 289 

Eigenvector, 289 

Elastic shaft, 258 

Envelope, 246 

Equation 
Hypergeometric, 216 
Airy, 206 
Auxiliary, 191 
Bernoulli, 224 
Bessel's, 211 
Cauchy-Euler, 189 
Characteristic, 144, 172 
Duffing, 9, 273 
Hermite, 204 
Hypergeometric, 220 
Indicial, 207 
Integral, 429 
Integrodifferential, 429 
Laguerre, 217 
Legendre, 201 
Liénard's, 386 
Predator-prey, 381 
Róssler, 390 
Rayleigh, 204, 283, 354 
Schródinger, 13, 224 
Van-der-Pol, 204, 263, 281, 383 
Wave, on a circular plate, 272 

Equilibrium point, 329, 341 
Center, 336 
Saddle point, 329 
Stable deficient node, 334 
Stable improper node, 329 
Stable spiral point, 336 
Stable star node, 334 
Unstable deficient node, 334 
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Unstable improper node, 329 
Unstable spiral, 336 
Unstable star node, 334 
Equilibrium solution, 37, 341 
Equipotential lines, 123 
Error, 73 
Truncation, 73 
Escape velocity, 117 
Euler equation, 189 
Euler equations, 189 
Euler's formula, 145 
Euler's method, 70, 350 
Improved, 72 
Euler, Leonhard, 69 
Euler-Cauchy equation, 189 
Exact 
Second-order differential equation, 
197 
Exact differential equation, 53 
Existence and Uniqueness Theorem, 29 
Explicit solution, 8 
Exponential order, 402 
Exponents, 207 


F 
Family of solutions, 5 
Field 
Direction, 17 
Slope, 15 
First order 
Linear, 44 
system of linear equations, 279 
First order equation 
Clairaut, 66 
Exact, 53 
Exact differential equation, 53 
Homogeneous, 62 
Lagrange, 68 
First order linear differential equation, 
44 
First order ordinary differential 
equation, 4 
FitzHugh-Nagumo, 362 


Forced frequency, 245 
Forcing function, 151, 180 
Formula 

Abel's, 142 
Formula, Abel's, 178 
Fourier transform, 273 
Frequency 

Forced, 245 

Natural, 245 
Frobenius, method of, 206 
Function 


Gamma, 211 
Hypergeometric, 217 
Periodic, 419 
Function, Bessel function of the first 
kind, 212 
Function, Bessel function of the second 
kind, 213 
Function, forcing, 151, 180 
Fundamental matrix, 300 
Fundamental set of solutions, 139, 170, 
298 


G 
Gamma function, 211, 407 
General form, 136 
General solution, 3, 170, 299 
Linear equation, 139 
Geometric series, 421 
Gompertz equation, 100, 119 
Gompertz's Law of Mortality, 100 
Gompertz, Benjamin, 100 
Green's function, 165 
Green's functions, 164 


H 
Half-life, 90 
Half-rectified sine wave, 427 
Half-wave rectification, 421 
Hamiltonian system, 347 
Hard springs, 271 
Harmonic balance, 264 
Harmonic motion 
Simple, 230 
Heat transfer, 274 
Hermite's equation, 204 
Hilbert number, 387 
Homogeneous 
Linear differential equation, 5, 166 
Linear system, 295 
System, 280 
Homogeneous equation, 62 
Homogeneous Linear differential 
equation, 133 
Hooke's law, 227, 438 
Hypergeometric 
function, 217 
Hypergeometric equation, 216, 220 
Hypergeometric series, 217 


I 

Idealized unit impulse 
function, 423 

Identity matrix, 286 

Impedance, 258 

Implicit solution, 8 


Improved Euler's method, 72 
Impulse function, 422 
Independent, Linearly, 135 
Independent, linearly, 167, 298 
Indicial 

equation, 207 

Roots, 207 
Initial Value Problem,3 
Initial-value problem, 167 
Integral 

Convolution, 428 
Integral curves, 35 
Integral equation, 429 
Integrating factor, 45, 53, 58 
Integration by parts, 7 
Integrodifferential equation, 429 
Inventory management, 274 
Inverse Laplace transform, 407 
Irregular singular point, 206 
Isotherm, 122 
IVP, 3 
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Jacobian matrix, 342 
Jump discontinuity, 402 


K 

Kirchhoff's 
Current law, 365 
Voltage law, 365 

Kirchhoff's law, 253 

Kutta, Wilhelm, 75 


L 
Lagrange equations, 68 
Laguerre's equation, 217 
Laplace transform 

Inverse, 407 

Shifting property, 403 
Laplace's equation, 4 
Laplacian 

in polar coordinates, 272 
Law 

Hooke's, 227 

Kirchhoff's, 253 
Law of Cooling, Newton's, 103 
Law of mass action, 120 
Legendre polynomial, 201, 203 
Legendre's equation, 201, 414 
Liénard's 

equation, 386 

theorem, 386 
Limit cycle, 282 
Limiting velocity, 111 
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Linear approximation, 342 
Linear differential equation, 5, 44, 166 
Homogeneous, 5, 133, 136, 166 
Nonhomogeneous, 136 
Nonomogeneous, 6 
Second order, 133 
Linear differential operator, 177 
Linear Equation 
General solution, 139 
Linear equation 
first order system of, 279 
Reduction of order, 140 
system, 9 
Linear system 
Homogeneous, 295 
Nonhomogeneous, 295 
Linearization, 342 
Linearly 
Dependent, 135, 167, 298 
Independent, 135, 167, 298 
Logarithmic decrement, 243 
Logistic 
Difference equation, 101 
Logistic equation, 12, 60, 93 
Bernoulli equation, 96 
Lorenz system, 349 
Chen system, 349 
Lotka-Volterra equations, 381 


M 


Machinery 

Resonance, 274 
Malthus model, 34, 89 
Management 

Inventory, 274 
Mass action, law of, 120 
Matrix, 285 

Addition, 285 

Adjoint, 287 

Derivative, 292 

Fundamental, 300 

Identity, 286 

Integral, 292 

Inverse, 287 

Jacobian, 342 

Multiplication, 285 

Square, 286 

Stiffness, 447, 459 
MatrixCofactor, 286 
Method of 

Undetermined coefficients, 180 

Variation of parameters, 183 
Method of Frobenius, 206 
Method of undetermined 

coefficients, 151 
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Mixture problems, 106 
Modeling the Motion of a Skier, 222 
Models of pursuit, 267 
Momentum, 109 
Motion 
Critically damped, 235 
Damped, 234 
Overdamped, 235 
Simple harmonic, 230 
Underdamped, 235 
Motion, Newton's second 
law of, 228 
Muir, Thomas, 137 
Multiplicity, 172 
Eigenvalue, 291 


N 
Natural frequency, 245 
Negative criterion, 386 
Newton 
Law of Cooling, 103 
Second Law of Motion, 109 
Newton's law of cooling, 103 
Newton's second law of motion, 228 
Newton, Isaac, 103 
Node 
Stable deficient, 334 
Stable improper, 329 
Unstable deficient, 334 
Unstable improper, 329 
Nonhomogeneous 
Linear differential equation, 6 
Linear system, 295 
System, 280 
Nonlinear differential equation, 6 
Normal form, 136 
Nuclide, 90 
Numerical methods 
Computer algebra systems, 354 
Euler's, 70, 350 
Improved Euler's, 72 
Improved Euler's method, 72 
Runge-Kutta, 74, 76, 351 
Three-term Taylor method, 82 


O 
Oblique trajectories, 123 
ODE, 3 
Operator notation, 148 
Operator, linear differential, 177 
Order 
Exponential, 402 
Order of a differential equation, 4 
Ordinary differential equation, 3 
Ordinary point, 198 
at infinity, 216 
Orthogonal trajectories, 122 
Self-orthogonal, 122 
Overdamped motion, 235 
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Parameters 
variation of, 322 
Parameters, variation of, 183 
Partial differential equation 
Laplace's equation, 4 
Potential equation, 4 
Particular solution, 44, 
150, 179 
undetermined coefficients, 151 
variation of parameters, 159 
PDE,3 
Pendulum equation, 6 
Period, 419 
Periodic function, 419 
Phase line, 38 
Phase plane, 282 
Phase portrait, 18 
Picard's Existence Theorem, 29 
Picard-Lindelóf Theorem, 29 
Piecewise continuous, 402 
Plot 
Poincaré, 273 
Plots, Bodé, 271 
Poincaré plot, 273 
Point 
equilibrium, 329 
Bifurcation, 86 
Irregular singular, 206 
Ordinary, 198 
Regular singular, 206 
Rest, 329 
Singular, 198 
Polar coodinates 
Laplacian, 272 
Polynomial 
Characteristic, 289 
Legendre, 201, 203 
Taylor, 74 
Potential equation, 4 
Potential function, 53 
Power series solutions, 197 
Power spectrum, 273 
Predator-Prey 
Chemostat, 395 
Predator-Prey equations, 381 
Principle 
Arhimedes', 233 
Principle of Superposition, 134, 
136, 168 
Principle of superposition, 297 
Problem 
Initial value, 167 
Pursuit models, 267 
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Quasiperiod, 239, 240 
R 


Róssler attractor, 390 
Róssler System and Attractor, 396 
Radioactivity, 90 
Rayleigh's equation, 204, 283, 354 
Reactance, 258 
Rectified sine wave, 427 
Reduction of order, 140 
Regular singular point, 206 
Resonance, 246, 274 
Rest point, 329 
Ricatti's equation, 66 
Root 
Indicial, 207 
Round-off error, 73 
Runge, Carle, 75 
Runge-Kutta, 76 
Runge-Kutta method, 74, 351 
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Sawtooth wave, 427 
Scalar multiplication, 285 
Schródinger Equation, 224 
Schródinger equation, 13 
Second law of motion, 228 
Second Law of Motion, Newton, 109 
Second-order equation 

Exact, 197 
Self-orthogonal 

Orthogonal trajectories, 122 
Semistable solution, 100 
Series 

Hypergeometric, 217 
Series solution 

Power, 197 
Series solutions, 206 
Shaft, elastic, 258 
Simple food chain in a chemostat, 395 
Simple harmonic motion, 230 
Sine integral function, 69 
Singular point, 198 

at infinity, 216 

Irregular, 206 

Regular, 206 
Singular solution, 13 
SIR model 

with vital dynamics, 360 

without vital dynamics, 360 
SIS model, 84 
Skier, 222 
Slope field, 15 
Smooth function, 422 


Soft springs, 270 
Soluiton 
family of, 5 
Solution 
Equilibrium, 37 
Explicit, 8 
Fundamental set of, 170 
General, 3, 299 
Implicit, 8 
Numerical 
Runge-Kutta method, 76 
Particular, 44, 150 
Power series, 197 
Semistable, 100 
Series, 206 
Singular, 13 
Trivial, 6, 135 
Vector, 297 
Solution, particular, 179 
Solutions 
Fundamental set, 139 
Solutions, fundamental set of, 298 
Spectrum, power, 273 
Spiral 
Stable, 336 
Unstable, 336 
Spread of Dengue in Indonesial, 363 
Spring 
Aging, 271 
Hard, 271 
Soft, 270 
Spring-mass system 
Coupled, 438 
Square wave, 427 
Stable 
Asymptotically, 38 
Deficient node, 334 
Improper node, 329 
Spiral, 336 
Star node, 334 
Stair step, 427 
Standard form, 136, 198 
Star Node 
Stable, 334 
Unstable, 334 
Steady-state solution, 248 
Stiffness matrix, 447, 459 
Streamline, 123 
Superposition 
Principle of, 134, 136 
Superposition, Principle of, 168 
Superposition, principle of, 297 
Suspending an object from a cable, 273 
System 
Agricultural model, 362 
Control, 460 
Degenerate, 284 
first order linear equations, 279 
FitzHugh-Nagumo, 362 


Hamiltonian, 347 

Linear, 295 

Linear equations, 9 

Lorenz, 349 

SIR model, 360 

Spread of Dengue in Indonesia, 363 


T 
Tautochrone, 455 
Taylor polynomial, 74 
Testing for diabetes, 221 
Three-term Taylor method, 82 
Time-independent Schródinger equa- 
tion, 13 

Torricelli, Evangelista, 121 
Total differential, 53 
Transfer 

Heat, 274 
Transform 

Fourier, 273 
Transient solution, 248 
Transpose, 285 
Triangular wave, 427 
Trivial solution, 6, 135 
Truncation error, 73 
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U 
Underdamped motion, 235 
Undetermined coefficients, 151, 180 
Undetermined coefficients, method of, 
151 
Unit impulse function, 423 
Unit step function, 415 
Unstable, 38 
Deficient node, 334 
Improper node, 329 
Spiral, 336 
Star node, 334 


V 
Van-der-Pol equation, 281 
Van-der-Pol's equation, 204, 263, 383 
Variation of parameters, 159, 183, 322 
Vector 

Column, 285 

Row, 285 

Solution, 297 
Velocity 

Escape, 117 

Limiting, 111 


Verhulst equation, 12, 93 


Verhulst, Pierre F. (1804-1849), 12 


Vibration absorber, 456 
Vibration of a building, 458 
Voltage law 

Kirchhoff's, 365 
Volterra equations, 381 
Volterra's principle, 388 
von Bertalanffy, Ludwig, 43 


W 
Wave 
Half-rectified sine, 427 
Rectified sine, 427 
Sawtooth, 427 
Square, 427 
Triangular, 427 
Wave equation 
On a circular plate, 272 
Wing 
Airplane, 457 
Wronski, Josef, 137 
Wronskian, 137, 160, 168, 298 
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